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PREFACE 


This  hook  is  the  result  of  an  intensive  theoretical  and 
experimental  effort  performed  by  SIGNATRON,  Inc.,  Lexington, 
Massachusetts,  for  the  Air  Force  Systems  Command,  Rome  Air 
Development  Center,  Griffiss  Air  Force  Base,  New  York,  under 
Contract  F30602-70-C-0008  entitled  "Communications  Receivers 
Interference  Modeling".  Mr.  John  F.  Spina  was  the  cognizant 
effort  engineer  at  fcfc*  Rome  Air  Development  Center. 

The  objective  of  the  contract  was  to  develop  reliable,  re¬ 
alistic,  and  useful  mathematical  models  of  communication  receivers 
that  must  operate  in  the  presence  of  interfering  signals.  Major 
emphasis  was  placed  upon  understanding  basic  phenomena  and  de¬ 
veloping  techniques  needed  to  provide  a  capability  of  modeling 
receiver  structures  for  multi-signal  inputs.  During  the  study 
considerable  effort  was  placed  upon  modeling  so  that  the  effects 
of  co-channel  and  a^^aent  channel  interfering  signals  having 
arbitrary  modulations  in  the  presence  of  receiver  nonlinearif es 
might  be  effectively  investigated.  Therefore,  methods  of  inves¬ 
tigating  quasi-linear  systems  having  significant  frequency  selec¬ 
tivity  have  been  developed.  Matters  relating  to  intermodulation 
and  crossmodulation  distortion  as  well  as  gain  compression,  de¬ 
sensitization,  and  dynamic  range  have  been  of  primary  concern. 

The  problem  formulation  and  methods  of  attack  have  been  guided 
by  the  desire  to  develop  practical  methods  that  will  be  effec¬ 
tive  in  an  investigaU^^W  of  receiver  performance  degradation. 
Associated  with  these  developments  has  been  a  companion  effort 
to  develop  effective  computer  programs  that  wiL3  permit  efficient 
practical  application  of  the  basic  material  presented  in  this 
work. 

Preceding  page  blank 
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It  has  been  necessary  and  convenient  to  make  a  distinction 
between  two  types  of  modeling,  namely,  nonlinear  system  function 
modeling  and  nonlinear  circuit  modeling.  Nonlinear  system  func¬ 
tion  modeling  involves  extensive  application  of  the  Volterra 
series  and  the  concept  of  nonlinear  system  canonic  models  to 
develop  simplified  input-output  relationships.  Nonlinear  cir¬ 
cuit  modeling  and  analysis  provides  a  detailed  circuit-oriented 
model  in  terms  of  active  devices  and  circuit  components.  Nonlinear 
system  functions  particular  system  can  be  determined  either 

by  a  nonlinear  circuit  analysis  or  by  measurement.  Much  of  the 
material  presented  in  this  book  should  be  viewed  in  many  ways 
as  a  research  report.  Further  work  continues  in  its  development 
and  practical  application.  The  book  will  be  of  interest  to 
communications  system  engineers  and  circuit  design  engineers. 
Emphasis  has  been  placed  upon  developing  new  and  systematic 
methods  for  investigating  and,  hopefully,  designing  equipments 
intended  to  function  more  successfully  in  a  multi-signal  electro¬ 
magnetic  interf erencir*  environment . 

The  contributions  of  many  individuals  to  the  material  pre¬ 
sented  in  this  book  are  gratefully  acknowledged.  The  patient 
and  constructive  criticism  of  our  RADC  sponsors,  particularly 
Mr.  John  Spina,  Dr.  Donald  Weiner,  and  Mr.  Jacob  Scherer,  is 
appreciated.  The  work  of  several  present  and  former  SIGNATRON 
personnel  has  been  particularly  helpful  in  the  preparation  of 
the  following  chapters* 

Chapter  2t  S .A  '?*WS6£,  N. Johnson 

Chapter  3:  P.A.  Bello,  C.J.  Boardman,  J.J.  Bussgang 

Chapter  4:  J. O' Donnell,  S.  Richman 


SIGNCAP ,  the  nonlinear  circuit  analysis  program  used  ex¬ 
tensively  in  our  work,  was  developed  by  G.J.  Brown  of  SIGNATRON. 
R.  Neal  performed  most  of  the  solid  state  device  experiments 
reported  in  the  book.  All  experimental  work  on  the  HP  receiver 
and  associated  vacuum-tube  experiments  was  performed  by  Atlantic 
Research  under  subcontract  to  SIGNATRON.  Mr.  William  Duff  and 
Mr.  Thomas  Roherty  were  particularly  helpful.  We  also  wish  to 
acknowledge  the  skilled  contribution  of  Mrs.  Rita  Pavlica  and 
Mrs.  Use  Wegener  ifr  the  preparation  of  the  manuscript  for  pub¬ 
lication. 


Lexington,  Massachusetts 
May  1973 


iT.W.  Graham 
L.  Ehrman 
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•  “"CHAPTER  1 

MODELING  AND  ANALYSIS  OF  QUAS I--LINEAR  SYSTEMS 

1  <■  1  Introduction 

The  radio  and  intermediate  frequency  stages  of  most 
communications  receiving  systems  serve  to  amplify  the 
desired  signal  and  reject  unwanted  signals  by  employing  high 
gain  and  frequency  selectivity.  Thus,  the  output  of  an  ampli- 
fier  should  be  linearly  proportional  to  its  input  signal.  While 
a  frequency  converter,  or  mixer ,  which  is  nonlinear  with  respect 
to  interaction  between  the  RF  and  local-oscillator  inputs, 
should  have  an  IF  output  which  is  linearly  proportional  to  the 
RF  input.  Upon  close  inspection,  however,  most  of  these  circuits 
are  actually  mildly  nonlinear.  For  small  enough  input  signals 
they  appear  to  be  linear,  but,  as  the  input  signal  level  in¬ 
creases,  the  input-output  relationship  deviates  from  linearity. 

If  the  input  signal  becomes,  sufficiently  large,  the  circuit  can 
be  driven  into  highly  nonlinear  regions  of  operation,  such  as 
saturation  and  cutoff. 

Two  methods  of  analyzing  nonlinear  systems  are  developed 
in  this  book.  The  first  method  is  applied  to  mildly  driven 
nonlinear  circuits.  They  are  analyzed  by  a  time- invariant 
functional  series  known  in  mathematics  as  a  Volterra  series. 

The  Volterra  series  is  characterized  by  a  set  of  time-domain 
functions  called  nonlinear  impulse  responses,  while  in  the  fre¬ 
quency  domain,  it  is  characterized  by  a  set  of  frequency-domain 
functions  called  nonlinear  transfer  functions.  The  nonlinear 
transfer  functions  and  the  nonlinear  impulse  responses  form 
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Fourier  transform  pairs,  in  the  same  manner  as  do  the  impulse 
response  and  transfer  function  of  a  linear  system.  Circuit  analy¬ 
sis  teclmiques  have  been  developed  for  determining  the  nonlinear 
transfer  ^unctions  of  a  circuit  from  its  nonlinear  equivalent 

•iHv- 

circuit  model. 

The  second  method  is  applied  to  strongly-driven  nonlinear 
circuits.  They  are  analyzed  by  employing  numerical  integration 
techniques  to  obtain  time-domain  solution  of  the  nonlinear  differ¬ 
ential  equations  of  the  circ\iit.  One  special  case  arises  when  the 
circuit  is  driven  by  several  signals  of  which  only  one  is  large 
and  also  periodic.  This  case  frequently  arises  in  the  analysis  of 
mixer  circuits.  The  strongly- driven  circuit  can  then  be  consid¬ 
ered  as  being  mildly  driven  by  the  remaining  (small)  signals  and 
the  results  interpreted  to  define  time-varying  nonlinear  transfer 
functions  for  the  small  signals. 

Given  the  nonlinear  transfer  functions  for  the  circuit,  it 
is  possible  to  determine  the  nonlinear  input-output  relationships 
for  an  arbitrary  set  of  small  input  signals  through  either  a  con¬ 
volutional  approach  or  a  Fourier  transform  approach.  Either  of 
these  approaches  can  be  time-consuming  to  implement,  even  on  a 
high-speed  computer.  System  models  have  therefore  been  developed 
for  mildly-driven  nonlinear  circuits,  which  permit  the  circuit 
output  to  be  computed  with  a  minimum  of  computational  diffi¬ 
culty.  These  system  models  are  called  nonlinear  canonic  models, 
and  are  parameterized  by  quantities  that  depend  on  the  nonlinear 
impulse  responses  and/or  the  nonlinear  transfer  functions  of  the 
circuit. 
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1 .1  Background  to  the  Problem 

,,<1 

The  function  of  a  communication  receiver  is  to  amplify  a 
desired  radio- frequency  signal  and,  through  appropriate  detec¬ 
tors,  demodulate  the  information  carried  by  the  signal  and  make 
it  available  at  the  receiver  output.  The  use  of  demodulation 
makes  the  receiver  an  inherently  nonlinear  system.  Two  types  of 
detectors  are  usually  found  Iftr  receivers.  The  first  is  the  fre¬ 
quency  converter,  or  mixer,  which  is  used  to  shift  the  center 
frequency  of  the  signal.  Mixers  can  be  either  large  or  small- 
signal  nonlinear  systems.  Receivers  usually  have  at  least  one 
stage  of  conversion,  but  receivers  with  as  many  as  three  mixer 
stages  are  found.  Each  mixer  is  a  deliberately  nonlinear  stage, 
usually  followed  by  an  interactive  bandpass  filter  tuned  to  the 
mixer's  desired  output  frequency. 


The  second  type  of  detector  is  used  to  demodulate  the 
desired  information.  The  structure  of  the  demodulator  is  depen¬ 
dent  upon  the  modulation  employed  at  the  transmitter.  Typical 
demodulators  include  envelope  detectors,  coherent  ‘detectors  or 
product  demodulators,  and  limiter- frequency  discriminators  for 
FM  demodulation.  Frequency  converters  are  often  referred  to  as 
first  detectors  while  demodulators  are  frequently  called  second 
detectors . 


The  remaining  stages  of  a  receiver  are  normally  designed  to 
be  linear.  However,  they  are  built  with  electronic  components 
such  as  transistors  or  vacuum  tubes  which  are  more  or  less  non¬ 
linear.  Figure  1.1  shows  a  simplified  block  diagram  of  a  single¬ 
conversion  communications  receiver.  It  is  divided  into  five  stages* 
RF  amplifier, mixer, IF  preamplifier, IF  amplifier, and  second  detector 
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and  two  ancillary  but  important  blocks,  the  local-oscillator  and 
the  A6C  system.  The  AGC  controls  the  RF  amplifier  and  IF  pre¬ 
amplifier  gain  generally  by  varying  the  operating  points  of  one 
or  more  active  devices  in  each  amplifier.  The  nonlinear  charac¬ 
teristics  of  the  active  devices  also  change  as  the  operating 
point  is  changed.  This  -vLt^ct  must  be  included  in  an  adequate 
receiver  model.  The  antenna  gain  and  impedance  are  both  functions 
of  frequency.  This  must  also  be  taken  into  account  in  the  model¬ 
ing  of  a  receiver. 

Although  a  receiver  is  tuned  to  the  desired  signal  frequen¬ 
cy,  the  radio  spectrum  contains  other  signals  beside  the  desired 
one.  Figure  1.2  shows  typical  signals  which  might  be  present  at 
the  receiver  input.  The  desired  signal,  1,  falls  in  the  IF 
passband.  A  co-channel  interferer,  2,  is  also  in  the  IF  passband. 
An  adjacent  channel  interferer,  3,  falls  out  of  the  IF  passband 
but  in  the  pre-IF  passband.  Two  out-of-band  interferers,  both 
marked  4,  fall  out  of  the  pre-IF  passband  but  one  is  in  the  RF 
and  one  is  out  of  the  RF  band.  Signals  1  through  4  are  shown  as 
narrowband  signals  relative  to  the  several  receiver  bandwidths. 

The  interferer  5  is  a  wideband  interferer  with  a  spectrum  spanning 
the  range  from  out  of  the  RF  band  to  inside  the  pre-IF  band. 

Throughout  our  work  we  shall  be  much  concerned  with  methods 
for  effective  prediction  and  accurate  analysis  of  the  distortion 
generated  in  the  receiving  system  by  the  nonlinear  interaction  of 
multiple- input  signals  in  the  physical  nonlinearities  inherent  in 
the  electronic  circuits  constituting  the  physical  receiving  system. 
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Fig.  1.2  The  Communications  Interference  Problem. 


The  approach  developed  is  to  perform  a  frequency-domain 
analysis  of  the  receiver  by  using  a  Volterra  functional  series 
(Volterra,  1930) .  The  Volterra  series  was  first  applied  to  non¬ 
linear  circuit  problems  by  Wiener  (1942) .  Little  application  of 
Wiener's  work  was  made  from  1942  until  about  1967.  At  that  time 
Narayanan  (1967),  working  at  the  Bell  Telephone  Laboratories, 
applied  the  technique  to  the  analysis  of  transistor  amplifier 
distortion.  The  work  was  then  extended  to  the  analysis  of  non¬ 
linear  systems  with  Gaussian  inputs,  (Maurer,  1968),  distortion 
in  cascaded  transistor  amplifier  (Narayanan,  1969),  and  distor¬ 
tion  in  feedback  amplifiers  (Narayanan,  1970).  H.  Poon  (1972) 
has  used  Volterra  analysis  of  the  charge  control  transistor  model 
for  third-order  amplifier  distortion  studies,  and  Kuo  and 
Witkowski  (1972)  have  developed  a  computer  program  for  computing 
the  distortion  of  amplifier  circuits  by  using  Volterra  techniques. 
Volterra  analysis  has  also  been  used  in  an  experimental  cross¬ 
modulation  characterization  of  amplifiers  (Meyer,  1972) .  From 
the  late  1950 's  on,  there  has  been  a  continuous  effort  in  the 
application  of  Volterra  analysis  to  nonlinear  system  theory.  Much 
of  this  work  has  focussed  on  the  problem  of  non inter acting 
systems.  [Wiener  (1958),  Brilliant  (1958),  George  (1960),  Zames 
(1960),  Parente  (1966),  Bedrosian  and  Rice  (1971)]. 

Research  in  the  electromagnetic  interference  and  compati- 

V 

bility  field  has  almost  completely  dealt  with  power-series  analy¬ 
sis  of  zero-memory  nonlinear  systems.  When  memory  has  been 
included  in  the  system,  it  has  been  through  ad  hoc  introduction 
of  non inter acting  input  and  output  filters.  (Ebstein,  et.al., 
1967).  It  will  be  shown  that  the  zero-memory  nonlinear  power- 
series  is  a  special  case  of  the  Volterra  series.  Although  partial 
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results  of  the  work  leading  to  this  book  have  been  reported  elsewhere, 
[S1GNATR0N  (1971),  Bello  (1972),  Ehrrnn  (1972),  O'Donnell  (1972), 
Graham  (1972)3,  this  book  presents  in  detail  the  techniques  that  have 
been  developed  and  the  results  achieved. 

The  method  of  analysis  used  in  the  study  is  primarily  a 
frequency  domain  analysis  of  the  complete  nonlinear  circuit  by 
using  accurate  nonlinear  device  models  and  including  all  inter¬ 
action.  The  resulting  frequency-domain  kernels,  which  we  have 
called  nonlinear  transfer  functions,  and  their  time-domain 
counterparts ,  called  nonlinear  impulse  responses,  are  then  used 
to  parameterize  nonlinear  system  models  called  canonic  models. 

The  receiver  response  to  an  arbitrary  input  can  be  found  in 
either  the  time  or  frequency  domain  through  use  of  the  canonic 
modtls.  By  building  upon  the  theoretical  and  experimental 
background  developed  since  Volterra's  initial  work,  a  unified 
system  of  modeling  complete  nonlinear  systems  has  been  developed, 
implemented,  and  validated.  The  development,  unification,  and 
application  of  these  techniques  to  the  communication  receiver 
modeling  problem  was  first  performed  in  the  effort  'leading  to 
the  material  presented  in  this  book.  The  application  of  complex 
signals  to  the  development  of  the  nonlinear  system  canonic  models 
and  the  concept  of  time-varying  Volterra  series  are  also  new 
results . 

The  purpose  of  the  original  investigation  was  *o  develop 
methods  of  modeling  communication  circuits  in  a  multi-signal  en¬ 
vironment.  Before  this  work,  there  were  two  primary  means  of 
predicting  the  response  of  a  receiver  to  an  arbitrary  set  of 
input  signals.  The  first  was  to  use  data  available a  set  of 
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spectrum- signature  measurements.  Unfortunately,  of  the 

spectrum  signature  data  can  not  be  extrapolated '“to  the  inter¬ 
ference  problem  that  must  be  solved.  The  second  method  was  to 
model  the  receiver  by  using  power  series  and  noninteracting 
frequency-selective  filters,  and  then  perform  an  analysis  of  the 
resulting  model.  Unfortunately  the  model  is  frequently  a  gross 
over- simplification  of  the  physical  situation  and  does  not  and 
can  not  be  expected  accurate  results. 


In  almost  all  cases  of  interest  in  communications  system 


analysis,  the  input  to  the  system  is  the  sum  of  a  desired  and  one 
or  more  interfering  signals.  These  signals  interact  with  the 
nonlinearities  to  produce  various  types  of  responses.  The  most 
common  of  these  responses  are  given  names  so  that  they  can  be 
easily  referred  to,  e.g. *  intermodulation,  crossmodulation,  com¬ 
pression,  and  desensi^H^i^on.  In  this  section  we  will  catego¬ 
rize  and  give  examples  of  these  effects.  To  begin,  consider  a 
nonlinear  system  represented  by  the  power  series; 

00 

y(t)  -  S  a  x(t)n.  (1.1) 

n-1  n 

TV*e  system  has  no  memory  since  the  output  at  time  t  depends 
only  on  the  input  at  the  same  instant.  Let  the  input,  x(t), 
be  the  sum  of  S^t),  3£g|§^Xed  signal,  and  I2(t)  and  X3(t), 
two  interferences.  The  output,  y(t)  is  then* 


Equation  (1.4)  demonstrates  that  tha  output  at  tha  signal 
fraquancy  la  mada  up  of  thraa  terg^a*  Tha  firat  tarn#  of  ampli¬ 
tude  a^,  ia  tha  deaired  linear  raaponaa.  Tha  aaaond  term,  of 
amplitude  a3s*  ia  tha  third~ordar  compraaaion  term.  If  tha 
sign  of  a3  ia  oppoait a  that  of  a^»  tha  daairad  aignal  output  will 
be  smaller  than  that  predicted  by  linear  theory  by  the  amount 
a3sj  .  The  third  term,  of  amplitude  ja3l2  ®i»  i8  the  third,“ 
order  deaenoitUation  term.  If  the  aign  of  a.  ia  oppoaito  that 
of  ax  tha  output  will  be  smaller  than  that  predicted  by  linear 
theory, 

1.3.2  Croaamodulation 


Assume i 

S^t)  «  S  1  COS  Wjt, 

I2(t)  «  I2  [1  +  m(t)]  cos  0)2t  ;  m  <  1,  )  (1.5) 

1 3  (t)  =  0  . 


That  1b,  S ,  (t)  is  an  unmodulated  tone,  and  I„ (t)  is  an  amplitude 

X  Kv.w*'  2 

modulated  signal*  Then: 


3a~  m  «  & «■  m  3  a  _  ^ 

1  +  4^si  +  a  ^*2 


y(t)  SajS-jf 

+  terms  at  other  frequencies. 


(t)] 


COS  U)^t 


(1.6> 


Equation  (1.6)  includes  the  desensitization  and  compression  terms 
of  Eq.  (1  iA)  plus  a  new  term,  (3*3',/ai^I2  The  new  terra 

represents  crossmodulation,  that  is,  a  transfer  of  the  modulation 
from  the  interference  to  the  desireciFsignal  has  occurred. 


11 


1.3.3  U &JU2S2fl!il&£Afiil 


Assume t 


S-^t)  «  8l  cos  u^t,  ^ 

I2(t)  «  Ij  COS  UJjt#  ( 

I3(t)  -  l3  eoa  «3t. 


(1.7) 


That  is,  the  desired  signal  and  two  interferences  are  unmodulated 
tones .  Then 


y(t) 


‘isi[ 


1  +  Sj  sl  +  a  ^(I2  +  *5> 


COS  U).t 


+  a2I2I3  [?OS  +  008  ^2-tu3)t] 

+  4  a3  ^1213COs(2«2*Vt  *  I2I3COS  <2»3i'»2>^] 

+  terms  at  oth®^  frequencies .  (1.8) 

The  terms  in  Eq.  (1.8)  at  frequencies  u>2  ±  w3  are  second-order 
inrermodulation  terms.  The  terms  at  2u>2  ±  w3  and  2u)3  ±  («2  are 
third-order  intermodulation  terms.  If  any  of  the  frequency 
combinations  fall  in  the  system  passband,  they  will  be  processed 
by  the  remainder  of  the  system  following  the  nonlinearity  in  the 
same  manner  as  the  desired  signal.  Third-order  intermodulation 
can  be  a  serious  problem  if  u>2  and  u)3  are  near  the  system 
passband.  Second-order  distortion  is  usually  a  less  serious 
problem  in  a  receiver,  since  either  one  or  both  of  the  interfer¬ 
ence  frequencies  must  be  far  removed  from  the  system  passband 

for  tti.  ±  u).  to  equal  iw. . 

2  3  i  ./ 
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The  examples  given  in  this  section  have,  for  introductory 
purpoaoa,  been  in  terms  of  real  signals  and  a  sero-memory  power- 
series  nonlinearity,  in  the  next  section  we  will  introduce  the 
Volterra  series  and  show  in  later  sections  that  the  power-aeries 

Y 

is  a  special  case.  i 

1.4  Analysis  of  Nonlinear,  Systems  with  Memory 

The  theory  o£  functionals  was  developed  by  Vito  Volterra 
(1930) .  A  series  resulting  from  ift^Uhctional  expansion  is  a 
Volterra  series.  The  difference  between  a  function,  as  found 
from  a  power  series  expansion,  and  a  functional  is,  by  analogy, 
as  follows:  A  function,  f,  operates  on  a  set  of  variables,  x, 
to  produce  a  new  set  of  variables,  f(x).  A  functional  operates 
on  a  set  of  functions  to  produce  a  new  set  of  functions.  Volterra 
showed  that  the  regular  homogeneous  functionals  of  degree  n  could 
be  written 

b.b  b 

PnCx(t)  ]  “  J  J  •  •  •  J  ^1*^2  *  *  *  x  ^1^ X  ^2^  *  *  ^n^^l^2  *  *  **^n# 

a  a  a 

(1.9) 

and  that  every  functional  G[x (t) ]  continuous  in  the  field  of  con¬ 
tinuous  functions  can  be  represented  by  the  functional  series  ex-  } 

pans ion: 
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yii-UTrr^  PW^Tiwy - - n'Wn.'nf 


•  ^imiiav- 

G|>(t)  ]  «  2  F  Cx(t)  3 


n*0 


n 


ko  +  J  kl(?)  x(5)  d? 


.b.b 


+  I  J  VV52)jt(?l,x(V  d?ld?2 

a  & 

+  higher  order  terms. 


(1.10) 


Eq.  (1.10)  is  a  Volterra  functional  series.  Convergence  condi¬ 
tions  have  been  discussed  by  Volterra  (1930).  Wiener  (1942) 
applied  the  Volterra  series  in  an  investigation  of  a  nonlinear 
circuit  response  by  relating  the  system  input  x(t)  to  the  output 
y (t)  by  a  functional  series  given  by 

y (t)  =  y1(t)  +  y2 (t)  +  ... 


■  »«<*>• 
n=l 


(1.11) 


where 


yx(t) 


y2(t} 


=  J  hj,  ( T)  X  (t-T)  dT  t 


(1.12) 


—  00 

00 


fj  h2(Tl'  t2  ^  X  (t~Tl>  x  (fc"T2^  dTldT2# 

(1.13) 


J 

—  00 


and,  in  general. 


yn(t)  =  i”  *_*I*  J  hn(Tl#***Tn)i^1x  <t“Ti)  dTi* 


(1.14) 
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Eq.  (1.11)  la  the  input" output  functional  representation  of  non¬ 
linear  systems  upon  which  much  of  this  hook  is  based.  It  is  a 
general  method  and  is  useful  provided  the  nonlinearities  are  not 
excited  so  violently  that  the  number  of  terms  required  become  very 
large.  We  thus  refer  to  Eq.  (1.11)  as  being  applicable  to  the 
small-signal  nonlinear  case.  When  the  required  number  of  terms 
becomes  great  we  encounter  the  large- signal  nonlinear  case#  and, 
to  proceed,  must  use  an  alternate  method  of  solution  based  upon 
the  nonlinear  differential  equations  of  the  system. 

The  index  of  the  terms  of  Equation  (1.11),  n,  is  called  the 
order  of  the  term.  The  zero-order  term  is  a  DC  output  in  the  ab¬ 
sence  of  an  input,  and  can  be  ignored  in  our  analysis  as  a  fixed 
bias  offset.  The  first-order  term  will  be  identified  as  the  con¬ 
ventional  linear  response  of  the  system.  The  higher-order  terms 
are  the  system  nonlinear  responses. 

1.5  An  Example  of  a  Nonlinear* System  with  Memory 

Before  accepting  the  Volterra  series  as  a  suitable  basis 
for  investigating  nonlinear  physical  systems  with  memory  and  em¬ 
barking  upon  further  discussion  about  the  practical  applications 
to  communications  receivers,  it  is  interesting  to  consider  a 
simple  example.  The  skeptic  will  certainly  ask  what  possible 
physical  basis  exists  for  expecting  a  Volterra  series  to  be  a 
satisfactory  input-output  relationship  for  a  physical  nonlinear 
system.  The  complicated  ternua^uf  the  series  given  by  Eq.  (1.14) 
certainly  suggest  caution  before  embarking  upon  a  lengthy  mathe¬ 
matical  treatment.  We  address  this  issue  by  considering  a  very 
simple  physical  example.  Our  objective  is  to  derive  from  first 
principles  a  series  expansion  for  the  input-output  relationship 
and  investigate  the  result  to  see  if  it  might  in  fact  be  a 
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Voitsrra  lariati.  xf  it  it,  our  sksptie  will  be  lest  unhappy  end 
be  considerably  more  favorably  inclined  to  aacopt  e  Vo  1  term 
series  ae  a  "good"  input-output  relationship.  Of  court®,  the 
really  "hard-noted"  skeptic  will  not  be  swayed  by  our  arguments. 
He  will  not  be  convinced  until  we  ahow  him  acme  data  from  a 
physical  system  and  compare  the  data  with  predictions  derived 
from  the  theory.  Such  validation  experiments  have  been  performed. 
We  shell  come  to  the  details  in  later  chapters  of  this  book. 

Figure  1.3  shown  a  simple  nonlinear  system  with  memory, 
composed  of  the  parallel  connection  of  a  currant  source,  a  linear 
capacitor,  and  a  nonlinear  resistor.  The  nonlinear  resistor  has 
the  no-memory  cur rent- volt age  relation  given  by  the  power  eeriest 

m 

i  «  E  k  v".  a.  15) 

r  n-1  n 

Figure  1.4  shows  a  signal  flow  graph  of  the  system.  The 

signal  flow  will  now  be  traced.  The  current  enters  at  the  left- 

hand  node.  The  capacitor  current  i  is  integrated  in  the  capa- 

0  -1 

citor  to  give  the  charge  qj  the  charge  is  multiplied  by  C  to 

give  the  node  voltage  v.  The  resistor  current,  i  ,  is  given  by 

n 

the  power  series  Eknv  »  the  first  three  terms  of  Which  are  shown. 

A  feedback  loop  is  created  When  i  is  subtracted  from  the  input 

IT 

current  i,  resulting  in  the  capacitor  current  i  . 

c 

Let  us  next  recognize  that  the  resistor  current  i  diverted 

r 

through  the  resistance  and  subtracted  from  the  input  current  i 
to  give  the  capacitor  current  £  can  be  interpreted  as  a  set  of 

C 

voltage-controlled  current  sources  connected  from  the  voltage 
node  to  the  ground  reference  node.  Let  us  examine  the  system  re¬ 
sponse  to  an  arbitrary  input  current  i(t)  with  first  the  first- 
order  voltage-controlled  current  generator  kjV  present  and  subse¬ 
quently  examine  how  the  output  must  be  modified  as  each  additional 


m  iiu  h  h  14  M  m  w  wwi  ww 
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order  term  is  added.  with  just  tha  first  ordar  currant  generator 
k^v  present  wa  have  tha  linear  system  shown  at  the  top  of  tha  sig¬ 
nal  flow  graph  xn  Fig*  1.5.  The  forward  path,  relating  capacitor 
voltage  to  capacitor  current,  is  linear.  The  firat-ordar  (linear) 
output  voltage  is  obviously  given  by  tha  convolution  integral 


v]L(t) 


J  h,(T)i£t:-T)dT. 


(1.16) 


1 

I 

* 

I 


Where  h^(r)  is  tha  voltage  impulse  response  of  the  parallel  com¬ 
bination  C  and  k^  to  a  currant  source  and  is  given  by 


h1(T) 


(1.17) 


Equation  (1*16)  is  identical  in  form  to  Eq.  (1.12).  we  ha/e 
therefore  established  that  the  first  term  in  the  system  voltage 
response  v1(t)  is  identical  to  the  first  term  in  the  volterra 
series  as  given  previously  by  Eq.  (1.12) 


Next,  consider  how  the, linear  portion  of  the  flow  graph  in 
Fig.  1.5  must  be  modified  if  we  add  the  second  voltage-controlled 
current  source  k2v  to  the  system  and  seek  to  determine  the  addi¬ 
tional  second  order  response  v«(t)  at  the  output  contributed  only 

*  J: 

by  the  first  order  voltage  v^.  Clearly,  a  current  source  h2vi 

must  be  added  to  the  first  o rd«F  linear  system  as  shown  in  Fig. 

1.5.  This  second  order  current  source  excites  the  linear  system 

at  the  resistor  current  node.  Since  the  input  current  source  i(t) 

contains  no  high-order  drive,  it  does  not  excite  the  second  order 

system  and  therefore  does  not  appear.  Therefore  the  second-order 

output  voltage  is  given  by  the  convolution  of  the  second-order  cur- 
2 

rent  source  h2vi  w*th  (*r) «  the  output  voltage  impulse  response 
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of  the  network  driven  by  the  second-order  current  source.  Prom 
Pig.  1.5  it  can  be  seen  that 


gx(T)  »  -  Ii^t), 
vftolch  results  in 

v2(t)  *  -  k2  J  vj(t-t)dr  . 


(1.18) 


(1.19) 


■hQO 


If  we  now  substitute  Eq.  (1.16)  for  v^  into  Eq.  (1.19),  we  have 

00 

V2(t)  "  JJI  WWVW 

•  i[t-(T3->-Tigi[t-(T3+T2)]dT1dT2dT3.  (1.20) 


Letting  =  T3+Tl  and  °2  *  '  we  llave 


v 


2 


h2^ai'a2^i^t”ai^i^t“a2)daida2  ' 


(1.21) 


where  the  second-order  impulse  response  is  given  by 

00 

h2(ai'C2)ss  "*2  J  hl(T3)  hl(0fT3)  hl(a2"T3)dT3'  U‘22) 

*%  oo 

We  note  that  the  second-order  response  v2 (t) ,  as  given  by  Eq. 
(1.21),  is  identical  in  form  to  the  second-order  term  in  the 
Volterra  series  as  given  in  Eq.  (1.13). 

We  next  determine  the  third-order  voltage  response  v3(t). 

To  second  order,  the  voltage  appearing  at  the  output  node  is  the 

2  3 

sum  of  v^  and  v2.  The  voltage-controlled  current  source  k2v  +k3v 
driving  the  linear  network  is  now 

20 


V2  + 


V3  “  k2fl+v2)2  +  k3(vl+v2): 

k2  (V1  +  2V1V2  +  v2) 

kjfv^  f  3v2  Vj  +  3v^v2  +  v2  )  ' 


(1.23) 


Equation  (1.23)  contains  terms  of  many  different  orders  in  the 

2 

excitation  i(t).  For  example,  is  of  second-order  in  i(t)  and 
has  already  been  accounted  for  in  the  computation  of  the  second- 
order  response  of  (t) ,  while  v2(t)  is  of  sixth-order  and  would 
be  one  of  the  terms  used  in  computing  the  sixth-order  response 

3 

(t) .  The  third-order  term  is  2k2viv2+lc3Vl*  The  second"order 
term  ^2vi  has  alreadY  been  accounted  for  in  the  second-order 
response  v2 (t) . 

Now,  from  Eq.  (1.16),  we  have 


k3Vl  “  k3  JIf  WWW 


i  (t-Tj)  i(t-T2)  i(t-T3)  dT1dT2dT3, 


(1.24) 


and,  from  Eqs.  (1.16)  and  (1.21) 


2k2vlv2  *  2k2  JjJ  WWV 


•  i  (t-i^)  i  ( t— t 2 )  i  (t-T3)dT1dT2dT3  , 


(1.25) 


and  we  have,  for  third-order 


twwTT' 


2k2VlV2  *k3vl  ~  JJJ  ^2k2hl(al*h2  *ff2'a3*  +  k3hl^al^h\^a2^h1^3^ 

"® 


.  ift-c^  i(t-a2)  i(t-a3)  dc^d^dCj.  (1.26) 

Equation  (1.26)  is  the  third-order  current  source  in  terms  of  the 
system's  first  and  second-order  nonlinear  impulse  responses  h^(f) 
»i1id  h2^Tl'T2^  as  well  as  the  coefficients  and  k^.  This  non¬ 
linear  source  excites  the  linear  network  to  produce  the  third-order 
component  of  the  output  voltage 


v3(t) 


gi(cr4)  [2k2h1(?l)h2 (a2,^3) 


+  k3h1(a1)h1(o2)h1(o3)] 


.  iCt-^-K^)]  i  [t-(s4+c2)]  i  Ct-(a4+a3)3 


.  dc^dcTjdUjd^. 


(1.27) 


If  we  let  t.  * 


a^+ai>  Tj  -  J4+a2  and  r'3aO4+03'  we  ^ave 


v3(t> 


h3(Ti,T2,T3)  i  (t-Tx)  i  (t-T2)  i  (t-T 3 ) 


JJJ  n3VTl'  2*  3 


dT1dT2dT3 , 


(1.28) 


where 


VW  V 


-j  hl(o4)[2k2h1(r1-a4)h2(T2-cr4,T3-a4) 


+k3VVV#j^Vhl(V°4)]dV  (1.29) 
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Once  again  comparison  of  Eq.  (1.28)  for  the  third-order  term  v3 
with  the  general  Volterra  series  term  for  n=3  in  Eq.  (1.14) 
reveals  that  it  is  formally  identical. 

Higher-order  responses  can  be  derived  in  a  similar  fashion. 
The  current  sources  of  order  n  can  always  be  written  in  terms  of 
a  power  series  in  voltage  v^,  i=l,2...n-l,  and  the  coefficients 
k^,  i=l,2...n.  For  any  given  order  response,  the  current  excita¬ 
tion  is  the  sum  of  products  of  all  lower-order  excitations  which 
interact  to  form  a  source  of  the  desired  order.  It  should  be 
noted  that,  regardless  of  the  order  of  the  nonlinear  response, 
the  response  is  always  a  convolution  with  a  linear  impulse  re¬ 
sponse.  Furthermore,  the  response  of  any  order  is  dependent 
only  on  the  responses  of  lower  order.  Thus,  the  analysis  of 
the  nonlinear  responses  is  a  bootstrap  operation,  which  allows 
the  determination  of  a  response  to  be  performed  in  terms  of 
already  determined  lower-order  responses,  and  allows  one  to  stop 
the  process  when  the  desired  order  response  is  known.  The  non¬ 
linear  system  model  resulting  from  this  process  is  a  Volterra 
series  and  is  a  sum  of  lower-order  responses  v(t)  ®  £  vn(t)  * 
v1(t)+v2(t)+... 

The  argument  presented  in  this  section  has  been  based  upon 
a  single  nonlinearity.  We  have  shown  that  a  nonlinearity  des¬ 
cribed  by  a  Taylor  series  and  embedded  in  an  otherwise  linear 
network  requires  a  Volterra  series  to  represent  the  input- 
output  properties  of  the  entire  network.  Although  we  have  chosen 
to  develop  this  argument  for  a  simple  example,  the  tl  aory  is 
general  and  applies  to  multiple  nonlinearities  as  well  as  to 
multiple-port  excitation. 


23 


The  general  kernel  of  Kq.  (1.14),  T2* •  »Tn) *  iB 

a  nonlinear  impulse  response  of  order  n.  its  Fourier  transform 
is  the  nonlinear  transfer  function  of  order  n,  or 


r*  f  I'  "j2TT(f«  T«+f«T»» » »+f  T„) 

Hn^l#*2,“**n^  **  ■  J*,*Ji'n^rl,T2*"“Tn^ft 

.dT1dr2...dTn.  (1.30) 

The  nonlinear  impulse  response  of  order  n  is  related  to  the 
nonlinear  transfer  function  of  order  n  by  the  inverse  Fourier 
transformation! 

00 

I* |*  p  j2Tt(f«Ti+f.2T2...f_T  ) 

h^(t^,  Tj, . .  .T^)  •  I J  . . .  ]Hn ( f f 2*  •  .f^) e  ****'" 

df1df2. . .dfn.  (1.31) 

The  time-domain  output,  y(t),  of  a  nonlinear  system  can  be 

found  in  terms  of  the  nonlinear  transfer  functions  and  the 

spectrum  of,*S»a  input  signal.  Equation  (1.14)  shows  that  the  n-th 

order  term  in  y(t),  y  (t),  can  be  written  as  the  n-th  order  convolu- 

r\ 

tion  of  the  input,  x(t),  with  the  n-th  order  nonlinear  impulse  re¬ 
sponse,  h  (t,,  t_ ,  . ..t  ).  If  Equation  (1.31)  is  substituted  into 
n  1  2  n 

Equation  (1.14)  and  the  integration  performed  over  the  t then 
y(t)  is  given  by 

00 

y(t)  -  2  JJ...jHn(f1,...fn)X(f  )X(f2)  ... 
n  _eo  A 

j  2tt (f «  +  •  •  •  f  )  t 

X(fn)e  1  n  dfx  df2...dfn,  (1.32) 


where  x(f)  is  the  input  signal  spectrum. 
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The  spectrum  of  y(t),  Y(fi),  is  the  inverse  Fourier  trans- 
orm  of  y(t)  and  is  given  hy 


«  .  * 


Yt£>  ■  J  SIX  JVfl'V"£n,Xl(fl,Vf2,-"Xn<In> 

-00  **  -<U 

j2rT(f1+...+fn)t  -  j2rrft 

•  e  .  df.df... .  .df  e  J  dt 

12  n 

^JJ  ***JHn^fl#f2***fn^Xl^1:l^X2  *  *  *Xn  ^fn* 


(1.33) 


n  -« 


%oo  - j2rr  (f-fj-fj*  • 


.f  e  ”  1  *  n  dt  dfxdf2...dfn.  (1.34) 

_Q0 

However,  the  unit  impulse  6(0  is  defined  by  the  integral  relation 


*  -j2TT(f-f1-f2. 

J  e 


-Vt 


dt 


6  <f-Vf2 


(1.35) 


Substituting  Equation  (1.35)  into  Equation  (1.34)  results  in  the 
input-spectrum  output-spectrum  relationship 


y(f)  ■  1 1  J— K<fi---vx<£i>  —*<*„> 

—  CO 

6  ( f- f , - f_  ...  -f)  df.  df.  ...  df  .  (1.36) 

12  n  i  2  n 


Equations  (1.14),  (1.32),  and  (1.36)  are  the  hey  time  and 
and  frequency-domain  input/output  relations  for  small-signal 
nonlinear  analysis.  They  also  pfciPXiile  the  linh  for  relating 
nonlinear  transfer  function  analysis  to  power-series  analysis. 
If  the  nonlinear  system  has  no  memory,  then  its  nonlinear 
impulse  responses  and  nonlinear  transfer  functions  are  given  by 
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ln6(Tl)6(T2>  **•  6(Tn>*  U.37) 


Wf2*,#fn} 


A  ,  a  constant* 
n 


(1.36) 


The  nonlinear  impulse  response  is  the  product  of  a  constant 
multiplier  aR  and  n  impulses,  and  the  nonlinear  transfer  function 
is  a  constant  An»  independent  of  frequency.  Prom  (1.31),  the 
two  constants  a  and  A  are  equal.  Substituting  Eq.  (1.37)  into 
Eq.  (1.14)  yieldss 


y(t )  ■  £  JJ...Jan  «(T1)6(T2)...6(rn)x(t-T1)x(t-r2). 


.  ,x(t-  t  ) 
n 


dr.dT. . .  .dr 
i  jl  n 


S  a  x  (t) 
n  n 


;  no-memory  system. 


(1.39) 

(1.40) 


and  substituting  Equation  (1.38)*#3jj|!j|&o  Equation  (1.32)  yields 


y (t)  =  S  JJ...JanX(f1)X(f  )...X(f  )• 


j2n(f1+f2. .  .+fn)  t 


df.df  . .  .df 
12  n 


(1.41) 


■Sax  (t) 
n  n 


no-memory  system  . 


(1.42) 


Thus,  y(t)  is  the  same  as  given  by  either  Eq.  1.40)  *  .4.  (1.42), 

Furthermore,  comparing  Eq.  (1.40H^^>"h  Eq.  (1.1),  it  is  seen  that 
the  zero-memory  Volterra  series  coefficients  an  are  equal  to  the 
power-series  coefficients  an,  thus  establishing  that  the  power- 
series  the  special  case  of  the  Volterra  series  for  a  n-memory 
system. 


1.7  Multi-Tone  Output  Response  in  Terms 
of  Nonlinear  Transfer  Functions 

One  of  the  most  important  multiple  signal  input  waveforms 

for  a  nonlinear  system  characterized  by  a  Volterra  series  is 

the  sum  of  several  unmodulated  tones.  If  we  express  these  tones 

in  terms  of  exponentials  of  complex  amplitude  and  frequency 

f  #  we  have 
111 

.  M  j2nf^Sfcsfe. 

x (t)  -  *  E  A  •  .  (1.43) 

2  ,  m 


Since  x (t)  must  always  be  real#  f  will  include  identical  positive 

m 

and  negative  frequencies#  and  for  a  negative  frequency  will  be 
the  complex  conjugate  of  A^  for  the  positive  frequency.  A  real 
signal  is  the  sura  of  a  positive- frequency  complex  signal  and 
its  negative- frequency  complex  conjugate.  Alternatively,  a  real 
signal  is  twice  the  real  part  of  either  the  positive  frequency  com¬ 
plex  signal  or  its  negative  freqjffilfiwy  complex  conjugate.  The 
frequency  spectrum  of  this  x(t)  is 

X(f)  -  E  A  6  (f-f  ),  (1.44) 

z  m  nt  m 


where  tf(f-f  )  is  a  unit  impulse  at  f“f  in  the  frequency  domain, 
m  m 

Now,  we  have  shown  that  the  system  response  y(t)  may  be 
written  in  the  form 

'sWMiii'- 


y (t)  -  S  yn(t),  (1.45) 

where  the  various  yR(t)  are  the  individual  terms  in  the  Volterra 
series  of  the  system  output.  Our  objective  is  to  determine  the 

27 


•  •:  •y/.r  jvrt  -v; 


,......l,,,;,1  . 


various  order  responses  yn(t)  in  terms  of  the  nonlinear  transfer 
functions  of  the  system.  For  example. 


y.  (t)  *  r  I  A  H.  (f  )e 
1  2m„1  min 


(1.4$) 


by  inspection  from  &q.  (1.43)  where ■H1(f  )  is  the  linear  transfer 
function  of  the  system  at  frequency , f  .  The  n-th  order  output 
can  occur  at  many  frequency  combinations,  depending  on  the  number 
of  ccmpleafTinputs ,  M,  and  the  order,  n.  A  general  expression  for 
the  output  frequency,  denoted  by  f^,,  is 


fJJ  “  mlfl+m2f2***+n,MfM  ' 

where  m^,  m2...m^  are  integers  ranging  from  0  to  n,  and 


Em  ■  n. 
i*l  i 

The  vector  m,  defined  as 

m  =  [m1,m2,...mM]  , 

is  used  expensively  throughout  the  book.  We  shall  show  in 
Chapter  2  that,  for  x(t)  given  by  Eq.  (1.43), 


(1.47) 


(1.48) 


(1.49) 


,  j2rrf  t 

yn(t)  =  j  I  Bn(m)Hn. 


(1.50) 


. 


_ . .  v. 


where 


Bn(m) 


m.  m,  n 

mlA«  A*  •••  A> 


2n~1m1lm2t... 


(l.SX) 


*n  (.f  1 '  *  *  * f  1/  ,f  2 '  *  •  * f  2/  *  *  V  * 9  *  V 


(1.52) 


m^  times 


times 


There  are  (see  Feller#  1950#  p.  52) 


(M+n-l)  A  (M+n~l)  1 
'  n  y  nl  (M-l)  1  ' 


(1.53) 


distinguishable  combinations  o£  satisfying  Eq.  (1.48)  so  that 
there  will  be  terms  to  sum  in  Eq.  (1.50)  for  each  nth 

order  nonlinear  response.  For ‘^pp^le >  if  there  are  M<=4  e> ponantials 
in  x(t)  and  we  are  interested  in  the  n=2#  or  second-order  response# 
we  can  expect  to  sum 
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(1.54) 


terms.  For  n®^#  the  third-order  term,  there  will  be  20  such 
components  * 

The  essential  point  to  n<^^^ere  the  complex  amplitude 

of  each  of  the  spectral  components  in  Eq.  (1.50)  is  given  by  the 

product  B  (m)  H  where  B  #  given  by  Eq.  (1.51)#  is  dependent 
n  n  n 

upon  the  input  signal  amplitudes  A^  and  is  independent  of  fre¬ 
quency.  The  frequency  dependence  of  the  component  is  entirely 

till 

given  by  Hn#  the  n  order  nonlinear  transfer  function.  It 
should  now  be  evident  that  the  key  step  in  characterising  the 
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output  terms  of  a  nonlinear  system  with  memory  resides  in  determine 
ing  the  magnitude  and  phase  of  the  multi-dimensional  transfer 
function  Hn*  We  shall  exploit  the  properties  of  the  nonlinear 
transfer  functions  throughout  this  book.  ^ 

In  Section  1.6  we  have  pointed  out  that  m  aft#  the  coef¬ 
ficients  of  a  power-series,  whe^^fv-  nonlinear  system  has  no¬ 
memory  and  can  be  satisfactorily  characterised  by  the  power- 
series.  It  follows  that  the  preceding  discussion  regarding  fhe 

Ll* 

n  order  response  components  given  by  Eg.  (1.50)  applies  to  and 
can  be  used  to  describe  the  output  terms  given  by  a  power  series 
by  simply  replacing  Hn  by  an« 

1.8  Two^Tone  Input  Example 

Multi-tone  testing  of  quasi-linear  systems  is  widely  employed 
to  characterize  the  nonlinear  distortion.  The  most  important 
case  is  two-tone  testing.  In  this  section  we  shall  utilize  the 
general  results  of  the  previous  section  and  show  by  an  example 
how  to  obtain  che  output  terms  for  a  physical  system  excited 
by  two  sinusoids.  We  have 


j  2trf  2 1 


if 

x(t)  2LAie  +  h: 

*  -j2nf,t  *^j2nf2t1 

+  Ax  e  +  A2  ®  J  # 


(1.55) 


*  *  _  _ 
where  we  now  identify  M=4,  A^A.^  A4=A2;  and  f3=  ~fl*  f4 - f2 

by  comparing  terms  in  Eg.  (1.55)  with  Eq.  (1.43).  Since  M=4# 
we  have 


ral  +  m2  +  m3  +  m4  08  n# 


(1.56) 
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to  satisfy  t or  non-nagativa  integer  valuta  of  ro^  for  uch  non- 
linear  ordar  n.  Wa  axpaot  thara  to  ba  four  combination*  for 
n«l,  tan  for  n«2#  and  twanty  for  n*3. 

The  first  and  aooond-ordar  output  component*  ara  liatad  in 
Table  1.1*  Tha  fraquancy  comtoin^M-^a  of  aaaooiatad  with 
aaoh  rasponaa  ara  noted.  Not*  that  both  negative  and  positiva 
fraquancy  tarma  ara  praaant  and  that  tha  complex  amplituda  of 
aaoh  negative  fraquancy  ia  tha  complex  conjugat*  of  aaoh  positiva 
fraquancy  term.  The  type  of  nonlinaar  rasponaa  is  also  indioatad 
in  tha  last  column  of  tha  tabla.  yHSieh  of  tha  n«*l  terms  is  a 
linear  response.  Four  of  the  n«=2  components  are  second 
harmonica  and  the  remainder  are  second-order  intormodulation 
terms.  Two  of  these  are  at  DC. 

The  third-order  output  components  are  listed  in  Table  1.2. 
Again  the  frequency «  complex  amplitude,  and  particular  combi¬ 
nation  of  associated  with  the  response  is  noted.  We  have 
also  identified  in  the  last  column  the  type  of  response.  Note 
the  presence  of  terms  causing  thirftas&P&er  gain  compression  and 
desensitization  of  the  linear  term  at  the  input  frequencies 
f.  and  f  .  There  is  also  a  set  of  third-order  intermodulation 

X  m 

products  as  well  as  a  set  of  third  harmonics.  No  DC  terms  are 
generated  by  any  odd  order  n.  Also  note  that  for  every  positive 
frequency  term  there  is  a  corresponding  negative  frequency  com¬ 
ponent  with  a  complex  conjugate  amplitude.  The  physical  output 
of  such  a  system  is  one  half  the  sum  of  both  the  positive  and 
negative  frequency  components  and  will  always  be  a  real  time 
function.  Of  course,  one  can  take  the  real  part  of  the  positive 
frequency  terms  and  get  the  same  result. 
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A  compact  summary  of  the  two-tone  responses  to  third-order 
is  shown  in  Pig.  1.6.  The  frequency  of  the  responses  is  noted 
along  the  frequency  axis.  At  the  top  of  the  figure  we  identify 
the  response  order  and  indicate  the  presence  of  a  response  at 
a  particular  order  by  a  small  circle  along  the  frequency  axis. 

Note  that  there  are  multiple  responses  of  various  orders  at 
several  frequencies.  Noted  in  parentheses  beside  each  circle 
is  the  nonlinear  order  n  of  the  response  ancl  combination  number 
from  Tables  1.1  and  1.2.  The  response  frequency  spectrum  is 
illustrated  as  a  function  of  frequency  at  the  bottom  of  the  figure. 
The  illustration  is  a  suggestion  of  what  would  be  observed  in  a 
spectrum  analyzer. 
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Finally,  let  us  write  out  explicitly  the  terms  at  a  particular 
output  frequency  as  a  further  illustration  of  the  interpretation 
of  Fig.  1.6  and  Tables  1.1  and  1.2.  At  frequency  f2#  we  have 
six  responses,  three  at  positive  frequencies  and  three  at  negative. 

The  positives  are  the  linear  response  (1,2)  and  the  two  third- 
order  components  (3,1)  and  (3,10).  Hence,  at  frequency  f2, 

y(t)  -  fLA2Hl(£2) 

+  |  )  Ax  |  2A2H3  Cf 2 .  f2  ,-f1) 

32  1  j2nf  t 

+  7  |a_|  A-H  (f  , f-,-f_)  e  +  c.c.  terms. 

4  2  e.i 

(1.57) 

The  notation  "c.c.  terms"  indicates  the  complex  conjugates, 

necessary  for  a  real  output  signal.  Alternatively,  y(k)  is  given 

by  * 

y{t)  =  Re\|_A2Hl*f2^  +  -  (AjJ  a2h3  (fi'f2'"fl* 

3  2  1  ^f 

+  4  !A2^  A2H3  ^2'f2'“f2*  ]  e  }•  (1.58) 
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Responses  to  Third-Order 
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The  first  terra  is  the  small-signal  linear  response,  the  second 
term  is  the  desensitization  at  frequency  f2  caused  by  the  signal 
at  f^,  and  the  third  term  is  the  compression  of  the  f2  term 
generated  by  increasing  the  amplitude  A2- 

1.9  Frequency-Conversion  as  a  Mild  Nonlinearity 

The  process  of  frequency  conversion  is  basic  to  communication 
receivers.  Many  forward-biased  diode,  transistor  and  vacuum  tube 
mixers,  and  varacter  up-p^BFerters  can  be  modeled  as  mildly  ex¬ 
cited  nonlinear  devices.  The  nonlinear  analysis  described  here 
applies  directly  to  such  mixer  circuits.  Switched-mixers  or 
mixers  with  large  local-oscillator  drives  are  more  efficiently 
treated  by  large-signal,  time-domain  techniques. 

1-9,1  Equivalent  Amplifier  Concept 

The  important  difference  between  a  mixer  and  an  amplifier 
is  that  the  desired  output  of  a  mixer  is  due  to  the  second-order 
transfer  function,  and  the  dominant  in-band  distortion  term  is 
due  to  the  fourth-order  transfer  function.  If  the  local-oscillator 
is  sufficiently  small  so  that  the  mixer  operates  as  a  small- 
signal  nonlinear  system,  it  can  be  fully  analyzed  using  time- 
invariant  nonlinear  transfer  functions.  The  mixer  can  be  con¬ 
sidered  to  be  a  nonlinear  amplifier  with  one  extra  signal,  namely 
the  local-oscillator.  Consider  the  case  where  the  input  signals 
are  A^,  expfju^t),  where  i  =  1,2  for  the  signals,  and  0  for  the 
local-oscillator.  The  desired  output  of  the  amplifier  is  at 
frequency  ^  or  f2,  while  the  desired  output  of  the  mixer  is  at 
frequency  fQ-^  or  fQ-f2.  For  any  frequency  combination  in  the 
amplifier,  there  will  exist  at  the  mixer  output  a  similar  fre¬ 
quency  combination  shifted  in  frequency  by  f^,  and,  due  to  the 


36 


nonlinearity,  one-order  higher  than  in  the  amplifier  case.  This 

leads  to  the  concept  of  an  equivalent  amplifier.  A  mixer  can  be 

considered  as  an  "equivalent  amplifier"  which  incorporates  a 

frequency  shift  fQ.  The  nonlinear  transfer  functions  of  the 

equivalent  amplifier  can  be  expressed  in  terms  of  those  of  the 

mixer,  and  are  functions  of  the  local-oscillator  amplitude  and 

frequency.  If  the  mixer  nonlinear  transfer  functions  are  denoted 

by  H  , (f„,f, ,f„  ...»  f  )  then  the  corresponding  "equivalent 
J  n+1  0  12  n 

amplifier"  nonlinear  transfer  functions,  Hn  * 

are  given  by: 

Hnq(fl'f2  ***  fn:  V  “  ~T"  A0Hn+l(f0'fl'  ***  fn)*<1*59) 
The  factor  — —  AQ  is  a  direct  consequence  of  Equation  (1.51). 


Thus: 


H?<VV 

H2q*£l'f2,£0* 


A0H2(f0'fl)# 

2  WVW' 


(1.60) 


(1.61) 


»0H4(£0'£1'£2'£3>- 


(1.62) 


The  use  of  the  equivalent  amplifier  concept  can  often  simplify 
receiver  analysis  - 


1.9.2  Mixer  p.  q  Response 

In  the  literature  on  mixers,  one  often  finds  reference  to 
the  mixer  p,  q  response.  The  p,q  response  is  an  interaction  of 
the  pth  multiple  of  the  local-oscillator  frequency  fQ  and  the 
qth  multiple  of  the  signal  frequency  fx  to  form  a  mixer  output 
which  falls  in  the  IF  passband.  If  both  the  signal  and  the 
local  oscillator  are  harmonic  free,  the  p,  q  response  y^  is 
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fr 


Vp+q(t> 

lr  (pfQ+pf.) 

“  £Vq(a>Vq  6  +c,c'. 

],  (1.63) 

where 

ApA?. 

(1.64) 

Hp+q 

■  Vq  (.f0‘  •••  fo;  ,fl'  "•  *l}  ■ 

(1.65) 

p  times  q  times 

An  “  complex  amplitude  of  input  local-oscillator 
at  fQ. 

A.^  =  complex  amplitude  of  input  signal  at  f^. 

til 

If  the  local- oscillator  itself  has  a  p  harmonic  component 
of  complex  amplitude  AqP^  at  frequency  pf^,  then  the  mixer  output 
would  be  of  q+1  orders 


(q+1)  l 

2qq. 


AoP)fti  Vi<p£ 


o*v  fi,fr 


2 


q  times 


(1.66) 


Since  the  outputs  in  (1.6?')  and  (1.66)  are  at  the  same 
frequency,  they  will  add  coherently  and  the  resulting  amplitude 
will  depend  on  their  relative  phases.  Thus,  the  phase  of  a 
local-oscillator  harmonic,  or  more  fundamentally,  the  local- 
oscillator  waveform  can  have  a  significant  effect  in  determining 
the  amplitude  of  a  p*  q  response. 
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It  should  be  cautioned  that  these  results  are  only  for 
mixers  which  have  a  small  local-oscillator,  Large  local- 
oscillator  mixers  must  be  analyzed  by  other  techniques.  They 
will  be  discussed  in  Chapter  4. 

1.10  Determining  the  Nonlinear  Transfer  Functions 
Hn  for  a  Physical  System 

Fundamental  to  the  successful  application  of  the  nonlinear 
analysis  methods  developed  in  this  bop>  is  a  practical  means  for 
determining  the  nonlinear  transfer  function  H  for  specific  systems 
under  investigation.  Many  communications  systems  and  receivers 
are  relatively  large  electronic  circuits  with  multiple  nonlineari¬ 
ties  scattered  at  many  places  throughout  the  system.  A  systematic 
nonlinear  circuit  analysis  method  designed  to  efficiently  determine 
Hn  is  developed  in  Chapter  2.  Successful  application  of  the 
method  requires  adequate  models  of  nonlinear  devices  and  circuits 
as  well  as  access  to  a  digital  computer  that  has  been  programmed 
to  accurately  solve  the  considerably  KSEi^plicated  network  equations. 
The  issue  of  system  modeling  for  input  signals  of  interest  is  also 
developed  in  subsequent  chapters.  A  computer  program  called 
SIGNCAP  has  been  developed  which  solves  for  the  nonlinear  trans¬ 
fer  functions  of  an  arbitrary  circuit  containing  resistors# 
inductors#  capacitors,  transistors,  vacuum  tubes,  and  diodes. 
SIGNCAP  is  described  in  Appendix  A. 
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CHAPTER  2 


SMALL  SIGNAL  NONLINEAR  CIRCUIT  ANALYSIS 


2.1  Introduction 

2.1.1  Frequency  Domain  Approach 

♦ 

■? 

Small  signal  nonlinear  circuit  analysis  may  be  accomplished 
by  use  of  the  Volterra  series.  The  purpose  of  this  chapter  is  to 
describe  a  general  technique  for  obtaining  the  input-output 
representation  by  starting  from  the  incremental  nonlinear  cir¬ 
cuit  models.  The  methods  are  applicable  to  any  size  network. 

The  time  “  invariant  Volterra  series  input-output  represen¬ 
tation  of  a  nonlinear  circuit  may  be  given  either  in  the  time- 
domain  or  in  the  frequency  domain.  The  frequency  domain  represen¬ 
tation  is 

•  r  r 

Y(f)  -  y  -  df....j  df_  6(f-f  -f,...-f  ) 

n=1  -*  1  -»  n  X  n 


Vfl' 


"2* 


fn> 


n 

n 

p=i 


x(fp). 


(2.1) 


Where  6  (£7  is  the  unit  impulse  at  f«0,  and  X(f)  and  Y(f)  are  the 
frequency  spectra  of  the  input  x(t)  and  output  y(t)  respectively. 
The  Hn  are  the  nonlinear  transfer  functions.  The  frequency  domain 
approach  developed  here  will  derive  the  nonlinear  transfer  func¬ 
tions  Hn(f1#  f2  ...  fR)  by  starting  with  the  circuit  nonlinear 
differential  equations.  This  approach  was  introduced  in  non¬ 
linear  circuit  analysis  by  Weiner  (1942).  Deutsch  (1962)  made 
this  work  more  accessible,  While  Narayanan  (1967)  developed  it 
for  distortion  analysis  of  broadband  amplifiers.  We  have 
extended  Narayanan's  work  so  that  both  nominally  linear  systems 
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(amplifiers,  etc.)  as  well  as  nominally  nonlinear  and  multi¬ 
input  systems  (multipliers,  mixers,  etc.)  can  be  analyzed. 

Other  work  concerned  with  the  frequency  domain  representation 
of  general  nonlinear  systems  has  been  presented  by  Barrett  (1963), 
Flake  (1963),  Parents  (1966),  Lubbock  and  Bhansol  (1969)  and 
more  recently  by  Bedrosian  and  Rice  (1971).  'rhe  approach 
emphasised  in  this  book  is  to  develop  general  nonlinear  circuit 
analysis  methods  suitable  for  computer-aided  analysis.  Thus 
the  objectives  will  be  to  go  directly  from  the  network  circuit 
model  to  the  nonlinear  transfer  functions. 

2.1.2  Sinusoidal  Inputs 

Nonlinear  transfer  functions  can  be  applied  directly  in 
the  case  of  circuits  excited  by  sinusoidal  inputs;  they  are  also 
used  to  determine  the  parameters  of  the  nonlinear  canonic  models 
developed  in  detail  in  Chapter  3. 

Consider  a  nonlinear  system  excited  by  the  sum  of  two  tones 


(  j2nf  t  j2TTf  t 

x(t)  «  Re  |  kx  e  A  +  A2  e 


(2.2) 


where  A^  ar.d  A2  are  complex  amplitudes  of  the  tones  at  frequencies 
fjand  f2  respectively.  The  output  y(t)  for  the  input  x(t)  is 
given  directly  in  terms  of  the  nonlinear  transfer  functions  as 
the  sum  of  the  real  part  of  terms  such  as: 

j2rrf^t 

a*  AlHl^l^e  *  L^near  response. 

1  2  j^fjt 

b.  2  A^  H2(f^,f  )e  s  Second-order  stun 

response  at  2£^. 


c.  i»xI2b2(£1.  -  fx> 


:  Second-order 
difference  res¬ 
ponse  at  D.c. 
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n  i-f  -  f- 


d.  A1A2H2(f1#f2)e 


j2Tt(f1  +  f2)t 


t  Second-order  sum 
response  at  f1+f2* 

^  o  it  j 2tt( 2f.  —  f « ) t 

e.  ~  A,  a«H- (£. , f. ,  -  f,)2  1  :  Third-order  in- 

4  A  ■*  J  A  L  *  termodulation 

response  at 

2fl  "  f2* 

In  Chapter  1  it  was  stated  that  for  an  input  made  up  of  the 
sum  of  M  tones  at  frequencies  f^,f2...fM,  the  part  of  the  numeric 
coefficient  of  ( f  ^ ,  f  2 . . .  f  ^ )  at  frequency  m^f^  +  m2^2***+  rnM^M 
which  is  independent  of  the  input  signal  amplitude  is 


nl 


„n-l  ,  ,  ' 

2  m, !  ml . . .mi 
X  2  M 


(2.3) 


where  the  are  non- negative  integers  and 


ml  +  m2# .  *  +  m^  =  n- 


Equation  (1.51,  which  defines  the  total  coefficient,  Bn(m)  of 

H  (f. ,£„... f  ) ,  is  C  multiplied  by  the  amplitude  factor 
n  l  2  m 

A™*  A22...A^m.  The  derivation  of  Equation  (2.3)  is  straight¬ 
forward.  If  the  input  x(t)  is  the  sum  of  m  complex  exponentials 

,  M  j2rrf.t 

x(t)  -  j  L  Ake  ,  (2.4) 

k-1 

where  f^  will  include  both  positive  and  negative  frequencies  and 
A^  for  a  negative  frequency  will  be  the  complex  conjugate  of  Aj^ 
for  the  positive  frequency  in  order  to  have  x(t)  real.  The  nth 
order  output  Yn(t)  is  given  by 
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yn(t) 


I.’"  J.VTl'T2"‘Tn)  ft  X(t-Ti>  dTi 

C®  r®  ■,  n  M  j2TTfv(t-Tj) 

I  WVVi  TT  S  V  dTi 


M.00  MdO 


M  M  1 

E  E  jT  Ajc  ***AkHn(fk  ,fk  ***f-  ) 

^l*1  1V81  2n  1  n  n  K1  X2  xn 


j2TT(fki+^c^...fk^)t 


(2.5) 


The  time  function  Yn(t)  contains  M31  terms.  As  the  indices  1c  , 

^2*  *  *kn  vary  over  the  ran9e  1  through  M,  many  of  the  terms  will 
be  at  the  same  frequency,  thus  leading  to  the  various  nonlinear 
responses  such  as  intermodulation  and  hamonic  responses,  and 
resulting  in  a  varying  number  of  terms  at  various  particular  fre¬ 
quency  combinations.  For  example,  for  the  case  m»6,  the  third- 
order  output  at  the  frequency  f1+f2+f3  is  given  by 

y3(t) 

J  &-f-+f9+f, 
fl*f2*f3 


A1A2A3  £H3  ^1,i^2#^3^+H3  ^l'^3'f2^ 


+h3 (f 2, f 1# f 3) +h3 (f 2, f3, f 1)+h3 (f3,  f v f2) 


j2n(f1  +f2  +f3)t 


+  c.c. 


(2.6) 


in  Equation  (2.6),  c*c.  indicates  the  complex  conjugate  of  the  term 
written  out  fully.  In  addition,  it  is  assumed  that  the  three  fre¬ 
quencies  are  distinct,  that  is,  An  intermodulation  re¬ 

sponse  with  a  third-order  output  at  the  frequency  2f^+ f^  is  given  by 
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^5^? 1  :W^o^,',*‘f^W»W!f*!W^?^,i:  -‘•.jW.-TW?.  .wi*  ; ^ ** rW^^^rtTVyJt •  v*9 


Y*,fe,|«f1+f  /£***» 


[h3(£ 


l#fl#f2)  +  H3(f1,f2,f1)  +'H3(f2,£1,£1) 


Vf2 


j2TT(2f1  +  f,)t 
e  1  *  +  c.c. 


(2.7) 


Thus  there  are  six  terms  at  f  1+ f 2*% >  and  three  terms  at  2f1+f2? 


at  3f^,  one  would  find  only  one  term.  The  nonlinear  transfer 


functions  in  Equations  (2.6)  and  (2.7)  differ  only  in  the  ordering 
of  their  arguments,  and  there  are  as  many  nonlinear  transfer  func¬ 
tions  as  there  are  ways  of  ordering  the  arguments.  If  the  other 
terms  in  the  expansion  are  formed,  a  similar  result  is  found. 
Namely,  at  frequency  m^i+m2f2+*  *  *+mMfM  there  are  as  many  terms 
as  there  are  ways  of  forming  m.  f-+m2f2. .  .+1^^.  There  is  a  result 
from  combinatorial  analysis  which  states  (Feller,  1950,  p.  32): 


Let  m1,m2...m^  be  non- negative  integers  such  that 


ml  +  m2  ...  +  m^j 


(2.8) 


The  number  of  ways  in  which  n  objects  can  be  divided  into  m  groups 
of  which  the  first  contains  m^  objects,  the  second  m2  objects,  etc, 


m^ I m2 l 


(2.9) 


This  quantity  is  called  the  multinomial  coefficient,  and  is 
denoted  by  (n;  ro1#m2...m^).  The  nonlinear  transfer  functions  of 
an  electrical  network  are  symmetric.  As  an  example  of  symmetry, 
consider  an  unsymmetric  second-order  nonlinear  impulse  response 
^2^t1#t2^#  for  which  y  (t)  is  JJdr^dTjhj  (t^#  t2)  x  (t-T^)  x(t-t2). 
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By  evaluating  the  integral  twice#  using  the  changes  of  variable 

Tl“^l'T2^2'  a“d  Tl"^2'  t2^1#  respectively,  a  symmetric  kernel 
for  the  system  can  be  shown  to  be  [h^i^#^)  +  h2  (t2#  ]/2.  For 

tn  n  order  nonlinear  impulse  response#  the  symmetrization  is 
performed  over  the  nl  time  permutations,  and  the  sum  is  divided 
by  ill .  The  time-domain  symmetrization  applies  also  to  the 
frequency-domain  nonlinear  transfer  functions,  which  are  simply 
multiple-dimensional  Fourier  transforms  of  the  time-domain  impulse 
responses.  In  the  case  of  the  responses  at  f^+fj+f^,  and  2f^+f2# 
the  y3 (t)  reduce  to 


y3(t) 


_  31V2*3  „  (f  ,  ,  i*T<fl+f2+*,>t 

f  2+f  2+f  3  2^11 11 11  J  1  ^  3 


f l^fj^f 3 


(2.10) 


y3(t) 


31A12a2  j2TT(2f1  +  f,)t 

2fj+fj  “  232U!  H3(fl'fl'f2>  6  +=•<=•  (2.11) 

£1  *  f2 


The  output  time  function  yn(t)  is  also  twice  the  real  part  of  the 
first  term# or  in  general 


n^-order 


real  output  -  .  _ 

£  -  VrtV  ••>■*,£„ 


nl  C  ^*5  m,  w 

'  2n-1m i  Re[Al  A2  Hn<fl'"fl'£2'"f2'—'V£M> 


m^times  uptimes  uptimes 


>ej2n(m1£1+m2£2-..+nkl^l)t|  . 


45 


(2.12) 


The  numerical  coefficient  of  the  real  part  is  C,  noted  in 
Equation  (2.3). 

We  now  show  the  application  Equation  (2.3)  to  the  five 
terms  given  in  examples  (a)  through  (e)  following  Equation  (2.2) , 
where  the  coefficients  m^»  m2,  m^,  m^  relate  to  the  frequencies 
f1#  f2#  -f1#  -f2#  respectively.  This  results  ins 


Case 

n 

ml 

m2 

m3 

m4 

c 

a 

1 

1 

0 

0 

0 

ll/(21“111010!01) 

88 

1 

b 

2 

2 

0 

0 

0 

2!/  (22~1210l  01 01 ) 

82 

1/2 

c 

2 

1 

0 

1 

0 

2l/(22~1l!110!0! ) 

* 

1 

d 

2 

1 

1 

0 

0 

2!/(22“111110!0!) 

1 

e 

3 

2 

0 

0 

1 

3!/(23"1211!0!0l) 

= 

3/4 

In  the  case  of  non*- sinusoidal  inputs,  the  canonic  models 
of  the  nonlinear  system  are  employed.  The  canonic  models  in 
Chapter  3  are  based  on  a  Volterra  representation  of  a  nonlinear 
system,  and  the  parameters  of  the  canonic  model  are  determined 
from  either  the  nonlinear  transfer  functions  or  the  time-domain 
kernels.  Obtaining  the  nonlinear  transfer  function  is  the  first 
step  in  the  small-signal  nonlinear  analysis  of  nonlinear  networks. 


2.1.3 


>licability  of  the  Volterra  Series 


The  Volterra  series  representation  is  useful  only  if  the 
series  is  rapidly  convergent,  so  that  only  a  few  nonlinear  trans¬ 
fer  functions  need  be  determined.  Nonlinear  systems  representable 
by  a  convergent  Volterra  series  are  called  analytic  systems. 
Analytic  systems  have  been  defined  by  Volterra  (1930) ,  Brilliant 
(1958),  Parente  (1966)  and  others.  An  analytic  system  is  one 
which  satisfies  three  properties:  (i)  It  is  deterministic,  that 
is,  for  a  given  input  signal,  the  system  can  have  one  and  only 
one  corresponding  output  signal,  (ii)  It  is  time- invariant,  and 
(ill)  the  system  cannot  introduce  any  abrupt  changes  in  its  output 
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If  such  a  change  is  present  in  the  system  output,  it  must  be 
due  to  a  similar  abrupt  change  in  the  input  or  its  derivatives. 

The  combinations  of  non-interacting  analytic  systems  have 
been  studied  extensively  by  Brilliant  (1958),  George  (1959),  and 
Zames  (1960).  They  have  shown  that  analytic  systems  in  cascade, 
parallel  or  multiplicative  combinations  give  an  overall  analytic 

system.  Feedback  combinations  of  analytic  systems  are  analytic 

.,•*♦*** 

except  when  the  feedback  makes  the  system  unstable. 


In  general,  determination  of  analyticity  is  difficult.  For¬ 
tunately,  in  the  circuit  analysis  of  interest  here  we  begin  with 
individual  circuit  elements  that  will  be  analytic.  Cased  on  the 
algebra  of  Volterra  systems  we  then  know  that  with  the  exception 
of  the  unstable  feedback  case,  the  overall  network  is  also 
analytic. 


Networks  with  hysteresis  elements  (Brilliant  1959) ,  or 
circuits  in  a  limit-cycle  mode  are  not  analytic.  However,  for 
a  given  range  of  input  level,  hysteresis  elements  may  be  ap¬ 
proximated  by  a  Volterra  series  model. 


2.1.4  "Small"  and  "Large"  Signal  Criteria  and  Truncation  Error 

In  a  large  network  with  many  nonlinear  elements  the  deter¬ 
mination  of  the  nonlinear  transfer  functions  over  fifth  or 
sixth  order  becomes  inefficient.  Given  an  analytic  system  and 
a  small  enough  input  signal,  the  output  can  be  closely 
approximated  by  only  the  first  few  terms  of  the  Volterra  series. 
An  essentially  linear  or  "mildly"  nonlinear  system  also  requires 
only  the  first  few  order  transfer  functions.  Thus,  small  signal 
nonlinear  analysis  presented  here  refers  to  systems  in  which 
only  the  first  few  order  nonlinear  transfer  functions  are  sign¬ 
ificant.  Chapter  4  presents  time-variant  extensions  of  the 
Volterra  series  *»nd  other  methods  for  handling  large  signals  and 
abrupt  or  violent  nonlinearities. 
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The  error  In  truncating  the  Volterra  series  of  a  nonli|par 
circuit  has  been  studied  by  Flake  (1963),  Parente  (1966)  *,  Volterra 
(1930),  Brilliant  (1958),  George  (1959)  with  few  general  results. 
Only  in  specific  examples  have  useful  bounds  been  obtained  on  the 
truncation  error.  At  present  the  only  approach  is  a  brute-force 
determination  of  a  large  number  of  the  higher  order  terms  and 
then  observing  their  rate  of  convergence. 

Closely  related  to  the  truncation  error  is  the  range  of 
validity  of  the  nonlinear  branch  elements  in  the  network.  Given 
a  network  composed  of  a  variety  of  nonlinearities  combined  with 
linear  memory  elements,  the  nonlinear  circuit  analysis  begins 
by  representing  the  nonlinear  elements  by  a  series,  usually  a 
Taylor  series.  The  rate  of  convergence  and  the  truncation  error 
of  the  network  can  often  by  ideffltSfifled  by  considering  the  trun¬ 
cation  error  and  the  rate  of  convergence  of  the  Taylor  series  of 
the  nonlinear  elements.  This  argument  extends  to  nonlinear  ele¬ 
ments  with  memory. 

2.2  NonliS|&r  Circuit  Analysis 

2.2.1  introduction 

In  the  analysis  of  nonlinear  systems  presented  in  Chapter 
1,  the  nonlinear  transfer  function  related  general  input-output 

IrTglir 

mathematical  variables.  However,  when  solving  a  circuit  we  have 
to  define  Whether  the  input  and  the  output  are  currents  or  vol¬ 
tage.  Thus,  the  transfer  function  relating  a  voltage  output 
to  a  current  input  will  be  different  from  one  relating  a  voltage- 
output  to  a  voltage-input. 

It  is  important  to  note  that  the  nonlinear  transfer  functions 
always  relate  the  output  voltages  or  currents  to  Thevenin  gen¬ 
erators,,  for  voltage  excitations,  or  Norton  generators  for  current 
excitations.  This  point  is  quite  important  when  analyzing  cir¬ 
cuits  Which  load  the  sources  ahdN*i§.*fi  their  terminal  voltages 
or  currents  different  from  their  unloaded  values. 
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Physical  interpretation  of  the  input  and  output  variables 
and  the  gsaulinear  transfer  function  representation  is  especially 
desirable  since  small-signal  nonlinear  circuit  analysis  is  an 
extension  of  the  conventional  incremental  analysis  of  electronic 
circuits.  The  nonlinear  circuit  models  employed  here  are  in¬ 
cremental  models  developed  about  a  bias  or  operating  point.  It 
will  alseHbe  found  that  the  linearized  equivalent  circuit  of  the 
network  plays  an  essential  role  in  determining  the  nonlinear 
responses  of  the  circuit. 

To  introduce  the  approach,  first  consider  the  simple  cir¬ 
cuit  shown  in  Pig.  2.1.  A  clear  understanding  of  this  example 
aids  in^understanding  more  complex  circuits  which  may  include 
several  different  kinds  of  nonlinear  elements.  The  circuit  in 
Pig.  2.1  is  an  incremental  nonlinear  circuit.  All  voltages  and 
currents  are  incremental  quantities. 

The  nonlinear  element  may  be  a  zero-memory  device 
described  by 


^2  *  ^ ^  2 )  * 


(2.13) 


where  I 2  is  the  total  current  through  the  device  and  is  the 
corresponding  total  voltage  across  it.  To  proceed  with  the 
small-signal  analysis,  the  function  K(V2)is  expanded  about  the 
operating  point  V2Q  giving 


i 


2 


=  E  K 
n=l  n 


(2.14) 


where  Kn  are  the  Taylor  series  coefficients 


.  anK(v.) 

KX  __  _ *  _ 

a  “ 1 


n 


n  l  dV2n 


(2.15) 


V2  ’  V20 


and  i2  and  v2  are  the  incremental  current  and  voltage. 
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Whether  the  nonlinearity  is  given  in  the  form  of  Equation  (2.13) 
or  Equation  (2.16)  depends  on  the  model  description.  The  form 
Which  the  circuit  analysis  of  this  chapter  takes  is  a  voltage 
input,  voltage  output  nodal  analysis.  This  has  been  chosen 
because  it  is  most  convenient  for  the  analysis  of  electronic 
circuits,  Which  tend  to  have  many  more  loops  than  nodes. 

The  starting  point  of  the  nonlinear  analysis  is  the 
incremental  nonlinear  circuit  model,  with  the  network  structure 
given,  and  the  input  and  output  variables  identified.  The 
nonlinear  branch  elements  in  the  network  may  be  either  zero- 
memory  or  a  nonlinearity  with  memory.  Additionally,  they  may 
be  dependent  upon  variables  other  than  their  terminal  voltages. 
The  procedure  for  handling  both  dependent  and  independent 
nonlinearities  are  presented. 
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2.2.2  Single  Nonlinear  Element  Circuit 

In  the  circuit  shown  in  Fig.  2.1,  the  output  is  the  voltage 

v  (t)  and  the  input  is  the  generator  voltage  v  (t) .  The  generator 
*  g 

internal  admittance  is  Y  (f)  and  Y, (f),  Y_ (f)  and  Y_  (f)  are  linear 

g  J.  2.  Li 

non-zero  memory  networks.  The  purpose  of  the  analysis  is  to 
determine  the  nonlinear  transfer  functions  relating  v  (t)  and 

V‘>- 

Let  C  {f, ,  f-,  ...,  f  )  denote  the  nonlinear  transfer  func- 
n  l  2  n 

tions  for  the  output  v3(t)  when  the  input  is  v  (t) .  If  v  (t)  is 

—  g  g 

the  sum  of  the  M  unit  amplitude  exponentials 

j2rrf;,t  j2irf2t  j2rrf  t 

vg(t)  «  e  +  e  +  ...  +  e  ,  (2.19) 

the  C  (f., ,  ...  f  )  can  then  be  found  in  terms  of  the  complex 
n  1  n  c 

amplitudes  of  the  output  at  the  frequency  of  interest.  Several 
methods  exist  for  deriving  the  nonlinear  transfer  functions. 

These  methods  would  first  reduce  the  input-output  relation  between 
Vg  (t)  and  Vg(t)  to  a  nonlinear  differential  equation.  The 
Volterra  series  for  v3 (t)  can  then  be  substituted  into  the 
differential  equation  and  terms  of  equal  order  equated.  The 
various  methods  differ  in  whether  the  time-domain  Volterra 
representation  is  substituted  or  the  frequency  domain.  The 
frequency  domain  approach  is  the  one  usually  used. 

Our  frequency  domain  approach  is  similar  except  for  the 
major  difference  that  we  are  interested  in  numerical  values  of 
the  nonlinear  transfer  function,  and  want  to  minimize  prelimin¬ 
ary  work  such  as  reducing  the  total  network  to  a  single  differen¬ 
tial  equation.  In  the  approach  used,  due  to  the  fact  that  non¬ 
linear  elements  can  appear  at  any  node,  we  solve  for  all  in¬ 
dependent  node  voltages  or  branch  currents.  Thus  we  solve  the 
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single-output  problem  by  using  a  multi-output  formulation. 

We  will  consider  the  following  four  type  nonlinearities  in 
the  circuit  shown  in  Fig.  2.1s 

(a)  Nonlinear  conductance 

i  =  ?  Kv!  =  K<vJ.  (2.20) 

2  n=l  n 

(b)  Nonlinear  resistance 

v  =  S  Rnij  5  R(i2).  (2.21) 

n=  1 

(c)  Dependent  nonlinearity  which  is  a  function  of  not  only 
the  voltage  across  it  but  also  the  voltage  at  another 
node. 


= 


00 

E 


m=  0  n«0 

mj^n=  0 


m  n 
gmn  v2  v3 


B  G(v 


2' 


v  ) 
3'* 


(2.22) 


(d)  Nonlinearity  with  memory 


i2(t)  = 


00 

2 


dT. 


n=l  -a> 


C 

J 


dT  h  (t  , 

n  n  l 


n 

"O  TT  Vp(t-T  ). 

n  m=l  2  m 


(2.23) 

and  Hn(f^  .o  fn),  the  inverse  transform  of  hn,  will  be  used 
to  denote  the  nonlinear  transfer  function  of  this  element. 
Following  the  conventional  functional  notation /Equation  (2.23) 
may  be  compactly  written  as 


i2(t)  A  H  [v2(t)L 


(2.24) 


where  the  square  bracket  is  used  to  denote  a  functional  operation. 
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2. 2. 2.1  Nonlinear  Conductance  K(v2) 

Kirchoff  current  and  voltage  laws  apply  to  a  nonlinear  net¬ 
work  as  well  as  to  a  linear  network.  Thus  the  circuit  equations 
may  be  written  either  as  loop  or  node  equations  or  as  a  mixed 

set.  When  the  nonlinearity  of  Fig.  2.1  is  specified  as  a  power 
series  in  voltage,  the  node  voltages  v^(t),  Vj(t)  and  v3  (t)  are 
independent  voltages.  Applying  Kirchoff' s  current  law,  the  cir¬ 
cuit  node  equations  in  operational  notation  are: 


Node  1  ^ 

Y  (P)  (v  -v  )  +  Y.  (P)  (v  -v  )  -  0, 
g  19  1  1  * 

Node  2 

Y1(P)  (VV1)  +  K(V  +  Y2(P)  (V2“V  “  °7  (2.25) 

Node  3 

Y2(P)  (v3-v2)  +  ^  (P)  v3  -  0. 


The  three  node  equations  in  Equation  (2.25)  are  time-domain 
equations.  Each  equation  states  that  the  total  current  leaving 
a  node  is  zero.  The  p  is  a  linear  operator,  and  the  various 
Y(p)  are  combinations  of  terms  such  as  Cp  for  a  capacitor,  G  for 
a  resistor,  and  l/(Lp)  for  an  inductor.  When  operating  on  a 
voltage,  v,  they  perform  the  time-domain  operations: 


Cpv(t)  -  Cjj, 

G  v  (t)  *  G  v  , 

to  V(t>  =  L.fV(t)dt- 
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(2.26) 


The  current  through  the  nonlinearity ,  K(v2)  ,  is  not  operated  on 
by  any  of  the  Y(p),  and  is  considered  separately. 


Substituting  the  power  series  for  K(v2)  into  Equation  (2.25) 
and  taking  the  second  and  higher-order  terms  to  the  right-hand 
side  together  with  the  source  term  we  get 


[y  (p)  1 


- \ 

< 

*-*  J 

“ 

Y 

g 

(p)vg 

V- 

-2 

Kv" 

2 

n=2 

n  2 

T 

< 

L ^ _ 

EBB 

0 

(2.27) 


where  [Y(p)3  is  the  admittance  operator  matrix  of  the  linearized 
network 


) 

[Y(p)3 


Yg(p)+Y1(p) 

-Y^p) 

0 


-Y1(p)  0 

K1+Y1(P)+Y2(P)  -Y2(P) 

-y2(p)  y2(p)+yl(p) 


(2.28) 


Equations  (2.27)  and  (2.28)  are  simply  matrix  restatements  of 
Equation  (2.25).  Equation  (2.27)  is  still  a  time-domain  equa¬ 
tion.  To  derive  the  nonlinear  transfer  functions  to  third-order, 
let  vg(t)  k®  the  sum  °f  three  exponentials  of  the  form  given  by 
Eq.  (2.19).  Denoting  the  nonlinear  transfer  functions  for 

vl(t),  v2(t),  and  Vj(t)  An ^fl' f2' *  “  fn^ '  Bn  (f^  f2. . .  fn) 
and  Cn (f^, f2» . . . fn) ,  respectively,  we  get  in  terms  of  transfer 

functions  A  , 
n 
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j  2nf  t 


j4nfit 


+  A3  (fi#  fi#  f^)  e 


j6TTf  t  3  j2n(f.  +  f  )t 

1  +  £  [A2(fi#f,)  e  1  .  * 
j-1  2  1  J 


t  3 A 3  ^  ® 


j2n  (2fi  +  fj)t 


6A3  ( f  f2  *  ^3 )  ® 


j2rr  (fx  +  f2  +  f3)t 


+  0(3),  (2.29) 


where  0(3)  are  terms  of  higher  order  than  third. 
Similarly  for  v2(t). 


v2(t) 


3 

j2nfit 

j4nfit  jfirrfjt 

»  T 
i=l 

(B^e 

+  B2e  +  B3e 

3 

j2TT(f 

+  f.)t  j2rr(2f ,  +  f,)t 

3  +  3B3e  1  3  : 

+  E 
j=l 

(B2e 

j*i 

j  2tt  ( f ,  +  f 

+  f3)t 

+6B3e 

m* 

3  +  0(3). 

(2.30) 


The  frequency  arguments  of  the  transfer  functions  are  not 
indicated  above  since  they  are  clearly  defined  by  the  multiply¬ 
ing  exponential.  An  equacion  similar  to  (2.29)  and  (2.30)  can 
be  written  for  v,  in  terms  of  CL.  Substitution  of  these 
expansions  on  both  sides  of  the  node  Equation  (2.27)  gives  for 
the  left  hand  side 
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j2tt(fi 

+f2 

+f3)t 

+6A3e 

j2rr(f- 

+  f2 

+f,)t 

+6B3e  A 

J 

j2TT(f. 

+  f2 

+  f3)t 

+6C3e 

•J 

(2.31) 


The  right-hand  side  contains  the  source  term  and  terms  in¬ 
volving  various  powers  of  the  node  voltage  v2*  Only  terms  up 
to  "third-order"  exponentials  are  of  interest  in  these  products. 
The  only  powers  of  v2  contributing  up  to  third- order  terms  in  the 
right-hand  side  are  the  second  and  third.  Thus,  squaring  v2  of 
Eq.  (2.26)  and  writing  terms  up  to  third-order  gives. 


2  „  3  j2"fit,2  3 


v2  -[ 


iSl  V 


3 +  VU a*lt*v 

.ej2TT(fi+fj+fk)t  3  j2n(f  +2f  )t 

i,j=!  11  B2{fj#fj)e  1  +0(3). 


(2.32) 


The  first  term  on  the  right-hand  side  of  Equation  (2.32)  contains 
second-order  terms  at  frequencies  2f^,  and  f^+f^,  where  i  /  j  and 
i  and  j  take  on  the  values  1,  2,  3.  The  remaining  terms  on  the 
right-hand  side  are  third-order  terms. 
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Similarly  raising  Eq.  (2.30)  to  the  third  power  gives  the  third- 
order  term  in  v2  as 


3 

E 

i=l 


Ble 


j2TTfit 


13 


+  0(3), 


(2.33) 


Substituting  these  terms,  the  right-hand  side  column  vector  of 
Eq.  (2.27)  up  to  third- order  becomes 


yP> 


'3  j  2rrf ,  t 
E  e 
i=1 
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3  j2nf  tl2  3 
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j2n(fi+fj+f|^t 


3  j2TT(f  +2f,)t 

-2K  E  B.  (f . )  B  (f .  ,  f ,)  e  1  J  - 
*  i,j=l  1  2  3  3 


K. 


3  j  2nf , t 

E  Be  1 
i=l 


13 


0  J 

(2.34) 

To  solve  for  any  order  transfer  function,  e.g.,  C2(f1,f2), 
the  coefficients  of  the  terms  e^ 2rr^f l+f 2^ on  both  sides  of  the 


node  equations  are  equated.  Since  terms  in  e 


j2n(f1+f2)t 


also 


arise  in  conjunction  with  A2 (f^, f^)  and  B2(f^,f2)  we  therefore 
get  matrix  equations  for  each  order.  Starting  with  first-order, 
Eq.  (2.31)  and  Eq.  (2.34)  give 


[Y  (p)  ] 


Vft> 

.  , 

-  *■ 

j2TTf.t 
Yg(p)e  1 

V*i> 

j2TTfit 
e  *  - 

0 

;  i  »  1,2,3. 

cl(fi> 

-  m 

0 

_  — 

(2.35) 

Equation  (2.35)  is  a  time-domain  equation  in  operator  form, 

j2nf,t  j2Tffit 

which  relates  the  node  voltages  A. (f.)e  ,  B  (f.  )e  , 

.  .  j2TTfit  11  1  1 

and  C.  (f.  )e  ,  to  the  complex  exponential  excitation  voltage 

,  »  j 2rrf 4t 

source  Yg(p)e  .  By  noting  that  the  operator  p  is  d/dt. 

Equation  (2.35)  can  be  transformed  into  the  frequency-domain 
for  the  three  first-order  nonlinear  transfer  functions 
A,  (f.) 


'l'*i'  ' 


Vfi>'  cx<ei>* 


The  first-order  transfer  functions  are  then  given  by 


"W" 

*yV 

=  [yU^T1 

0 

0 

m 

i  -  1,2,3. 


(2.36) 


In  going  from  Equation  (2.35)  to  Equation  (2.36),  the  operator 
p  is  replaced  by  j  2rrf  ^  when  operating  on  a  signal  at  frequency  f^. 
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Carrying  out  the  differentiation  and  integration  consistent  with 
the  operators  p  and  1/p#  the  admittance  operator  matrix  [Y{p)] 
is  replaced  by  CY(f^)]#  which  is  the  network  nodal  admittance 
matrix. 

In  the  second-order  case  the  left-hand  side  of  the  node 
equations  becomes 


CY(p)  ] 


2A2(fl'f2}' 


L2C2(fi'f2> 


j2TT(f1+f2)t 


j2TT(f  +f2)t 

2e  1  *  [Y(f x+f 2)  ] 


rA2(f1(*2n 


LC2(fl-f2>J 


(2.37) 


where  the  operator  p  has  been  replaced  by  j2Tt(fj+f2),  and  f^/f2* 
In  the  right-hand  side,  the  term  at  frequency  (f^.-f2)  is 


-K  v 
2  2 


»  -(2;l#l)K2B1(f1)B1(f2)e 


j2n(f1+f2)t 


(2.38) 


ifl+f2 


where  the  multinomial  coefficient  (2;1#1)  =  2#  so  that  the  right 
hand  side  at  frequency  becomes 
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0 


► 


r 


Right- 

hand 

side 


p  +f 
*12 


2 


j2Tr(f1+f2)  t 


)  e 


0 


A 

where  we  have  defined  K2(f1#f2)  as 


(2.39) 


VW  "  K2Bl<fl>  W* 


(2.40) 


j2n(f.+f2)t 

Equating  the  two  sides  and  cancelling  2e  from  both 
sides  we  get  the  equations  yielding  the  second-order  transfer 
functions  of  the  network 


'A2<W 

0 

B2<V2> 

=  CYltj+ij)]"1 

-K2  2^ 

.°2<E1'£2). 

.  0  _ 

It  can  be  easily  verified  that  the  equations  for  the  frequency 
2f ^  are  the  same  as  above  with  appropriate  change  in  the  fre¬ 
quencies  . 

In  the  case  of  the  third-order  equations,  consider  the 
frequency  (fj+f^fj)#  where  The  left-hand  side  of 

vhe  node  equations  is  now 
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6A3(f1,f2,f  3)' 


j2TT(£j+f2+f3)t 

hand’  -  **4*  (fl  +  f2+f3j  6B3(f  1 ,f  2'f  * 

side  L 

«6C3(fl’f2»f3). 

(2.42) 

2 

while  in  the  right-hand  side  K2v2  contributes  the  following  term 

rm 2  I  ^  m  I-  \  t  '  '  l 


K2V2 


-  2K, 


f  +f  +f 
1  2  3 


{w  [ 


VW  +  VVf2> 


+  VV  *2*  I’h'  *  *2f  3' \ 


’l<V  [82<fl 


'V  +  VW 


J2w(f1+f2+f3)t 


(2.43) 


The  bracket  {  )  term  contains  all  permutations  of  the  three  fre¬ 
quencies  f1#f2  and  f3.  This  always  occurs  in  physical  circuits 
since  the  nonlinear  transfer  function  must  be  symmetric  with 
respect  to  all  the  frequencies.  A  compact  notation  for  this 
oymmetrisation  is 


B1 { V  B2  (  f2'  f3>  4  6 


B1(£X>  [ 

VV 

+  Bl(f2> 

0*‘* 

+  W 

- 1 

(0 

to 

Ml 

2  3‘ 


,'V  +  B2(f2'  £1}  r 


(2.44) 
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Therefore 


„  2 
K2V2 


where 


-  12  K  B  (f 

f  +£  +f  t  X  i.  t  i 

E1  r2  3 


a  6K23  B1(f1)B2(f2 


2K2  B1(f1)B2(f2.f3). 


(2.45) 

(2.46) 


The  term  K23  is  a  third-order  source  resulting  from  an  inter¬ 
action  between  a  linear  and  a  second-order  nonlinearity.  Thus, 
there  will  be  third-order  products  even  if  the  third-order  non¬ 
linearity,  K3,  were  zero. 

The  only  other  term  of  f requency  (f^+^+f^  comes  from  the 
third-order  nonlinearity  K3  giving 


v2' 


(311,1,1) 


W£3 


«,{nvv} 

j2TT(f1+£2+f3)t 


j2TT(f]  +  f2+£3)t 


(2.47) 


where  (3; 1,1,1)  »  6,  and 
3 

K3-K3  TT  Bl(t1). 

i*  1 


(2.48) 


Combining  Equations  (2.42),  (2.43),  and  (2.47)  gives  an 
equation  yielding  the  third-order  transfer  functions  in  terras  of 

A  A 


*23^1' W  sndVVVf3)'  Thus, 
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‘Vfl'f2'f3r 

0 

B3  (f  ^#f  2'^  3^ 

.[v(f1+f2+£3)]'1 

-^23(fl'f2'f3)"  VWV 

c  if  f  f  ) 

L  1'  2  y 

0 

m 

(2.49) 

The  general  nature  of  the  analysis  should  now  be  apparent. 

Higher-order  nonlinear  transfer  functions  can  be  similarly  de- 

tTl 

rived.  It  may  be  noted  that  the  n  order  transfer  functions 
depend  on  all  the  Taylor  series  coefficients  from  K.  *o  K  . 

x  n 

Additionally#  it  will  be  noted  that  only  the  first-order  transfer 

functions  are  required  to  determine  the  second-order.  Only  first 

and  second-orders  are  required  to  determine  third-order#  and  in 

til 

general#  only  the  first  through  n  order  nonlinear  transfer 

til 

functions  are  required  to  determine  the  n+1  order  nonlinear 
transfer  function.  The  analysis  determines  the  nonlinear  trans¬ 
fer  functions  for  frequency  combinations  of  the  form  f^+f^  • 
iy*jj*m.  In  using  the  nonlinear  transfer  functions  to  determine 
input-output  relations#  they  must  be  evaluated  at  the  frequency 
combination  of  interest  and  premultiplied  by  the  coefficient 
Bn(m)  of  Equation  (1.51)#  corresponding  to  this  frequency  combi¬ 
nation. 


2. 2. 2. 2  Current-Controlled  Nonlinearity 

If  the  nonlinearity  in  Figure  2.1  is  specified  as  a  power 
series  in  current  instead  of  voltage,  the  node-voltage  formulation 
may  again  be  employed.  The  nonlinear  sources  will  appear  as  volt¬ 
age  sources  in  series  with  the  linearized  element#  and  can  be 
transformed  into  equivalent  Norton  current  souces.  This,  it 
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should  be  noted,  is  the  same  technique  used  to  include  linear 
voltage  generators  in  the  node  analysis.  As  an  example  consider 
a  nonlinear  resistor.  The  power  series  between  v  and  i  for 

4  « 

a  current-controlled  nonlinear  resistor  is 


v 


2 


E 

n=l 


v2 


n 


(2.50) 


As  the  first  step,  the  linear  network  is  solved  for  v2,  resulting 
in  B^(f^)  being  found  from 


— 

-  - 

Vfi> 

-1 

VV 

BX<fi> 

=  [Y(fi)] 

0 

0 

7  i“l, 2* • •  (2.51) 


Next,  the  current  through  the  linearized  resistor  is  computed 

j  2nf , t 

“  B1(fi)/R1e  1  7  i-1,2...  (2.52) 


Using  Equation  (2.52)  with  (2.50)  results  in 


f.+f„ 
1  2 


.  W  Bi(f2>  3a"«i+£2)t 

2  -j  . 


(2.53) 


By  analogy  with  Equations  (2.38)  -  (2.41),  a  second-order  voltage 
source  can  then  be  defined  at  frequency  f^  +  f^ 
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(2.54) 


¥ 


B1(f1)  By  (f^)  j2TT(f1+£2)t 


and  is  inserted  in  series  with  the  linearized  resistor.  This 

A 

can  be  converted  into  a  second-order  current  source,  K2^l'^2  * 
through  use  of  Norton's  theorem,  or 


R 


Vf2 


C2(f 


K2(fi,f2)  “  v2|f  ^ 

”  “l^l1  V£2K 

K1 

The  second-order  node  voltages  A2^fi*fj^# 
^♦fj)  can  be  solved  from 


(2.55) 


(2.56) 

and 


A2  *fl» ^2^ 

0 

-1 

A 

®2  ^1*  ^2^ 

=  (-'(fj+fj)] 

-K2(fi,f2) 

^2  ^1*  ^2^ 

0 

M.  — 

(2.57) 


With  the  second-order  voltages  found,  the  second-order  current 
through  the  resistor  is 


ijj (f i  +  fj)  “  B2(fi,fj)/Rr 


(2.58) 


Using  Equations  (2.58)  and  (2.52)  in  (2,50),  the  third-order 
Norton  current  generator  can  be  written  as 
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K23(fi»f2»f3^  +  K3^fl'f2'f3^  “  2  3  B1 ^fl^B2 2' f3^ 

R1 

R,  3 

+  — r  TT  B.  (f.  ),  (2*59) 

Rj*  i-i  x  x 

and  the  third-order  node  voltages  solved  from 


-  ■" 

A3  ^1*  f2*  f3 

0 

WW 

-  CY(f1+*2+f3)]'1 

”K23^fl,f'  f3^”^3  ^fl#  f2#  f3^ 

C3  ^l'  ^2*^3^ 

0 

ml 

(2.60) 

The  higher-order  transfer  functions  are  found  in  the  same  manner. 
It  is  evident  that  the  equations  for  the  nonlinear  transfer  func¬ 
tions  are  formally  the  same  as  for  the  voltage-controlled  resistor 

A  A 

if  the  nonlinear  current  sources,  e.g.,  K23  and  are  properly 
defined,  as  in  Equations  (?.56)  and  (2.59), 

A  current- control led  nonlinear  inductance  can  be  treated 
in  a  similar  manner.  In  this  case  the  functional  relation  is 
between  voltage  and  the  flux  derivative t 


„  li 

v  2  dt  ' 


(2.61) 


where  the  flux  i  is  given  by 

$  ■  ? ( X 2 ) .  (2.62) 

Expanding  $  in  a  Taylor  series  in  i2  end  inserting  the 
series  into  Equation  (2.61)  results  in 
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•  *  * 


(2.63) 


=  -L, 


d_ 

dt 


*2  - 


d  .2 
J2  dt  X2 


~  L. 


d_ 

dt 


Where  the  are  the  coefficients  of  the  Taylor  series  expansion. 
Using  Equation  (2.62)  in  place  of  Equation  (2.50)  and  carrying 
out  the  analysis  operations  results  in  nonlinear  current  sources 
of  the  form? 


Second-Order 


A 

«2 


z2(fi+f2)  w 

=  Z^fj+fjJ  z^tj)  Zl(f2)  • 


(2.64) 


Third-Order 


A  A  2Zrt (f.+f-tf o) 

k23  +  k3  - 


where 


W  VW 

ZX(£1>  Wf3> 


.  TT  W 
i-1  VV  ' 


Zl(fl+f2+f3> 


(2.65) 


Z^(fi+fj»«»)  *  +  f j •  •  • ) .  (2.66) 


2. 2. 2.3  Zero-Memorv  Dependent  Nonlinearity 


The  nonlinearity  given  by  Eq.  (2.22)  is  a  dependent  non¬ 
linearity  since  the  (i2»v2^  relation  depends  on  another  voltage 
v3.  Applying  the  node  equation  formulation  gives  the  [Y(p)] 

[*Yg(p)  +  Y1(p)  -  Yx(p)  0  1 


Cy(p)  3 


“  Y1  glO+Yl (P)  +y2  (p)  ~Y2  *p)  +g 


'  y2  (P) 


01 


y?(p)+yl(p)J 


»  (2.67) 
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where  g1Q  and  gQ1  are  the  linear  terms  in  the  power  series 


g(v2.v3)  -  g10v2  +  g01v3  +  g2Qv2  +  g11v2»3 


+902V3  +  g30V2  +  921V2V3  912V2v3  +  903V3  ' ’ ‘ 

(2.68) 

It  should  be  noted  that  dependent  nonlinearities  cause  numerical 
asymmetry  in  the  Y  matrix.  Grouping  together  the  terms  of  order 
n  as  gn(v2#v3)  gives 

92(VV3>  *  W22  +  gilV2V3  +  902V/ 


®3(V2'V3>  "  930v23  +  321V22v3  +  912V2V32  +  Ws* 


(2.69) 

/ 

To  obtain  the  second-  and  third-order  transfer  functions 
the  aeries  v2  and  v3  are  as  usual  substituted  into  92(v2#v3) 
and  g3(v2,v3)  and  the  coefficient  of  the  frequency  of  interest 
isolated.  Thus,  it  can  be  shown  that 
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j2TT(f  +fjt 


92<VV3> 


I(£1+£2) 


^920B1(£1)B1<£2)  +  9oa°i*^ci*V 

l9U  [WW  +B1(V  W]}'  (2-70) 


Prom  Eq.  (2.7d#  a  second-order  current-source  92^fi'f2^ 
can  be  defined  as 

«2<£i'£2>  4  g20  V£i>  bi(£2>  +  902ci(£i)oi(£2) 

+  9U 

The  third  order  sources  can  be  also  defined  as  follows 


(2.71) 


g2(v2'v3> 


-6.3 ’"'WV* 


£,+£-+f_ 
12  3 


(2920B1  (£1 


)B2(W 


+  2g02  Cl^fl^  °2^f2'f3^ 


+  9u[B1(£1>  °2(£2'£3)  +  %(£1'£2>  Cl(£3>]} 

j2TT(f  +£  +f  )t 

4  6  *23  <fl'f2'f3>  *  -(2-?2) 


g3{v2#V3) 


*6e  j  2TT  ^  l+£  2*f  3  *  ^ 


f  +f  +£ 
12  3 


{g3°  |J1  Bl(fi}  +  g03 


1<£1)B1(*2)C1(£3>  +  ’’uWWW) 


+  921B 


4  6  $3(fl'f2'f3)e 


j2rr(f1+f2+f3)t 


,  (2.7$) 


where  $23  **  l»£  2#f  3}  and  ^3(fl'f2/f3)  are  defilV0d  ^  the  abov® 
equations .  < 
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In  terns  of  these  nonlinear  sources  the  second-  and  third- 
order  transfer  functions  are  given  by  the  solution  of 


A2(fi'  fj* 

_  * 

0 

r  i  -i 

wv 

■  [*<vvj 

“«2  <fl*V 

wv 

l-  -  J 

0 

M  — 

(2.74) 


W  V  V 

r  ** 

0 

r 

B  (f.  ,  f .  ,f  ) 

3  1  ]  K 

■  f'wv]'1 

♦LS3 

C3  ^fi'  f  j' 

0 

(2.75) 


Hence,  the  form  of  the  transfer  function  equations  are  not  much 
more  complex  than  that  of  the  independent  nonlinearity,  the  main 
difference  being  the  derivation  of  the  nonlinearity  sources 
g2#  9j3  •••  becomes  complicated  with  increasing  n. 


2. 2. 2.4  Nonlinearity  with  Memory 

A  nonlinearity  with  memory  is  analyzed  by  first  considering 
the  nonlinearity  as  an  isolated  nonlinear  system,  and  then  finding 
its  interactions  when  embedded  in  the  entire  network.  Thus,  its 
nonlinear  itransfer  functions  H^(f),  H2(f^,f^)»  (f^,  f  j ,  f^) ,  etc., 

are  first  defined.  Then,  applying  the  node  equation  formulation 
of  Sec.  2. 2.2.2,  the  first-order  transfer  functions  a*  given  by 
Eq.  2.36),  with  [Y(f)]  given  by 


[Y(.f)  1 


Y  (f)  +  Y  (f)  -Y  (f) 
g  X  1 


0 


-  Y1(f) 


H^f)  +  Y1(f)  +  Y2(f)  -Y  2  ( f ) 


-Y2(f) 


Y2(f)  +  YL(f) 
(2.76) 


Note  the  difference  between  [Y {.f )  3  here  and  in  Eq.  (2.28)  is 
that  the  conductance  is  replaced  by  a  frequency  dependent  ad¬ 
mittance  (f )  . 

The  second-order  transfer  functions  are  given  similarly  by 


a_  (f.  y 

0 

2  x  j 

r  “i  “X 

A 

wv 

-  [vivv] 

"H2(  fi-  V 

0 

where 

vfi-v  ‘wv  w  w-  <2-78) 

and  third-order  by 


A3(i!i,fj#fk} 

0 

B3^fi'  fj'  ^ 

■  [*‘ wv]’1 

*{K23  (  fi'  V  k)+ii3  (  fi'  V  Vj 

„C3(fi#fj' 

0 

(2.79) 
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Where 


i*23(fi'  fj,fk)  «  2H2(fi,£j  +fk)  B2(fy£]:),  (2.80) 

i 

H3(fi#fj#fk)  -  H3(fi#fj#f.K)  B1(fi)  B^fj)  (2.81) 

Note  that  ^2  (^i#f  j+3'k)  inc^u<^e<^  fch®  symmetrization  of  Eq. 
(2.8C),  Nonlinearities  with  memory  occurring  in  electronic  cir¬ 
cuits  are  usually  nonlinear  capacitors  or  inductors  for  Which 
the  transfer  functions  Hn(*)  are  found  by  inspection. 

2,2.3  General  Single-Input  Analysis 

2 . 2 . 3 . 1  Introduction 

In  the  analysis  of  a  general  single- inpv.t  nonlinear  network 
the  main  extension  from  the  previous  section  is  the  inclusion  of 
multiple  nonlinear  elements  as  well  as  an  arbitrary  number  of 

nodes.  The  approach  used  is  the  nodal  equation  formulation,  and 
the  transfer  function  of  interest  is  voltage- input,  voltage- 
output.  Communication  circuits  are  usually  a  ladder  structure, 
and  the  node  equation  approach  is  most  efficient. 

Given  a  nonlinear  circuit,  the  assumption  of  weak  excitation 
of  the  nonlinearities  permits  the  circuit  elements  to  be  repre¬ 
sented  by  the  first  few  terms  of  a  Taylor  series  expansion 
around  their  DC  operating  point.  As  the  excitation  becomes 
stronger, the  number  of  terms  necessary  to  characterize  the  sys¬ 
tem  increases  making  this  approach  inefficient  and  the  time- 
domain  approach  more  desirable. 


\ 

\ 

Given  a  nonlinear  incremental  circuit#  we  first  derive  the 
incremental  current  i  and  voltage  v  relationships  of  the  elements 
of  the  circuit.  The  following  four  types  of  nonlinearities  are 
commonly  encountered: 


a*  No  Memory,  Independent 

i  “  K(v)  «  I  K  vn, 
n— l  n 


(2.82) 


b.  No  Memory,  Dependent 

A  00  oo  m  n 

i  =  G (u,v)  £  J  ■  t  g  uv  , 

m?n=0  mn  ' 


(2.83) 


c.  Capacitance  Memory,  Independent 
,  _  d  .  A  d  “  n 

1  =  * Q(v>  = « nJj.  v  « 


(2.84) 


d.  Inductive  Memory,  Independent 


(•'*  ip1"  os  n 

i  -  $  (v)  dt  =  dt  £  .up  vn. 


(2.85) 


where  v  is  the  incremental  voltage  across  the  element  through 
which  the  incremental  current  is  i.  Three  of  the  above  non¬ 
linear  elements  (a),  (c)  and  (d)  are  independent  of  voltages 
and  current  elsewhere  in  the  network.  The  nonlinearity  (b) ,  how¬ 
ever,  is  a  dependent  nonlinearity  where  u  is  a  voltage  across 
another  element  in  the  circuit.  Such  nonlinearities  correspond  to 
dependent  sources.  The  memory  nonlinearities  (c)  and  (d)  are  simple 
forms  of  the  nonlinearity  given  by  the  Volterra  series  of  Section 
2. 2. 2. 4. 


The  convergence  of  the  Volterra  series  representation  for 
a  network  including  only  the  above  nonlinearities  and  intercon¬ 
nected  by  linear  networks  depends  ons®fc) Je  convergence  of  the 
series  for  each  element.  If  each  of  the  nonlinearities  are 
independently  convergent,  and  the  combined  network  is  stable, 
then  the  resulting  transfer  functions  will  be  convergent.  In 
small-signal  nonlinear  analysis,  network  stability  will  seldom 
be  effected  by  the  nonlinearities.  If  stability  is  established 
for  the  linearized  network,  it  may  be  assumed  to  hold  for  the 
small-signal  nonlinear  model.  Thus,  the  analyticity  of  the 
network  and  hence  the  convergence  of  the  resulting  nonlinear 
transfer  functions  is  easily  established  by  checking  that  each 
of  the  element  series  are  convergent. 

2.2. 3. 2  General  Procedure  for  Single-Input  Network 

In  a  nonlinear  system  with  a  single  input  v^(t)  and  an 

output  vL(t),  the  nonlinear  transfer  functions  Hn (f^)  can  be 

obtained  by  solving  the  network  with  v  (t)  a  sum  of  exponentials 

y 

given  by 

n  j2TTf,t 

V  (t)  •  Z  •  1  ,  (2.86) 

9  1*1 


where 


f 

— n 


n  components, 


i,  j,  H  •  s  i»  2,  •  •  '  n, 


(2.87) 


and  where  vL(t)  up  to  n'th  order  for  the  above  input  is  given  by 
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n  j2tTf .t  n  n  j 2tt ( f .+ f  )t 

vT(t)  =  Z  H.  (£. )  e  1  +  Z  Z  K,(f.,f.)e  J 

1*1  A  i=l  j*l  ^  1  3 


n  n  n  j2n(f  +f  +±  )t 

+  Z  £  Z  HL(fi#f.,f  )e  1  3  **  +  ... 

J  _ 4  'i..4  • _ 4  *5  J  JC 


i=l  j«l  K=1 


*  ^  ^  (  f j#  f.s  *  •••) 

1=1  n*»l  n  1  3  * 


j2n;fi+f:j+£k...)t 


(2.88) 


In  our  procedure  it  is  of  interest  to  know  the  coefficient 
of  a  given  frequency  f^  in  the  above  series.  Thus  if  f £  is  given 
by 

f £  **  m2^2‘  *  *  *  mnfn» 

Where 

n 

1*1  mi  “  n?  ”*1  “  O'1*2*  •••  n,  (2.89) 

the  number  of  terras  at  frequency  fy  in  Eq.  (2.88)  can  be  shown 
by  the  multinorainal  expansion  (Abromovitz  and  Stegun,  1964) 
to  be 

ni/On^lra^l  •••  mnl). 

For  example  the  number  of  terms  for  expC j2n(f1+f2+f3) t]  is  6,  for 
exp[ j2rr{£j+f2+f3+f4)t ]  is  24.  For  exp[ j2rr(4f^) 1 3  there  is  one  term. 

To  solve  for  the  nonlinear  transfer  functions  of  a  single 
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input  and  single  output  network,  the  general  approach  is  to  con¬ 
sider  all  node  voltages  (v^,v2  ...  vN)  that  control  the  currents 
in  the  nonlinear  elements  as  outputs,  together  with  the  actual 
output  node.  This  means  that  many  nodes  connecting  only  linear 
elements  may  be  eliminated  at  a  specific  set  of  frequencies  by 
replacing  them  by  their  equivalent  impedances.  For  example  the 
linear  interstage  between  transistor  amplifiers  can  be  reduced 
to  a  n  network,  eliminating  all  nodes  of  the  interstage.  Having 
reduced  the  network  to  its  minimum  number  of  nodes,  (N+l),  we  can 
then  represent  it  as  a  single  input  and  N  output  nonlinear  sys¬ 
tem.  We  will  denote  by  the  N  component  vector  3^  (f^)  the  n-th 

order  nonlinear  transfer  functions  of  the  network.  Thus  X  ( f ) 

-n  - n 

and  the  corresponding  node  voltage  vector  v(t)  can  be  written  as 


V4r 

'V*)' 

X  (f  )  = 

— n  — n 

V4> 

;  v(t)  ® 

V2(t) 

• 

• 

—  — . 

_vN'(t) 

The  n-th  order  transfer  function  H  (f)  of  the  desired  output  is 

n  — n 

one  of  the  components  of  X  (f  ),  usually  the  last  in  a  typical 

T1  ~"Tl 

ladder  structure,  so  that 

~0_  0  o  i,  V4),  (2.91) 

while  A  (f  )  is  usually  the  transfer  function  of  the  voltage  at 
n  **n 

the  input  node. 

Using  this  notation  we  can  very  quickly  describe  the  general 
procedure  as  three  steps : 
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Step  1 


Write  the  node  equations  of  the  network  with  the  input  a 
sum  of  unit  amplitude  exponentials  at  the  dummy  frequencies 
f ^  ...  ffi.  The  node  equations,  assuming  that  only  the  four  non 
linearities  exist,  could  be  written, in  operational  notation  as 


L  (p)  v  +  K(v)  +  G  (v)  +  pQ(v) 


+  J  i  (v) 


Vp) 


n 

i=l  e 
0 


j2TT^ 


,  (2.92) 


where  p  is  the  differential  operator  d/dt,  and 


L(p)  is  a  (NxN)  admittance  matrix  due  to  the  purely 
linear  elements  in  the  network . 

K(v)  is  an  N  vector  composed  of  all  the  zero-memory 
independent  non-linearities  of  type  (a). 

G(x)  is  an  N  vector  composed  of  all  the  zero-memory 
dependent  non-linearities  of  type  (b). 

.Q(v)  1®  an  N  vector  composed  of  all  the  nonlinear 

capacitance-memory  non-linearities  of  type  (c). 

* 

$  (v)  is  an  N  vector  composed  of  all  the  nonlinear 
inductance-memory  non-linearities  of  type  (d) . 

Zg(p)  is  the  output  impedance  of  the  generator  v^(t)  assumed 
connected  from  the  v^  terminal  to  the  common  node. 
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. ...  l.j'j  mil  i  iwiWi.*-** 


Step  2 


Separate  the  nonlinear  terms  into  their  linear  parts  and 
their  second-  and  higher-order  parts.  Thus  the  linear  part  of 
each  one  is  given  by 


Linear  Part  [K  (y) }  =  K^,  | 


Linear  Part 
Linear  Part 
Linear  Part 


(G(v) }  =  GLy, 

Ip Q  (v) }  =  pQLy, 

[p  '®)=p  *1?' 


(2.93) 


where  K^,  G^,  and  ere  NxN  constant  matrices  but  are  func¬ 
tions  of  the  operating  point  about  which  the  Taylor  series 
expansion  was  made. 

Thus,  the  admittance  operator  matrix[Y(p)l  of  the  correspond 
ing  linearized  network  is 


[Y  (p)  ]  =  [L(p)  +  \  +VPQL  +  p  V- 


(2.94) 


Thus,  the  node  equations  in  terms  of  [Y(p)1  can  be  written 

as 


[Y(P)]v  =  g^py 


"n  j2rr%t 

- 

Z  e 

Vector  of 

i=l 

0 

second  and 
higher-order 
terms  of 

• 

4 

K(y!  ,g(v) 

• 

• 

pO<y)  and 

0 

^  * —  iv-* 

i£ 

i 

G 

(2.95) 


The  form  of  the  nonlinear  terms  on  the  right-hand  side  depends  on 
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► 


whether  they  come  from  K(v)  or  G(y),  etc.  In  each  case  they  will 
have  the  form  given  by  the  four  types  of  nonlinearities.  It 
should  be  recognized  that  the  nonlinear  terms  due  to  each  non¬ 
linear  element  in  the  network  will  be  separable  from  nonlinear 
terms  due  to  any  other  element. 


Step  3 

Substitute  the  nonlinear  transfer  functions  series  for  each 
component  of  v  in  the  above  node  equations  and  equate  terms  of 
the  same  exponential  frequency  on  both  sides  of  the  equations. 
The  first  order  transfer  functions  are  again  simply  the  linear 
solution,  and  are  given  by 


First-Order  Transfer  Functions 


!><V>a<V  - 


z  (f.) 

g  i 


*  i  **  1#  2  # 


(2.96) 


The  second  and  higher  order  nonlinear  transfer  functions 
are  again  given  by  the  solution  of  the  same  linear  network,  but 
driven  by  sources  resulting  from  each  nonlinearity.  Since  the 
nonlinear  terms  due  to  each  nonlinear  element  are  separable, 
multiple  nonlinear  elements  result  in  a  superposition  of  the 
source  terms  due  to  each  nonlinearity.  Thus,  the  equation  for 
the  second  order  can  be  written  as 
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Second- Order  Transfer  Functions 


52aC2l(fi>'  W'  £i+fi] 

t 

[Y(fi+fj);ix2(f ^fj)  - 

V£j>'  fl+£j] 

I 

N 

1 

• 

k*  •  — 

4 

i,j  *  1,  2,  ...  n,  (2.97) 


Where  U2a#  U2b  are  seen  -to  be  quadratic  functions  of  components 
of  X. (f . ),  X- (f, )  and  the  frequency  (f. +f.).  In  the  case  of  a 

J  A  A  J  A 

single  nonlinear  element  U2,,(,  U2b  ..  are  zero  or  +  X2(f^,f..)  as 

in  Sec.  2. 2. 2. 2.  For  two  or  more  nonlinear  elements  U2a,U2b  ... 
will  include  the  corresponding  second-order  sources  for  each 
nonlinearity. 


Third-Order  Transfer  Functions 


[Y  (f±+f  j+fk)  ]  X3  (f ±,  £^/fk) 


Ss<£j>4'>'  fi+fj+fk] 
+  i3Cxi(fi),  X-L  (f  j)  r  Xj^), 

fi+fjffk] 

V. 


i»j»k  =  1»2|  » • •  n t  (2. 98 ) 


where  both  U23  and  U3  are  N  vectors.  The  U23  terms  are  symme¬ 
trized  quadratic  terms  in  X^f^  and  X2^fj#fk^  and  come  from  the 
first  and  second-order  interactions  in  second-order  nonlinearities. 

A 

The  U3  terms  are  cubic  terms  in  (f^)  #  X^fj)  and  X^^)  and 
come  from  the  third-order  nonlinearities. 
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Fourth-Order  Transfer  Functions 


CY<fi+fj+fk+ft)]  ^ 


~24  1#— 3*  —2 '—2 ^  ^  -^34  ^— 2^ 

+  (X^X^X^) 


i#j#k,£  a  1,2,3  ...  n. 


(2.99) 


where  for  the  sake  of  simplicity  the  arguments  of  X^(f^)  have 

A 

been  dropped.  Similar  to  the  previous  orders  we  note  that 

A 

terms  come  from  the  second-order  nonlinear it ies/  U_ .  from  the 

„  ”34 

third-order  and  U„  from  the  fourth-order. 

—4 

nth-Order  Transfer  Functions 

The  fifth  and  higher-order  transfer  functions  are  given  by 
similar  relations.  The  important  point  to  note  is  that  to 
determine  X  (f  )  only  the  lower  order  X  , , ...X.  have  to  be 
determined.  Additionally  the  n  order  transfer  function 
depends  only  on  all  the  lower-order  nonlinear  coefficients. 

Thus,  in  abbreviated  notation  we  can  write  the  general  expression 
for  the  n  -order  transfer  function  as 


CY(fl  +  f2”*  +  fn)]^n(4)  *  ^  iln ' 


(2.100) 


Where 


*  A 
U  A  u 


(2.101) 
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The  U^n  terms  may  be  called  the  n^-order  source  terms.  We 
note  again  that  the  U^n  function  is  the  same  for  any  frequency 
combination  of  the  nth-order.  The  only  difference  is  the  substitu¬ 
tion  in  the  expression  for  U^n  the  appropriate  lower-order  trans¬ 
fer  functions.  For  example#  the  function  for  the  two  cases  of 
distinct  frequency  combination  (f  T+f  2+f3‘  *  •  fn)  and  n^  are 
given  by 

"Jseanv 

Frequency  (f^  +  f2  +...+  fn) 


tXjlfi), 


x1(f2)#  3^3) 


. ,Xi (fn) 3#  (2.102) 


Frequency  nfj^ 


-nn  “ -nn1--!^!^  % (f  l)f  % (f  *  '^1  (fl>  ^  <2*103> 


Having  completed  the  above  three  steps# the  nonlinear  trans¬ 
fer  functions  in  general  would  be  obtained  by  a  numerical  solu¬ 
tion  of  the  relevant  matrix  equations.  It  should  be  apparent 

that  the  main  difficult  algebraic  exercise  in  this  procedure  is 

A 

determining  the  source  term  U  .  sa*  ' 

2. 2. 3. 3  An  Example 

To  appreciate  the  general  form  of  the  nonlinear  source  terms 
U^n  we  will  consider  the  bipolar  transistor  amplifier  model  shown 
in  Fig.  2.2.  This  model  is  developed  in  Chapter  5.  The  four 
nonlinearities  are  shewn  as  nonlinear  current  sources. 


83 


K(v2)  is  the  zero-memory  exponential  nonlinearity.  VC(V3-*V2^ 
and  y  (v-)  are  the  collector  and  emitter  nonlinear  capacitances. 

6  4l» 

The  fourth  nonlinearity  9(v2,v3  -  v^)  is  a  zero-memory  dependent 
nonlinearity  due  to  the  h  and  avalanche  nonlinearity  in  a 
bipolar  transistor.  The  node  equations  of  this  circuit  are  in 
operator  notation 


CY(p)  1 


"vl~ 

'vg(tf 

v2 

1 

r\ 

"  Vp) 

U 

v3 

0 

L  J 

r 

0 


"t=2  (9t<v2'v3-vl>  +  Pvc:A<v3-v2)t} 


(2.104) 


±,s_ 

Where  g^(v2#v3-v1)  is  the  lrn  order  polynomial  in  v2  and  (v3~v1) , 

th 


and 


Te:t 


are  the  l 


Yc  and 


order  coefficients  of 

W  W  -  —  - 

spectively,  and  is  the  £  order  coefficient  of  K(v2) 


V 


re- 


The  vector  U,  is  obtained  by  substituting  the  general  non- 
— £n  th 

linear  transfer  function  series  of  each  v^.  into  the  l  term  of 

the  above  summations  and  isolating  the  coefficient  of 

exp[ j2TT(f.+f9+  ...  f  )t].  Thus ,  following  notation  similar  to 

Section  2.2.2,  the  general  n  n  order  transfer  function  is  given 


by 
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tv(fj+f2+ 


V4>  ‘ 


n 

£ 

-t»2 


(g 


£n 


£ 

1=2 


(4 


In  +  ^ci-tn^ 


(2.105) 


where  the  *nn'  coeffH  * ! ents  have  also  been  defined  with  a  single 

A  A 

subscript,  i.e.#  g  ~  g  ,  etc. 
c  3n  3nn 

In  terms  of  the  notation  of  the  previous  section  the  source 

A 

terms  U  for  these  cases  are 
~in 


0 


Yci  m 


e:  tn 


+ 


Yc:  id 


(2.106) 


A  A  A 

Bach  of  the  terms  K.  ,  .  #  y  .  and  d#  can  be  derived  accord- 

ing  to  the  procedure  of  Sec.  2.2.2.  We  see  that  the  terms  con¬ 
tributed  by  the  various  nonlinearities  are  additive.  Thus  the 
form  of  the  terms  due  to  each  nonlinearity  is  the  same  indepen¬ 
dent  of  the  number  of  nonlinearities  in  the  network.  Consequently# 
the  nonlinear  source  terms  from  the  single-element  network  analy¬ 
sis  of  Sec.  2.2.2  is  applicable  to  a  general  nonlinear  network  by 
substitution  of  the  corresponding  transfer  functions. 
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2 . 2 . 3 . 4  Tabulation  of  Nonlinear  Source  Terms 


The  nonlinear  source  terras  up  to  fourth-order  are  listed 
below.  They  are  applicable  to  any  othex  network  with  similar 
types  of  nonlinearities.  Terms  up  to  third-order  are  taken 
directly  from  Section  2.2.2.  The  fourth-order  terms  can  be 
derived  similarly. 

2. 2. 3.4.1  Zero  Memory  Source  Terms  K^n 

The  source  terms  for  the  zero  memory  nonlinearity  K(v2), 

with  B  (f  )  the  nonlinear  transfer  function  of  v_,  are 
n  ~n  2 


VVV  -  K2Bl(fl}  Bl(f2>' 


(2.107) 


K23  (  fl'  f2'  V  "  2K2  Bl*fl)B2(f2'  f3*  ' 


(2.108) 


*3  ■  K3  TT. 


K24  ^fl' f2' f3' f4^  ”  K2 


{2Bi(fi 


)B3(£2.f3.f4) 


+  B2(f1»f2)  ®2^f3 


(2.109) 


(2.110) 


K34  (f  1'  f  2'  ^3'  f4>  "  3K3  ’WVWW' 


(2.111) 


Vfl'f2'f3'f4>  *  K4  T  Bl(fi>* 


(2.112) 


Note  that  K  (f  )  is  the  same  as  K  (f_)  • 
n  — n  nn 


In  applying-  these  expressions  to  the  emitter  capacitance 
Ye(v2*  we  r®Place  Yn  by  y  #  while  for  the  collector  capacitance 
V<JW  we  replace  vn  by  Yosn  and  B by  [c^)  -  B^)], 
where  is  the  transfor  function  of  v3# 

The  above  nonlinear  capacitance  source  terms  could  also  be 
derived  by  noting  that  a  nonlinear  capacitance  is  a  cascade  of 
a  nonlinear  no-memory  device  followed  by  a  linear  differential 
operator. 
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2. 2. 3.4. 3  Dependent  Zero-Memory  Source  Terms 

The  source  terms  for  <3,  (v0/v0-v.)  are  listed  below.  The 

/  o  i 

nonlinear  transfer  functions  for  v2  and  (v.j-v^)  are  denoted  by 

B  if  )  and  T  (f  ) ,  respectively .  In  the  transistor  circuit 
n  - n  n  n 

analysis  of  Sec.  2.2.3.3.T  (f  )  is  the  difference  |*C  (f  )-A  If  )]. 
3  *  n  -iv  n  "h  n  “h 

■  *20  TT  VV  +  +  *02  TC  W' 


(2.119) 


^23(fl'VV  2g20  Bl(f1)B2(  f2'  f3}  +2g02  T1 (  V  *2  ( V  V 


[Bi(£i>T 


2  (f  2,f  3}  +  B2(f 


l'£2)Tl,f3)j' 


(2.120) 


g3(fl'  f2'fJ)  "  g30  "P.  Bl<fi)  +  g03  Tl(fi) 


-  aWVVTl(V  +  gl2  VWWV' 


&  930  B1B1B1  +  g03  T1T1T1  +  g21  B1B1T1 


+  g12  B1T1T1  ' 


(2.121) 


where  the  arguments  f^  for  the  transfer  functions  have  been 
dropped.  This  simplifies  writing  the  source  terms  especially 
for  the  fourth  order  Which  are 
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«24(fl'f2'f3'*4>  *  «20  12B1B3  +  V2J 

+  «ii(  *A  +  w  vTi 


+  g  ^  2T„T. 


g02l  2TlV  V2)* 


(2.122) 


g34(fl'f2'f3'^4)  "  3g30  B1B1B2  +  3g03  T1T1T2 

+  92l[BlBlT2  +  2  BlB2Tl] 

*  >i2[w  *  2  to]' 

g4(fl'f2'i3'f4)  =  g40  B1B1B1B1  +  g04  T1T1T1T1 


(2.123) 


+g31  VlVl  +  gl3  B1T1T1T1 


+  g22  B1B1T1T1  • 


(2.124) 


2.2.4  Recurrence  Relations  for  the  Nonlinear  Source  Terms 


The  procedure  presented  in  the  previous  sections  for  deriv- 

A  A 

ing  the  nonlinear  source  terms  K.  ,  g,  ,  etc.,  becomes  increasing- 

'in 

ly  complex  with  increasing  order.  In  this  section  a  recursive 
method  for  determining  the  source  terms  for  the  various  non- 
linearities  is  derived.  We  present  tJi^vflWtJjod  by  way  of  the 
transistor  amplifier  example  of  Section  2.2. 3.3,  and  apply  it 
to  obtain  the  fifth-order  nonlinear  transfer  function. 
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The  three  types  of  source  terms  considered  with  reference 

A  .  A 

to  the  transistor  circuit  of  Sec.  2.2.3  were  K^,  Y^n  and  g^. 
Since  these  source  terms  are  independent  of  one  another  they 
will  be  derived  separately. 

The  recurrence  relation  between  the  source  terms  is  based 
on  the  property  that 


where 


N  ,  \  m  mN 

2  B.  IK)  =  2  G  In, 

,  ,  k  /  m,n  * 

kk«l  /  n=m 


n-m+l 


G  =  2  B.G  ,  . ,  n  *  N  +  m  -  1 

m,n  i  m-1,  n-i 

N 

=  2  B.G  ,  n  >  N  +  m  -1 

i  m-1,  n-i 


-iWs. 

.viy 


0, 


n  >  JiflS, 


and 


G .  ”  B  ,  n  =  1,2,  . • . N 

i,n  n 

-0  n  >  N. 


To  prove  this  relationship  let 

,m  mN 


F”  ■  (i  •>*)' 


■  2  G  I 

M=rTn  m»n 
n=m 


n 


(2.125) 


(2.126) 


(2.127) 


(2.128) 
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e 


I 


By  the  Taylor  aeries  theorem 


3  o  -L  - SL 

m,n  nl  ,_n 
dl 


(2.129) 


1=0 


Since 


m 


(l 

\k=l 


Fm-1# 


(2.130) 


the  derivative  of  F  ,by  Leibnitz 1 s  theorem  for  derivative  of  a 

m 

product,  gives 


dnF  N  /n\  ,i 

— 0-  Z  (J^r 

dl  i»0  '  *•'  dl* 


N 

1  B.  i' 
>k=l  * 


,n-i 


df1 


T  F  _  . 
-l  m-1 


(2.131) 


Evaluating  at  1=0  gives 


n!  G  =  E 
m,n  .  _ 

i=0 


h\ 

r  n  j  ki 

w 

(n-i)  !G 

m- 1 / n-i 

2  B. 

k=l  *  dl‘ 

:=o 


giving 


■  JoC)  (n-i),G”>' 

N 


G_  =  E  B.  G 


m,n 


i=0 


,  V,  ,  ,  • 

i  m-l<,n-i 


(2.132) 
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Since  B  is  zero 
o 


N 

G  =  I  B.  G  ,  ..  (2.133) 

m,n  i  m-1,  n-i 

X 


The  upper  limits  on  i  of  Eq.  (2.133)  are  established  by  noting 
that 


B^  ®  0 ,  i  >  N,  and  (2.134) 

G  =0,  n  <  m.  (2.135) 

m,n 

Eq.  (2.134)  reduces  Eq.  (2.133)  to 

N 

G  =  E  B.  G  .  y  n  >  N+M-l.  (2.136) 

m,n  i  m-l,n-i 

Equation  (2.136)  is  only  true  if  the  last  term  in  the  summation 

G  .  „  satisfies  Eq.  (2.135),  i.e. 

m- x , n-N 

n  -  N  a  m  -  1.  (2.137) 


This  proves  the  second  line  of  Eq.  (2.126)  If  Eq.  (2.137) 
is  not  satisfied  then  the  upper  limit  on  i  is  given  by 

(u-i)  a  (m-1)  "'j 

\t  (n-N)  £  m-1,  (2.138) 

i  £  n-m+lj 

thus  proving  the  first  and  third  lines  of  the  desired  recurrence 
relations.  Equation  (2.126).  This  relation  is  used  in  the  following 
sections  to  derive  recurrence  relations  for  the  nonlinear  sources. 
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2 *2.4.1  Zero-Memory  Independent  Nonlinearit' 


Let  the  vector  m  denote  the  frequency  combination  of 
interest  f^,  which  was  defined  in  Chapter  1  as 


fr  =  mi£i  +  m2£2  +  •••  +  "kA 


(2.139) 


with 


m.  =  n; 

l 


iiK  **  0,1,2, 


•  •  n , 


(2.140) 


The  source  term  K^n  is  given  by  substituting  the  general  Volterra 
series  for  v 2  into  K^v^,  isolating  the  coefficient  of  e^2TTfSt, 
and  then  dividing  it  by  the  number  of  terms  at  frequency  which 
is  given  by  n!/(m^!  n^l  ...  mn!) .  Thus 


/  nl  \  -1  jZn^t 

K  =  ( — - ■ - ■ — 1  Coeff  of  e  in 

tn  Im^ln^l . .  .n^l  y 


f  M  j2TTf .t  M  M  j2rr(f  +f  )t 

K.<  E  B.  (f . )  e  +  2  £  B_  (f . ,  f .)  e  1  J 

Mi«l  1  1  i-1  j=l  2  1  3 


+  •  •  * 


(2.141) 


where  the  B  (f  )  are  the  nonlinear  transfer  functions  of  the  node 

11  11  i  a  m  . 

voltage  vn  (t) .  We  use  the  Coeff  of  e3  17  ^  in  {  )  to  mean  isolat¬ 
ing  the  coefficient  of  the  term  e3217*^  from  the  expression  con¬ 
tained  in  the  brackets  {  ).  In  the  absence  of  any  memory,  linear 

A 

or  nonlinear,  the  B  (f  )  would  be  frequency  independent  and  K 


n 


would  be  given  by 


( - ai 

vnu  lm_! 


-1  j2ttf_t 

■ )  Coosff  Of  e  in 


h 


j2TTf  .t 

e  3  ) 


(2.142) 


We  see  the  relatively  simple  form  of  the  no-memory  expression. 
The  approach  we  take  is  to  derive  K  for  the  no-memory  case. 
It  is  then  straightforward  to  convert  the  expressions  to  the 
general  memory  case  as  shown  below: 


Order  No-Memory  Terms 


Memory  Terms 

V£i> 

vw 

TTW 

i  .1 

B3<fi  *fJ*V 

vwvv 


i.j.k 


/ 


order 


where  the  bar  denotes  symmetrization.  The  general 
term  is  similarly  obtained. 

Using  the  result  of  Eq.  (2.125)  we  can  write 


with 


where 


with 


n  »  .  i'll  • 

(  E  =  E  G.  .IJ, 


(2.143) 


1=  £ 
i=l 


(2.144) 


j-4+1 

Gl*i  =  k=i 


j  <  n+t-1 


^  Vm,H  j  >  n+t-l 


1  >  In 


(2.145) 


Gi,j  =  bj 


j  -  1)2  ...  n 
j  >  n. 


(2.146) 


Applying  this  result  to  Eq.  (2.142)  results  in 

.  f  Vl  j2TTf  t 

Ktn  ~  — r — , - STTIk^g.  Coefff  of  e  in  [1  ). 

Inij  I1U2 1  •  •  •  *1  v  ^  J 


(2.147) 
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-V  I'wr  iw  i 


* 


From  the  property  of  multinominals 


j2nfT,t 

Coeff  of  e  L 


in  {In}  ■ 


nl _ 

ml 1  m2 1  •  *  •n'jyjl  * 


(2*143) 


so  that 

'MSarW 


<3ip(ii8a. 


K  G 

l  l,n 


(2.149) 


We  note  that  3.  is  a  linear  combination  of  similar  coefficients 
^  9  n 

for  lower  values  of  n  and  l .  Thus  the  higher-order  coefficients 
can  be  obtained  recursively  as  given  by  Eq.  (2*145)  and  (2.146) 

For  example  the  fifth-order  sources  are 


*25  *  K2<2B1B4  +  2B283>  < 

*35  “  K3(3B1B1B3  +  3B1B2B2>> 
*45  *  K4<4B1B1B1B2>' 

*55  *  K5(B1B1B1B1B1>* 


(2,150) 


where  the  B.  are  computed  at  the  appropriate  frequencies  and  the 

‘-y  *“*  •  '.TrtfiVd'.- 

expressions  symmetrized. 


2. 2. 4. 2  Capacitance-Memorv  Independent  Nonlinearity 

4  A 

The  form  of  the  expressions  for  Y  ,  and  v  ,  of  Section 

c : cn  e : vn 

2.2.3  are  identical.  Thus  consider  y  ,  which  is  given  by 

c  s  tn 


cs ln~  ln‘1I»2l...\| p2^ 


j2nf_t 

Coeff  of  e  in 


c  M  j2n£jt  m  M  j2n(f,+f  )t 

...  I  2  T  (f  )e  +  S  2  T.(f.,f,)e  1  3 

•  U'1  1-1  J=1  3 


•r- 


(2.151) 


where  T  (f  )  are  the  nonlinear  transfer  functions  of  the  difference 
n  n 

voltage  [v,  (t)  -  v„ (t) ]  and  the  factor  j2nf_  results  from  differentiat 

j2TTfy€  . ' 

ing  eJ  L  .  Following  the  procedure  for  K  and  comparing  Eq. (2.142) 

A 

with  Eq.  (2.141)  shows  that  y  ,  differs  from  the  K  expression 

c :  ■on  <,n 

by  the  factor  j2rrf^.  Thus  Vc.^n  are  given  by  the  expressions  for 
multiplied  by  j2rrfs,  with  -eplaced  by  y^  and  Bn  replaced 
by‘v 

The  fifth-order  expressions  for  y  ,  _  are  listed  below 

C  * 

*c:25  Yc:2(2T1T4  +  2V3)  * 


*c:35  =^2TTfS  Yc:3(3T1T1T3  +  3TlT2Ti' 
*c,45  ^2TTfS  Yc:4(4T1T1T1T2^ 


<)  »j2TTf_  Y  _  (T  T  T  T  T  ) 

Yc:55  ~c:5  11111# 


(2.152) 


where,  for  all  terras  in  Equation  (2.152), 


ft  ■  ww 


(2.153) 


The  y  #  are  given  similarly  with  e  replacing  c. 

e .  m 
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2.3  Cascading  of  Networks  with  Nonlinear  Interaction 


2.3.1  Introduction 

The  analysis  techniques  described  in  the  previous  sections 

can  be  applied  to  any  size  network.  However,  the  computations 

3 

to  invert  large  admittance  matrices  grows  with  N  ,  where  N  is 
the  number  of  nodes  in  a  network.  Therefore,  to  analyze  a  large 
network  it  is  often  more  efficient  to  divide  the  network  into 
segments,  and  to  determine  the  nonlinear  transfer  function  of 
each  segment  separately.  The  nonlinear  transfer  function  of 
the  overall  network  can  then  be  found  through  the  use  of  cas¬ 
cading  equations.  Segmentation  of  a  network  is  also  desirable 
in  order  to  investigate  the  effects  of  individual  stages  on  the 
total  network. 

The  maximum  size  network  which  can  be  analyzed  on  a  given 
computer  without  the  use  of  cascading  depends  strongly  on  the 
methods  used  for  solving  the  matrix  equations  of  the  form  H  = 

—  1  tVi  ^ 

Y  I  ,  where  the  column  vector  I  is  the  n  order  nonlinear 
“-n  — n 

current -source  vector.  By  using  sparse  matrix  techniques,  such 
as  discussed  by  Berry  (1971),  and  Hachtel  et.a-6.  (l^SU,),  much 
larger  networks  can  be  analyzed  than  if  classical  matrix- inversion 
techniques  were  used.  In  addition,  sparse  matrix  techniques 
result  in  a  faster  execution  time  for  the  matrix  equation  solution 
than  do  classical  techniques. 

Considerable  previous  work  has  been  carried  out  on  the  algebra 
of  systems  represented  by  nonlinear  transfer  functions  [Barrett 
(1963),  Parents  (1966),  Brilliant  (1955),  George  (1959)].  Cascade, 
parallel  and  feedback  arrangements  have  all  been  traced. 
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Unfortunately  this  wor>  is  based  on  the  assumption  of  no  inter¬ 
action  between  systems.  This  considerably  limits  its  applica¬ 
tion.  By  returning  to  the  basic  nature  of  Volterra  analysis 
^  it  has  been  possible  to  examine  the  significance  of  nonlinear 
interaction#  and  determine  when  it  is  sufficiently  small  to  be 
neglected.  In  many  canes  incorporation  of  all  interaction  makes 
the  cascade  approach  much  more  complicated  then  direct  solution 
of  the  whole  network.  Thus  segmentation  of  stages  in  a  network 
should  be  done  at  points  where  nonlinear  interaction  is  negligible. 

In  this  section  we  consider  the  general  nonlinear  transfer 
function  model  for  interacting  cascaded  stages^  The  derivation 
is  for  a  two-stage  cascade  which  can  be  extended  to  any  number 
of  stages.  The  presentation  emphasizes  the  concepts  involved 
in  interaction. 

Cascade  relations  for  non-interacting  systems  will  be 
discussed  and  followed  by  a  summary  of  the  salient  features 
of  the  general  network  analysis  of  Section  2.2.  The  demonstra¬ 
tion  of  the  effects  of  linear  and  nonlinear  interaction  in  a 
cascade  of  two  networks  forms  the  main  body  section. 

2.3.2  Cascade  Relations  for  Non-Interacting  Systems 

In  Figure  2.3  are  shown  two  nonlinear  systems  with  transfer 

functions  E  (f  #***  f  )  and  F  (f  »*’*f  ).  When  the  input  to  these 
n  i  n  n  l  n 

systems  is  x(t),  their  outputs  may  be  expressed 


p(t)  =  E  [x(t)]# 

(2.154) 

q(t)  *  f  [x(t)]  , 

(2.155) 
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■*lU.JEn(f,...fn)  Ul£Li^] 


(a)  Nonlinear  System  with  Transfer  Functions  fR) 

x(t)  |r  .  J  q(t)=F  [xCt)] 


*"  (b)  Nonlinear  System  with  Transfer  Functions  ( f  ^  •  f^) 


x  ( t )  y(t) 

En(f>-  •  -W  -7-—  Fn(f> 

_ E  [x(  t )]  _ 


z(  t)»  h[x(  t )] 
F[y(t )] 


I  Hn(fr--W  _ | 

(c)  Two  Stage  Cascade  Ch  (f  •••f  )  is  the  Transfix  Function 

n  l  n 

of  the  Overall  System] 

Fig.  2.3.  Nonlinear  Systems. 


where  for  convenience  E[x(t)J  is  used  as  denoting  the  nonlinear 
operation  on  x(t)  of  a  system  with  transfer  functions  En (f^, • • • f  )  , 
and  similarly  for  F[x(t)]. 

Let  H  (f„,***f  )  be  the  nonlinear  transfer  functions  of  the 
n  1  n 

overall  system  when  these  two  systems  are  cascaded,  as  shown  in 
Fig.  2.3(c).  Thus,  the  output  of  the  overall  cascade  z  (t)  may 
be  written  as 

z  (t)  =  H  [x(t)].  (2.156) 


If  the  two  systems  are  non-interacting,  then  the  output 
of  the  first  stage  y(t)  is  still  given  by  E[x(t)],  while 
the  output  z(t)  may  be  written 


z(t)  «  F  £y(t)j  *  F  |jB{x(tj]J. 


(2.157) 


The  non-interacting  cascade  relations  are  obtained  by  equating 
Eq.  (  2.156)  and  (2.157).  The  derivation  is  carried  out  by  sub¬ 
stituting  the  Volterra  series  representation  and  equating  terms  of 
equal  order.  The  general  derivation  is  cumbersome  and  hence  here 
we  consider  some  special  cases. 

(i)  First  Stage  is  Linear 

If  the  first  stage  is  linear  it  is  easily  shown  that 

VV'V  -  El(£l>'"V£n)Pn(£l'"'£n)*  <2a58) 

(ii)  Second  Stage  is  Linear 

When  the  second  stage  is  linear  it  is  easily  shown  that 


V£i--"£„>  -  Bn(£l'‘”V  Fl!£l  +  •••+  fn>- 


(2.159) 
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(iii)  Zero-MemorV  Systems 


If  both  stages  are  zero-memory  each  GttXb 2>a  represented 
by  a  power  series 


p(t)  =  E  £. x1  (t)  , 
i=l 


q(t)  -  E  P.x  (t), 
i=l 


(2.160) 


(2.161) 


and  the  cascade  output  becomes 


z  (t)  = 


00  00  , 

-  E  F  E  E  xD  it) 

i=l  1  j=l  3 


(2.162) 


The  overall  cascade  will  also  be  a  zero-memory  system  representable 


z(t)  «  E  H  x  (t). 
i-1 


(2.163) 


The  coefficients  Hr  to  third -order  are  easily  obtained  by  truncat¬ 
ing  the  summations  in  Eq.  (2.162)  up  to  third- order  and  equating 
terms  of  equal  order  giving 


H1  “  P1E1' 


H2  “  F1E2  +  F2E1' 


H3  =  +  2P2PlE2  +  F3SJ, 


(2.164) 


(2.165) 


(2.166) 


( iv )  General  Cascade  Relations 


As  in  the  no  memory  case  the  cascade  relations  for  a  general 
nonlinear  system  with  memory  can  be  shown  to  be 


H 


x(f)  =  Fx(f)  E1(f), 


(2.167) 


H2(fl'V  *  Pl(fl+f2)E2(fl'f2)  *  %  i£l' f2)El(fl)El{f2)# 

(2.168) 


WW  *  Pl(fl+f2+f3)  VVW 


+  2  F2(f1,f2+  f3)  E1(f1)E2(f2  ,f3) 


3 

+  F3  (fl'  f2'  f3*  .T|  (2.169) 

i=l 


The  general  expression  for  H  (f^,***^)  difficult  to  obtain 
and  seldom  required.  However,  it  should  be  noted  that  there  is 
a  close  analogy  between  the  zero-memory  nonlinear  systems  and 
the  general  nonlinear  system  with  memory.  This  analogy  can  be 
used  to  advantage  in  deriving  and  checking  the  general  case. 

2.3.3  Nonlinear  interactions  in  Cascaded  Nonlinear  Stages 

In  this  subsection  we  consider  the ’general  Volterra  series 
model  for  interacting  cascaded  stages.  The  derivation  is  for 
a  two  stage  cascade,  which  can  be  extended  to  any  nuiriber  of  stages. 
To  introduce  the  interaction  problem  for  nonlinear  networks  we 
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first  summarize  the  Volterra  series  analysis  o£  the  previous 

sections.  Basic  linear  circuit  theory  concepts  are  then  used 
to  show  the  effects  of  interaction  on  the  cascade  equations. 


Figure  2.4(a)  shows  a  circuit  with  a  single  nonlinear  re¬ 
sistive  element  whose  incremental  current  i^  as  a  function  of  the 
incremental  voltage  v 2  is  given  by 


■  KxV2 


Va 


+  Va' 


+  Vj 


(2.170) 


Where  k”1  is  the  incremental  linear  resistance  r&.  The  rest  of 
the  network  is  linear  time- invariant. 

Let  us  now  consider  the  nonlinear  transfer  function 

solution  of  this  network  using  the  methods  of  Section  2.2.  We 

are  only  interested  in  the  three  external  voltages  v^t),  v2(t) 

and  v3  (t) ,  and  their  corresponding  nonlinear  Sgjr.afer  functions 

A  (•),  B  (•)  and  C  (•)  when  the  input  is  a  voltage  v  . 
n  n  n  y 


The  first-order  transfer  functions  A^(i’),  (f)  and  C^(f) 

are  obtained  by  solving  the  linear  network  of  Fig.  2.4(b)  for  a 

unit  amplitude  input.  Note  that  the  nonlinearity  in  che  network 

of  Fig.  2.4(b)  is  replaced  by  its  incremental  resistance  r  . 

© 

The  second-order  transfer  functions  are  obtained  again  as 
a  solution  of  the  linear  network  of  Fig.  2.4(b)  but  now  the 
source  is  a  current  source  of  amplitude  and  frequency  (f^+fj) 
as  shown  in  Fig.  2.5,  where  is  given  by 

2 

K2  “  K2  TT  Bi(fi>-  (2.171) 

i“l 
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(a)  Single  Nonlinear  Element  Network 


Vg(f )»1 


re  « 1  /  K  i  Q, 


(b)  Circuit  Determining  the  First-Order 
Transfer  Functions 


Fig*  2.4.  Incremental  Equivalent  Circuits  for  a 

Network  with  a  Single  Nonlinear  Resistive 
Element. 
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The  third-order  transfer.. -functions  are  next  found  by  simply 

A 

replacing  the  second-order  source  K  by  the  third- order  source 

A  A  2 

K3  +  K23,  at  frequency  (f^+fj+f.^) ,  given  by 

*  3 

K3  '  K3  JT  BI<ft>'  W?'172> 


K23  “  2K2  VWW  *  (2.173) 

Similarly,  for  any  higher  order,  the  linear  network  stays  the 
same  and  only  the  higher-order  sources  change.  The  effect  of 
other  nonlinear  elements  is  to  introduce  additional  sources  to 
the  linearized  network.  It  is  important  at  this  stage  to  recog¬ 
nize  the  implications  of  linearity;  use  can  be  made  of  miicmo 
circuit  theory  concepts  such  as  Thevenin  and  Norton  sources  and 
impedances  at  terminals. 

The  above  outline  shows  that  the  basic  nature  of  the  small- 
signal  circuit  analysis  is  that  the  linearized  network  determines 
the  relationships  between  the  nonlinear  transfer  functions  of  a 
given  order.  Additionally,  and  more  important  from  the  point  of 
view  of  interaction  ,  the  nonlinearities  manifest  themselves  as 
sources  without  changing  the  linearized  network  structural  It 
should  therefore  be  apparent  that  when  nonlinear  stages  are 
cascaded,  the  first-order  functions  must  be  those  given  by  the 
direct  application  of  linear  circuit  theory.  Hence,  non-interaction 
of  stages  as  far  as  first-order  transfer  functions  are  concerned 
implies  ttwi^.the  driving  stage  output  impedance  should  be  much 
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less  than  the  input  impedance  of  the  driven  stage.  For  higher- 
order  transforms  this  linear  interaction  must  also  be  taken  into 
account.  Additionally,  the  non^lJtear  interaction  requires  the 
addition  of  equivalent  Thevenin  sources  from  adjacent  stages  at 
the  terminals  of  the  stage  of  interest. 

2. 3.3.2  Two  Stage  Cascade 

In  Fig.  2.6(a)  a  two  stage  cascade  is  shown.  The  first 

stage  is  denoted  as  a  and  the  second  as  0.  If  interaction 

between  the  stages  were  negligible, then  the  nonlinear  transfer 

functions  H  of  this  cascade  are 
n 

Hx(f)  =  Cja(f  )CBB(f),  (2.174) 

h2(£1,£2)  =  cf(£1,£2)C16S(£1t£2) 

+  c“<£1)Cja(£2)C®P(£l,£2>  ,  (2.175) 

H3(f1>f2,f3)  =  C^a(f1,f2,f3)cJe(f1+f2+f3) 

+  ^  cfa(f1)c|P(f1,  f2,  f3) 


+  2cJ,a(f1)cJa(f2,f3)c|0(f1,f2+f3),  (2.176) 

where  Caa  are  the  nonlinear  transfer  functions  of  the  a  stage 
n  6 

with  its  load  impedance  given  by  the  input  impedance  Zi  of  the 

8  stage,  whi.le  CBB  are  the  nonlinear  transfer  functions  of  the 

n 

second  stage  with  generator  impedance  assumed  zero. 

The  above  equations  have  a  simple  physical  interpretation. 
Assuming  the  two  stages  do  not  interact#  the  first-order  transfer 
function  is  simply  the  product  of  the  two  transfer  functions. 
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(a)  Cascade  of  Two  Nonlinear  Stages 


(b)  Equivalent  Circuit  Giving  the  First-Order 
Transfer  Function. 


Fig.  2.6.  Two  Stage  Cascade. 


The  second-order  cascade  output  will  be  two  contributions s 
(a)  the  linear  outputs  of  the  a-stage  'distorted'  by  the  second- 

order  nonlinearity  of  the  8-stage#  (b)  the  second-order  output 
of  the  a-stage  linearly  transmitted  by  the  p-stage. 

The  third- order  cascade  output  is  similarly  determined 
by  accounting  for  the  first#  second#  and  third-order  outputs 
of  the  a-stage  and  their  resulting  transformations  in  the  p-stage. 
Thus  the  firt; t-term  in  Eq.  (2.176)  is  the  third-order  output 
of  the  a-stage  linearly  transmitted  by  the  P-stage.  The  second- 
term  in  Eq.  (2.176)  is  the  p-stage  third-order  nonlinearity 
distorting  the  linear  outputs  of  the  a-stage.  Finally#  the 
third-term  of  Eq.  (2.176)  is  the  second-order  nonlinearity  of 
the  p-stage  generating  an  interaction  between  the  linear  and 
second-order  outputs  of  the  a-stages. 

Interaction  means  that  the  transfer  function  of  the  a  and 

P-stages  depend  on  each  other.  In  the  case  a  and  e  are  linear 

networks  we  know  that  the  non-interaction  assumption  implies 

that  the  a-stage  output  impedance  Z^(f)  should  be  much  less 
/  \  0  ^ 

-rnan  Z^(f)#  the  input  impedance  of  the  R-stage.  Thus  ever  the 
linear  case,  Eq.  (2.174),  requires  modification  for  loading. 

The  effects  of  interact  ->n  on  each  order  are  considered  by  solv¬ 
ing  the  combined  two  stages  as  a  single  network. 

First-Order  Cascade  Relationships 

The  first-order  transfer  functions  of  the  cascade  are  ob¬ 
tained  by  solving  the  linearised  circuit  in  Fig.  2.6(b),  which 
in  turn  can  be  obtained  for  each  stage  separately  as  shown  in 
Fig.  2.7.  In  Fig.  2.7(b),  if  the  input  Vg(f)  were  of  unit  am¬ 
plitude#  then  the  output  voltage  across  the  load  would  be  the 
first-order  transfer  function  of  the  second  stage.  However#  in 


'TT.T'T—' -,-Cn  rr"  nw»*V“-”!  TV  ’T 1 T  |  T?< 


Vg (f  )«1 


C?«  (f  ) 


(a)  Linear  Equivalent  Circuit  of  the  First  Stage 


V,(f)» 


0 


z;*z 


(b)  Linear  Equivalent  Circuit  of  the  Second  Stage 


Fig.  2.7.  Linear  Equivalent  Circuits  of 
the  First  and  Second  Stages. 
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Fig.  2.7(b)  the  input  vcltaga  is  C*ft(ZQ  +  Z0)/Z0,  the  Thevenin 
equivalent  source  to  the  left  of  the  common  terminal  I,  with  z!* 

the  source  Thevenin  impedance.  The  reason  this  Thevenin  source 

*>• 

is  expressed  in  terms  of  output  C.  (f)  rather  than  the  input  V  (£) 

*  1  is  to  relate  the  individual  stage  transfer  functions,  C 

BB  n 

and  (T  ,  to  H  ,  the  nonlinear  transfer  function,  as  has  been  done 
n  n  .  ^ 

in  the  non-interacting  case.  Thus  denoting  the  n  order  transfer 

/Vrt  HA 

functions  of  the  two  stages  by  Ca  and  C  ,  we  see  that  the  cascade 

n  n 

first-order  transfer  function  is 

H^f)  =  TaB(f)cJa(f)C®8(f),  (2.177) 


where 


Tae(f) 


z£<f)  +  Z0(£) 

z®(f) 


(2.17ft) 


In  Fig.  2.7(a)  we  have  defined  the  transfer  function  at  the 

first  stage  input  by  A?a(£)  when  V  (f)  *  1.  The  corresponding 

^  act 

notation  for  the  higher-order  transfer  functions  will  be  Ar  . 

Similarly,  for  the  second  stage  of  Fig.  2.7(b),  the  nonlinear 
transfer  functions  at  the  input  terminals  for  unit  input  ampli¬ 
tude  will  be  denoted  by  l0.  Thus  the  double  superscripts  aa 
and  00  refer  to  the  nonlinear  transfer  functions  of  the  individual 

stages  considered  separately.  The  purpose  of  explicitly  identi- 
aa  38 

fying  Ar  and  Ar  is  that  these  functions  determine  the  level  of 
interaction  for  the  higher-order  cascade. 


Second-Order  Cascade  Relationships 

Let  us  now  consider  the  second-order  transfer  function  of 
the  two  stage  cascade.  Figure  2.8  shows  the  network  Whose  second- 
order  transfer  function  is  to  be  found.  Since  the  network  is 
linear,  the  two  stages  can  be  solved  individually,  with  appropri¬ 
ate  sources  replacing  the  adjacent  stage  as  shown  in  Figs.  2.9 (z) 
and  2.9(b) . 
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Fig.  2.8.  Equivalent  Circuit  for  the  Second-Order 
Transfer  Function. 
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In  Fig. 2. 8  we  have  assumed  three  second-order  nonlinearities 
in  each  stage  as  in  our  previous  transistor  model  for  the  purpose 
of  pursuing  the  discussion  with  familiar  parameters.  Since  each 
nonlinearity  supplies  a  source  which  is  independent  of  the  other 
sources  of  the  same  order,  the  existence  of  one  or  more  sources 
down  not  effect  the  nature  of  the  interaction.  Thus  we  will  re¬ 
strict.  ourselves  to  only  the  K  nonlinearity  in  both  stages.  Figure 
2.6  shows  the  network  to  be  solved  to  obtain  H2(f^,f2),  the 
nonlinear  transfer  functions  of  the  full  network.  The  network 
includes  both  linear  and  nonlinear  interaction.  Furthermore, 
Hjtfi^fj)  can  be  obtained  by  solving  each  stage  separately  as 
shown  in  Figs.  2.9(a)  and  2.9(b).  To  do  this,  the  sources 
and  I®0,  are  determined  as  follows: 


0ft 

I2  is  the  Norton  equivalent  current  source  of 

the  network  to  the  right  of  terminal  I  in  Fig.  2.9(b) 

QtS 

when  I2  is  set  to  zero. 


I2^is  the  Norton  equivalent  current  source  of  the 
network  to  the  left  of  terminal  I  in  Fig.  2.9(a) 
when  I2a  is  set  to  zero. 

The  network  and  sources  K^,  and  y?'  of  Fig.  2.9(a)  with 
I2  set  to  zero  are  the  same  network  and  sources  that  exist 
when  solving  for  the  transfer  functions  of  the  a-stage.  Thus, 
it  is  easy  to  show  that 


I 


aB 

2 


,  caa(f  f  * 

fyd  /  M  \  •  <i»  “ 

wv 


(2.179) 


cc  S 

Similarly,  in  the  case  of  Fig.  2.9(b)  with  I2  set  to  zero,  the 
network  and  sources,  are,  within  a  normalizing  factor,  the  same 
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(a)  Equivalent  Circuit  of  the  First  Stage 


(b)  Equivalent  Circuit  of  the  Second  Stage 

Fig.  2.9.  Efquivalent  Circuits  for  Each  Stage  in  the 

Cascade  for  Second  Order  Transfer  Functions. 
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as  exist  when  solving  for  the  transfer  function®?- of  the  0-stage 
alone.  The  normalization  necessary  for  second-order  sources  is 
to  multiply  the  individual  B-stage  second-order  term  by 


II  Ta8(£i)Cr(£i>- 


(2.180) 


which  should  be  apparent  since  the  first-order  input  to  the 
0-stage  at  the  frequency  f  is  T  Q(f)C?a(f),  and  the  sources 

a  ■  a  g  ap  1 

K2  an<J  y2  are  <^uadrat^-°  functions  of  the  first-order  terms. 
Thus,  recognizing  the  effect  of  Eq.  (2.175),  it  is  easily  shown 
that  in  Fig.  2.9(b)  with  I2  zero,  the  voltage  at  terminals  I  is 
given  by 


"  Tae(fi>cia<fi,lA2S(frf2>]  • 


(2.181) 


The  resulting  value  of  1^  is  thus 


I29°'  * 


T  (f.+f0)  2 


where  Tga(f^+f2)  is  siraPly  the  reverse  transfer  function  from  0 
stage  to  a  stage 


Z?(f)  +  zf(f)  Zf(f) 

T-  (f  )  -  — - - - - -  T  (f). 

0a  zg(f)  a(f)  aB 


(2.183) 


The  pecond-order  nonlinear  transfer  functeietn  of  the  cascade 
is  obtained  from  Fig.  2.9(b)  by  superposition  as  the  sum  of  the 

ag 

responses  to  I.  and  internal  sources  of  the  6-stage  as 


T*s<ft>c?a<,l>}c|f(f1.f2) 


Thevenin  Equivalent 
first-order  inputs 
from  a  stage 


+  Tae(fl+f2)C2a(fl'£2,0lBt£l  +  f2) 


Thevenin  Equivalent 
second-order  input 
from  a  stage 


(2.184) 


This  result  is  the  exact  cascade  formula  for  the  second-order 
case  including  interaction.  This  result  is  the  same  as  would 
be  obtained  by  correcting  for  the  linear  loading  effect  of 
Tag(f).  Thus  Eq.  (2.134)  can  be  obtained  by  replacing  C^a 
in  the  non-interacting  cascado  equations  as  indicated  by 


C“a(f)  -  Tae(f)C°a(f), 

-TaS(f1+f2)c“(fl,£2), 

cf(£1,£2,£3)  -TalS<*l+f2+£3>03a!£l’£2,£3>‘ 


(2.185) 


Equation  (2.135)  simply  expresses  the  relation  that  all  outputs 
of  the  a-stage  go  through  a  linear  filter  Tag(f).  A*  the  third- 
order  case  below  will  show,  Eq.  (2. IPS)  is  modification 

to  the  non- interacting  cascade  equations  necessary  to  account  for 
linear  loading  or  interaction. 

not 

It  shoui  be  observed  that  the  second-stage  source  ^ 
driving  the  first— stage  is  not  involved  in  computing  the  second— 


1., 


order  cascade  formula.  However,  the  second-orcfer  terms  within 
the  a-stage  are  changed  due  to  the  feedback  of  I ^  .  Since  the 
third-order  sources  due  to  each  nonlinearity  are  a  function  of 
the  first  and  second-order  transfer  functions  across  that 
nonlinearity,  I^a  has  to  be  included  to  compute  the  a -stage 
third-order  output,  which  in  turn  determines  the  third— order 
nonlinear  transfer  function  if f2* *3^ * 

Third-Order  Cascade  Relationships 

The  third-order  transfer  functions  of  the  cascade  are  given 
by  the  circuit  of  Fig.  2.10,  and  the  corresponding  equivalent 
circuits  of  each  individual  stage  are  given  by  Figs.  2.11(a)  and 
2.11(b).  The  interacting  sources  and  X23  a3pe  a^ain 

determined  in  the  same  fashion  as  for  the  second-order,  i.e., 

0  GC  6(X 

I23  +  I3  is  the  Norton  equivalent  current  source 
of  the  network  to  the  right  of  terminal  I  in  Fig. 

2.11(b)  when  +  1^®  is  set  to  zero . 

oB  0*  0 

1 23  +  I3  is  the  Norton  equivalent  current  source 
of  the  network  to  the  left  of  terminal  I  in  Fig. 

2.11(a)  when  I®*  +  I®a  is  set  to  zero. 

Again,  because  of  superposition  and  the  independence  of  all  third- 
order  sources,  the  ^3  terms  depend  only  on  the  Kgj,  Y23  and  923 
sources  and  I3  terms  depend  only  on  the  Kj,  y3  and  g3  functions. 

The  network  and  sources  K--  +  KlT,  g_  +  g,,  and  y«,  of 

dft  afl  o  j  3 

Fig.  2.11(b)  with  Ijj  +  sot  to  zero  is  the  same  network 
but  different  sources  than  used  when  solving  for  the  transfer 
functions  of  the  a-stage  alone.  The  difference  is  in  the  sources 
K?_,  g®  and  ya,  due  to  an  additional  term  from  the  second-order 
current  1^  from  the  second  stage  which  drives  the  first  stage. 
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(b)  Equivalent  C.ircuit  of  the  Second  Stage 


Fig.  2.11.  Equivalent  Circuits  for  Determining  the 
Third-Order  Nonlinear  Transfer  Functions. 
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Pa 

23 


i 


as 

With  I 2  zero  we  get 


Ta0  .  Tap 
x23  A3 


a  TaB<Wf-  > 


.Pa 


=  0 


zj(f1+f2+f3) 


c“a(f1,f2,f3).  (2 1 186) 


he  effect  of  l|a  is  to  modify  C3a(  fy  f2#  f3 )  by  e(l|a),i.e. 

•  Pa> 


■  Pas 


-as 

"23 


+  X 


afl 


_»..<fi*Vf3>w"<fi  •*»»*»> :  i<jT» 


(2.187) 


za(f1+f2+f3) 


The  cascade  third-order  term  H3^f1»f2*f3^  found  frora 
the  network  of  Fig.  2.11(b)  by  considering  the  contributions 
of  (I?f  +  1°”^)  and  the  internal  0  stage  sources  separately. 

.7 

The  contribution  to  H3 (f  f  2#  f 3 )  due  to  the  internal  e-stage 
sources  can  be  viewed  as  the  third-order  output  resulting 
from  driving  the  0  stage  with  the  sum  of  exponentials  given  by 


vg(t) 


3 

E 

i~l 


<fi>c?a<*i 


j2rrfit 

)e 


3 

+  E 
i=l 


3  j  2TT  (  f  .  +  f  .  )  t 

£  TaP(fl+fj,cr<fl>fj)e 


(2.188) 


and  hence  the  output  nonlinear  transfer  function  in  terms  of 
the  transfer  function  of  the  0  stage  is  given  by 


2  U0  jtlPj 

'  I23  A3  ' 


=  0 


3 

=  {  tt 
1=1 


•f3> 


+  2  TaR(fi)cia(£i) 


T«R(£J*K,C“(VVc"ffi'fJ+V' 
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(2.189) 


Finally  including  the  contribution  of  Ijl  and  1®^  we  get 


H3<£l+£2+£3>  =  V£i>C“(fl,)CS’<i:il£2>f3> 


+  2  Tae<£l)cr<fi)Tae<£J+£X)cr<fJ'*k)cl  <*i'£j+£k> 

+  T(Ie<£l+£2+£3)tC3a(£l,£2,£3)  +  e(I!a)1  <2-l90> 

x  C?6(f1+f2+f3) 

This  is  the  exact  third-order  transform  of  the  two  stage 

ft 

cascade  including  interaction.  This  result,  without  the  ed^  ) 
term,  is  identical  to  the  expression  obtained  by  applying  Eq. (2.185) 
to  Eq.  (2.176).  Therefore,  accounting  for  only  linear  interaction 
gives  an  error  in  the  third-order  transfer  function. 

The  term  e(l®a)  is  not  expressible  in  terms  of  the  individual 
input  a.nd  output  stage  transfer  functions  as  are  the  rest  of  the 
previous  cascade  expressions.  The  reason  is  that  e(lj )  results 
from  second-order  interaction  between  the  first-order  responses 
in  the  a-stage  and  the  I ‘  current  input  at  the  Intermediate 

2  A 

terminal  I.  Thus,  consider  the  K«,  term  and  let  denote  the 
nonlinear  transfer  function  of  the  voltage  across  the  Ka  non- 
linearity.  Then,  Eq.  (2.173)  gives 


RJ3  =  2K“  B1(f1)B2(f2,f3: 


(2.191) 


while, if  Ij  is  neglected, we  get 


«  “  2K?  B“(£i)B2at*2.£3>' 

4°  =  0 


(2,192) 


where  are  the  nonlinear  transfer  functions  of  the  voltage 

across  the  K  nonlinearity  for  the  individual  a-stage.  Since 
a  (to, .  .  aa 

B  (f)  is  the  same  as  B  (f)  while  B0  differs  from  B,  due  to  the 

1  Ba  1  z  * 

s  cce  X2  we  can  write 


(2.193) 


where  B^ff  *f  )  is  the  voltage  across  the  Ka  nonlinearity  due 

to  the  excitation  alone.  Similar  terms  will  exist  in  g-, 

Aa  2  Ba 

and  y0-  and  their  combined  effect  manifested  by  e(I0  ).  If  one 

*  set 

knows  the  internal  nonlinearities  of  each  stage,  ed^  )  can  be 
determined.  However,  as  the  discussion  has  indicated,  it  involves 
determining  the  nonlinear  transfer  functions  of  the  individual 
networks  for  simultaneous  excitation  at  each  port. 


We  have  shown  that  the  overall  nonlinear  transfer  function 
of  a  two-stage  cascade  cannot  be  exactly  determined  from  the 
■forward'  nonlinear  transfer  function  of  the  individual  stages. 

To  determine  the  correct  nonlinear  transfer  function  of  the 
cascade  requires  solution  of  the  overall  network.  However,  the 
overall  network  can  be  subdivided  into  the  two  stages  and  solved 
with  equivalent  Thevenin  or  Norton  sources  representing  the 
interaction. 

In  the  case  of  mildly  excited  nonlinearities  and  high  forward- 
gain  amplifiers,  the  nonlinear  interaction  will  frequently  be 
negligible  so  that  only  linear  interaction  needs  to  be  taken  into 
account. Table  2.1  shows  computed  results  for  the  first  three  transfer 
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functions  of  a  common- emitter  and  common-base  transistor 
amplifier  cascade  with  “  16.6  MHz.  *=  15.2  MHz.  and. 
f3  ®  14.5  MHz.  This  transistor  model  is  given  in  Narayanan 
(1967).  The  load  and  generator  impedance  were  75  ohms.  The 
full  nonlinear  equations  of  the  cascade  have  been  solved  to 
determine  the  exact  cascade  transfer  functions.  The  approximate 
cascade  results  in  Table  2.1  include  the  effects  of  linear 
interaction  but  neglect  the  nonlinear  feedback.  Comparing 
the  two  results,  it  is  seen  that  the  first  and  second-order 
functions  are  essentially  in  perfect  agreement  as  predicted 
in  Section  2. 3. 3. 2,  while  the  third-order  transfer  funclTidns 
differ  in  magnitude  by  0.80  dB  and  in  phase  by  0.17  radians. 

Thus,  the  cascade  equations  with  impedance  corrections  can  be 
used  in  many  situations  to  reliably  predict  the  nonlinear  per¬ 
formance  of  a  chain  of  stages. 

Table  2.2  presents  the  results  of  a  comparison  between  the 
non-interacting  cascade  approach,  denoted  as  the  zero- impedance 
approximation,  and  the  approximate  cascade  including  linear 
interaction.  It  is  seen  that  the  zero  impedance  non- ting 
cascade  differs  by  up  to  nearly  six  dB  in  the  second  and  third- 
order  functions,  showing  the  need  to  include  the  impedance  correc 
tion  for  interaction  correction. 

in  conclusion,  we  note  that  nonlinear  interaction,  if 
significant,  is  most  easily  handled  by  solving  the  total  network. 
The  best  approach  in  the  nonlinear  analysis  of  a  complete  com¬ 
munication  receiver  is  to  segment  the  stages  so  that  it  is  only 
necessity  to  account  for  linear  loading.  In  summary,  tHW  two 
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important  properti.es  of  nonlinear  interaction  that  have  been 
derived  in  thi.i  section  ares 


1)  The  overall  second-order  transfer  function 
of  a  cascade  is  given  correctly  by  the  non¬ 
interacting  cascade  expressions  as  modified 
only  by  the  linear  loading  effect. 

2)  The  'forward'  nonlinear  transfer  functions 

C®a(f.....  f  )  or  cfS(f.»  ...  £  )  do  not 
n  x  n  n  x  n 

provide  sufficient  information  to  solve  non- 

linearly  interacting  systems. 

-  MW1,. 


2.4  Multiple- Input  Nonlinear  Circuit  Analysis 


The  Volterra  functional^ssries  of  the  output  of  a  single 
input  port  system  has  received  more  attention  in  the  literature 
than  the  case  of  multiple -input  ports.  However,  a  variety  of 
nonlinear  systems  have  independent  inputs  from  separate  ports 
or  terminals.  In  this  section  we  show  how  the  nonlinear  trans¬ 
fer  function  analysis  is  also  applicable  to  multiple  port  non¬ 
linear  networks .  M*- 


2.4.1  Three  Node  Example 


We  show  this  by  a  simple^physical  argument.  Equation  2.32 
showed  that  the  first-order  transfer  functions  of  a  three-node 
linear  network  were  given  by 


..  . 


The  9«cond-order  nonlinear  transfer  functions  were  tfhown  by 
Eq.  (2.37)  to  be  given  by 


(2.195) 


(2.196) 


Higher-order  equations  could  be  written,  but  the  argument  which 
will  be  developed  for  the  second-order  case  applies  directly  to 
the  higher-order  cases.  Similarly,  no  loss  of  generality  occurs 
in  discussing  a  three-node,  single  nonlinearity  example. 

Equation  (2.194)  is  of  the  proper  form  for  describing  the 

linearized  network  when  all  sources  are  at  node  1  and  are  of 

unit  amplitude.  Now  let  us  consider  the  case  whera' sources  are 

at  all  three  nodes  with  complex  amplitudes  V^,  and  V^,  and 

admittances  Y  , ,  Y  „ ,  and  Y  _ .  For  this  case,  the  formulation 
gi  gz  g3 

of  the  first-order  solution  is 


Al*£i’  : 


"x(£i> 


Vl<£i>V<£i) 

* .  E*<*i)rA  v2<£i>Yg2(£i)  ' 


(2.197) 


V3<fi>Y,3<£i> 


where  the  primed  superscript  on  the  first-order  solutions  denotes 
the  solutions  are  not  the  nonlinear  transfer  functions,  per  se., 


but  instead  are  scaled  linear  combinations  of  the  nonlinear 
transfer  functions  arising  from  the  superposition  of  the  responses 
from  each  of  the  nodal  generators.  In  addition,  the  Y  matrix 
would  be  modified  from  that  of  Equation  (2.194)  by*H23G  addition 
of  the  generator  admittance.  As  a  simple  example,  one  might 
com ider  that  Equation  (2.197)  represents  a  balanced  amplifier, 
with  inputs  at  nodes  1  and  3,  and  output  at  node  2.  In  this 

case  the  sum  mode  response  to  identical  inputs  V  (f )  would  be 

.  s  1 

given  by: 


Al(£i) 

wyv 

0 

ci<£i> 

— 

(2.198) 


and.  the  difference  mode  response  to  identical  but  opposite  signed 
inputs  vg(f^)  would  be  given  by 


“ 

( f t ) 

V  (f.)Y  (£.) 
s  i  g  i 

B((£i> 

=  [Y(fi)]"1 

0 

ci<£i> 

-V  ( f , )  Y  (f.) 
s  i  g  i 

-  w 

hfc  W 

(2.199) 


Equations  (2.195)  and  (2.196)  show  that  the  second-order  re¬ 
sponse  is  solely  a  function  of  the  first-order  voltages  B^ff^) 
and  B^f^).  From  what  port  these  voltages  were  established  is 
not  of  interest,  as  the  first-order  solution  is  linear  and  super¬ 
position  holds.  It  therefore  follows  that  all  the  nonlinear 


transfer  functions  for  a  multiple  input  port  circuit  can  be 

computed  by  determining  the  linear  solution  with  the  right- 

hand  column  vector  of  Norton  generators  appropriate  to  the  port 

excitations#  and  then  proceeding  with  the  conventional  higher- 

order  analysis*  If  the  generator  amplitudes  are  not  equal  to 

unity,  the  transfer  functions  will  be  scaled  according  to  the 

amplitudes  and  the  order  of  the  transfer  f u nc t i one ihe 

excitations  are  such  that  the  same  frequency  does  not  appear  at 

two  different  ports,  then  the  analysis  can  be  .i»ade  with  unit 

amplitude  generators,  i.e.,  V^f^)  “  on  tlie  other  hand, 

the  same  frequency  appears  at  two  or  more  generators,  then  the 

several  V. (f ,)  must  have  the  proper  phasing  and  amplitudes,  so 
X  1 

that  the  linear  response  will  represent  the  actual  coherent 
effects. 


"■& ***,... 


2.4.2  Two-Input  Volterra  Series 

The  Volterra  series  is  a  generalization  of  the  Taylor  series 
expansion  for  representing  a  nonlinear  system.  Thus  the  Volterra 
series  for  multiple-input  systems  is  obtained  by  direct  analogy 


to  the  corresponding  multi- variable 

Volterra  series  is  given  by 

Taylor  series.  A  two- input 

_  go  oo 

00  00 

c  (t)  -  r  r 

J  4T1  •••  J 

dT  h  (T  , T  . . .  T  ) 

m+n  mn  1  2  ir.+n 

m=0  n=0 

loo  -to 

m^n=0 

m 

m+n 

.  TT  x(t  -  T.) 
1=1 

tt  y(t  -  t  . ),  (2.200) 

j=m+l  1 
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where  c(t)  is  the  output  and  x(t)  and  y(t)  the  two  inputs.  The 
corresponding  frequency  domain  representation  is 


00  00 

00  00 
tk  A 

c(f)  =  r  t 

J  dfl  •••  Jw 

***  f'm+n) 

m=0  n=0 

mtm  00  M  fO 

m/n=0 

m 

m+n 

•  6  (f-f  -ff  2  .  . . 

W  "  X(fi> 
1=1 

tt  Y(f.), 
j=m+l  J 

(2.201) 


where  H  (•)  is  the  (m+n)— fold  transform  of  h _ (•)#  and  C(f), 

mn  mn 

X(f)  and  Y  (f )  are  the  transforms  of  c(t),  x(t)  and  y(t)  respec¬ 
tively.  The  formulation  for  the  case  of  three  or  more  inputs 
similar.  It  should  be  noted  in  Eg.  (2.201)  that  the  first  m 
frequencies  f^»  ...  f^  correspond  to  frequencies  of  the  input 
x (t)  and  the  following  frequencies  f^  ...  fm+n  correspond  to 
the  input  y(t).  To  make  this  frequency  relationship  explicit 
let  p.,  p_,  ...  represent  the  frequency  variables  associated  with 

X  M 

x(t)  and  q. #  q,»  •••  the  frequency  variables  associated  with  y(t). 

X  w 

Writing  Eq.  (2.201)  in  terms  of  pA  and  q.^  gives 


CO  oo 


•  t 


-Z  E  J  dpi 

m=0  n=0  -• 


00  oo  .  00 

J  dpm  .  J  dqx  ... 

-00  —00  - 


m/n=0 


•••  pm'  ql 


”  qn> 


m 


•  6  (f~Px 


"Vql 
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-q)  TT  x^i)  TT  Y(q.)# 
n  ipl  i=l 

(2.202) 


vy-* 


We  will  denote  by  f  the  frequency  vector 

f  =  (p.  #  P~ »  ...  p  f  5. 1  ...  q  )»  (2.203) 

mnn  1  z  m  x  n 

The  most  important  two- input  stage  in  a  receiver  is  a  mixer. 
One  input  is  the  signal  and  the  other  the  local-oscillator  as 
shewn  in  Fig.  2.12.  An  amplifier  stage  may  also  become  a  two- 
input  system  when  an  external  interference  enters  the  stage  at 
a  node  other  than  the  input.  In  Fig.  2.12  x(t)  is  the  input 
signal  and  y(t)  is  the  local  oscillator. 

To  determine  the  nonlinear  transfer  functions  H  (f  )  for  a 

ran  ~mn 

given  circ  it,  the  node  equation  formulation  for  the  single-  input 

analysis  can  be  applied  directly.  Bach  node  volt^/*&  is  now 

represented  as  a  two- input  Volterra  series,  e.g.,  A  (f  ) 

mn  — mn 

B  (f  )  ...  etc.  The  resulting  linear  transfer  functions 
mn  mn 

Hiq(Pi)  and  H0l^i^  are  *>y  the  solution  of  the  linearized 

network  excited  at  the  appropriate  ports  by  and 

respectively.  The  second  and  higher-order  nonlinear  transfer 
functions  are  the  solution  of  the  linearized  network  excited 

A  A 

by  sources  such  ae  •••  etc.  resulting  from  the  non- 

linearities. 

ihe  similarity  of  the  solution  to  the  s ingle- case  is 

best  seen  by  considering  the  example  of  Fig.  2.13.  In  Fig.  2.13 

is  shown  a  two- input  netwqxT*  with  a  single  zero-memory  nonlinearity. 

The  transfer  functions  for  the  voltage  v(t)  across  the  nonlinearity 

will  be  denoted  by  B  (f  ). 

1  mn  — mn 
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v 

■I 
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Mixer 


Output 
c  ( t ) 


Fig.  2.12.  A  Two-Input  Mixer 
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i  *  2  Knvn 

n*n  =  I 


Fig.  2.13. 


Single  Nonlinear  Element  Circuit 
with  a  Multiple  Input. 
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The  two  firet-crder  transfer  functions  H1Q(p1)  and 
are  given  by  solving  the  network  of  Pig.  2.14.  Note  that  H^q(p^) 
is  the  complex  amplitude  across  the  load  Z^  when  x(p^),  the 
transform  of  x(t),  has  a  unit  amplitude  at  frequency  p^.  When 
solving  for  (p^)  the  voltage  source  y(t)  is  replaced  by  an 
ideal  short.  is  silttilarly  obtained. 

The  determination  of  the  higher-order  nonlinear  transfer 

functions  H  (f  )  for  a  two- input  nonlinear  circuit  is  essentially 
mn  -"tun 

the  same  as  the  single- input  case.  The  only  difference  in  the  two- 
input  analysis  is  that  the  first-order  solutions  are  determined  by 
exciting  the  corresponding  ports  separately.  In  the  second  and 
higher-order  cases  the  difference  between  one  or  more  input  port 
circuits  is  only  in  the  first-order  responses  at  the  nonlinearities. 
Thus,  with  the  proper  accounting  for  the  frequencies  originating 
from  each  external  source,  the  single- input  nonlinear  transfer 
function  analysis  can  be  extended  to  the  multiple- input  case. 


1/Kf 


Y(q,)«l 


Pig.  2.14.  Circuits  Giving  the  First-Order 
Transfer  Functions. 
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CHAPTER  3 

CANONIC  MODELS  FOR  NONLINEAR  SYSTEMS 


The  previous  chapters  have  outlined  the  nonlinear  transfer 
function  approach  to  the  analysis  of  nonlinear  circuits  and  non¬ 
linear  systems.  In  the  special  case  When  the  inputs  to  a  time- 
invariant  nonlinear  system  are  discrete  tones,  the  steady-state 
output  also  contains  discrete  tones  but  at  many  more  frequencies 
since  the  nonlinearities  generate  additional  frequency  components. 
For  a  purely  resistive  nonlinear  circuit  each  such  discrete  fre¬ 
quency  component  at  the  output  would  be  weighted  by  a  real  coef¬ 
ficient  characterizing  the  amplitude  of  the  circuit  response. 

We  have  shown  that  for  more  general  circuits,  the  conventional 
power  series  expansion  is  inadequate.  Complex  coefficients  are 
needed  to  properly  characterize  the  amplitudes  of  the  various 
frequency  components.  Furthermore,  output  components  of  the  same 
order  but  for  different  interacting  frequencies  will  have  dif¬ 
ferent  amplitudes  and  phases. 

In  this  chapter  we  are  concerned  with  a  situation  in  which 
the  input  to  the  nonlinear,  time- invariant  systems  are  not  indi¬ 
vidual  tones  but  narrowband  signals  centered  about  discrete  tones. 
Realistically,  this  is  the  most  common  situation  occurring  in  the 
communications  environment  since  signals  appearing  at  the  input 
of  the  receiver  are  usually  modulated  on  a  carrier. 

For  input  signals  which  are  not  discrete  tones  but  occupy 
a  certain  bandwidth  about  the  carrier  frequency,  a  simple  set  of 
complex  coefficients  is  not  enough  to  characterize  the  behavior 
of  the  circuit.  The  frequency  behavior  of  the  circuit  may  not  be 
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constant  and  may#  in  fact#  vary  across  each  band  of  interest. 

In  its  full  generality  the  computation  of  the  output  involves 
a  multivariate  convolution  of  all  the  interacting  inpu^y^tth  the 
multivariate  impulse  response.  Fortunately#  in  the  case  of 
modulated  bandpass  signals#  an  approach  of  intermediate  complexity 
is  possible.  Broadly  speakinig,  this  approach  entails  representing 
the  nonlinear  response  by  a  simple  expansion  with  terms  in  the  ex¬ 
pansion  added  as  required  to  model  the  input-output  behavior  of 
the  system.  The  expansion  itself  can  be  interpreted  as  a  specific 
physical  structure,  hence  this  structure  is  called  a  canonic 
model  of  the  circuit  {or  system) .  The  virtue  of  the  canonic 
model'  ’is  that  the  same  basic  structure  can  be  used  formal 2  mem¬ 
bers  of  a  class  of  systems  and  a  class  of  inputs.  The  model 
parameters  change  from  class  member  to  class  member.  Thus  only 
a  few  specific  quantities  must  be  determined  for  the  actual 
system  in  order  to  properly  label  the  structural  elements  of  its 
model.  These  parameters  can  be  either  theoretically  or  experi¬ 
mentally  determined.  Thus#  canonic  modeling  presented  here  is 
an  attempt  to  systematically  reduce  the  information  required  to 
characterize  a  nonlinear  system.  An  important  aspect  of  the 
canonic  modeling  is  that  the  models  can  be  refined  by  adding 
building  blocks  to  improve  the  accuracy  of  the  model  or  simpli¬ 
fied  by  reducing  the  number  of  building  blocks. 

Many  canonic  models  can  be  developed  for  linear  and  non¬ 
linear  systems.  It  should  be  expected  that  only  a  few  of  these 
will  be  of  interest  since  the  basis  of  any  useful  model  is  some 
simplifying  constraint  on  the  impulse  response  duration,  band¬ 
width,  or  pcwer  of  the  input  signals  or  the  nonlinear  system 
response.  The  use  of  a  Volterra  series  with  a  small  number  of 
terms  implies  a  power  constrained  model. 
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Among  the  possible  models  considered,  two  canonic  models 
have  been  found  particularly  useful.  These  two  canonic  models, 
the  frequency  power  series  model  and  the  tapped  delay  line  model, 
will  be  developed  and  applied  in  this  chapter.  These  models 
incorporate  the  essential  requirements  of  most  systems  with  mildly- 
excited  nonlinearities.  The  frequency  power  series  model  makes 
use  of  the  bandwidth  constraint,  while  the  tapped  delay  line 
model  makes  use  of  the  impulse  response  constraint. 

3.2  Nonlinear  Response  to  a  Sum  of  Narrowband  Signals 

In  this  section  we  extend  the  nonlinear  transfer  function 
approach  by  considering  specifically  the  nonlinear  reapjfifc^  of 
systems  whose  inputs  are  a  sum  of  narrowband  zonal  signals. 

In  the  analysis  of  the  response  of  a  linear  system  to  iiarrow- 
band  signals  it  is  convenient  to  use  the  complex  representation 
of  signals.  The  signal  is  represented  as  a  low-pass  complex  en¬ 
velope  modulating  a  "carrier"  frequency.  The  carrier  frequency 
is  for  all  practical  purposes  arbitrarily  selected  within  the 
band.  The  phase  of  the  carrier  tone  is  also  arbitrary.  Let  the 
input  to  the  system,  x(t),  be  the  sum  of  K  narrowband  signals* 

x  (t )  x^(t)  •  (3.1) 

In  particular,  one  of  these  signals  may  be  the  desired  signal, 
and  the  others  may  be  the  interference. 

x.1. 

The  narrowband  representation  of  the  k  component  of  the  input 
implies  low-pass  in-phase  and  in-quadrature  components  a(t)  and 
b(t)  modulating  a  carrier  at  the  center  frequency  of  the  band 
which  we  denote  by  u^.  Thus 

5 

The  list  of  key  symbols  used  in  this  chapter  can  be  found  in 
Table  3-7  at  the  end  of  the  chapter, 
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‘AT.; 


(3.2) 


xk(t)  =  ak(t)  cos  2Ttvkt  -  b^(t)  sin  2rrvk(t). 

It  is  convenient  to  define  zk(t),  a  slowly-varying  complex  enve¬ 
lope  of  x^(t) ,  such  that 


z.  (t)  «*  a.  (t)  +  j  b.(t). 


(3.3) 


With  these  definitions  it  follows  that  x^t),  which  itself  is 
real#  is  the  real  part  of  the  product  of  the  slowly  varying  zk(t) 
and  avv  exponential  varying  at  the  carrier  frequency 


r  j2lTVS 

x^(t)  =  Re  |zk(t)  6  j. 


(3.4) 


The  real  part  of  a  complex  variable  is  also  one  half  of  the  sum 
of  the  variable  and  its  complex  conjugate  so  that 


xk(t)  =  i[2k(t)  e 


j2nvkt  *  -j2nvkt. 


+  zk(t)  e 


(3.5) 


Correspondingly,  the  spectrum  of  xk(t)  is  given  by  the  sum  of 
the  positive  and  negative  spectral  components  centered  on  and 

"V 


V*>  -  a[V*-V  +  V-£-V]- 


(3.6) 


where  Zk ( f )  is  the  spectrum  of  zk(t) 


-  j2rrft 

Zk(f)  =  J  «k(t)  e  c 
—  00 


(3.7) 
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Correspondingly 

»  +j2nft 

zk(t)  -  J  Zk(f)  e  df. 

—  00 

(3.8) 

it  it 

Let  ZQ(f)  88  0,  and  denote  z^(t),  Zk(~f)  and  -v^  by  z_k(t), 

Z_k(f)  and  respectively.  In  this  notation,  the  input 

spectrum  becomes 

X(f>  -i  E  <3-9> 

“  K 

and  the  input  itself  can  be  written  as: 

•.  K  j  2ttv.  t 

x(t)  »  -j  s  e  •  (3.10) 

"K 

We  recall  from  Chapter  1  that  the  output  of  the  nonlinear 
system,  y(t),  can  be  expanded  into  a  Volterra  series 


y(t)  =  £  y  (t)  n»l,2,*«*  , 

n 


(3.11) 


in  which  yn(t),  called  the  component  of  order  n,  or  n  -order 
output  for  short,  is  given  by  an  n-fold  integral 


t n<t}  =  /  *••/ hn(Tl'“*'Tn)x(t"Tl) 

t/mmCO  *,|| 


*X(t-T  )dT.***ClT  ,  (3.12) 
n  i  n 


til 

where  hR(  )  is  the  n  -order  nonlinear  impulse  response. 
Equivalently,  yn(t)  is  given  by 


y  (t) 

Jn 


■£  -f- 


<V 


-V 


frx(fi) 

i=i  1 


j2rrf  t 

e  df,. 
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(3.13) 


where  H  (  )  is  the  n  -order  nonlinear  transfer  function, 

XI 

With  this  notation  the  product  of  the  n  input  spectra  appearing 
in  Equation  (3.13)  becomes 


X<V  * 


K 

£ 

k=-K 


VW' 


(3.14) 


in  which  the  right-hand  side  is,  in  fact,  the  n-fold  sum  of  all 
the  different  terms  of  the  form 


V  <  v\ ,)Zk,  (V V  '  ■  •  V  <fn- V’  • 
1  12  z 


(3.15) 


n 


n 


with  each  index  k^  ranging  from  -K  to  K.  Substituting  from 
Equations  (3.14)  and  (3.15)  into  Eq.  (3.13),  we  thus  have  for 


t*h 

the  n  -order  component  of  the  output 

1 


K 

£ 


y_(t)  =  _ 

n  2  m1“”K 


K 

£ 


P(t*\iL  ),  (3.16) 

m  =-K  1  n 

n 


in  which  the  summand  is  the  multiple  integral 


P  (t  *  ,  • » • ,  v^^) 


J  —J  H„(£i 


—  CO  —  CD 


n 


j2rrf.t 

•  e  dfi#  (3.17) 


with  the  n  indices  k^  in  each  such  integral  taking  on  any  of  the 
2K  UCift-zero  integer  values  from  -K  to  K.  The  physical  interpre¬ 
tation  of  the  integral  P(t7v^  , ...,V]C  )  is  as  follows.  In  the 
steady  state,  a  nonlinear  system,  which  has  a  sum  of  narrowband 
zonal  frequency  components  as  its  input,  generates  as  its  output 
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new  narrowband  zonal  signals  centered  at  all  carrier  intermodu- 

lation  frequencies.  The  integral  P(t;v.  )#  also  de- 

K1  % 

noted  P(t;^j)  for  short#  is  then  the  waveform  at  +  ...+\*jc 

2  n 

attributable  to  the  intermodulation  of  input  components  centered 

at  v-  , . . .  #  v.  .  The  order  of  the  output  component  "is  thus  # 

K1  xn 

in  fact#  the  number  of  interroodulating  input  zones  generating 
this  component  and  can  be  also  termed  the  order  of  intermodu¬ 
lation.  To  find  the  n  -order  output  y  (t) #  all  the  intermodu- 

n 

lation  components  of  order  n  must  be  summed.  The  sum  in  Equation 


(3.16)  thus  consists  of  (2K)n  such  integrals.  Any  of  these 
integrals  that  have  the  same  set  of  indices  (k^}  have  the  same 
value  regardless  of  the  order  of  indices.  Suppose  that  there  are 
M  <  n  distinct  in  the  argument  of  P(t!v^  #...#v^\  and  each 
such  distinct  occurs  m^  times  (m^  =  0#  1,  ...#  n)  so  that 


There  are  then 


S 

i=-K 


m 


i 


n. 


(3.18) 


_ nl _ _ 

”>-K‘  m-K+l'  •  •  *mK* 


(n;  m_K#  •••#»)# 


(3.19) 


such  terms.  Equation  (3.19)  is  the  multinomial  coefficient 
(n;  m_K#...#m^).  Moreover#  the  different  P(t?^)  in  Equation 
(3.16)  must  occur  as  conjugate  pairs  in  which  each  Vj  is  replaced 
by  so  that  the  sum  of  terms  making  up  yn(t)  is  indeed  real 
even  if  its  individual  components  P(t^),  in  general,  are  not. 

We  observe  that  the  n-fold  integral  in  Equation  (3.17) 
and  its  conjugate  can  be  thought  of  as  a  waveform  which  contri¬ 
butes  to  the  frequency  component  in  the  vicinity  of  the  sum 

frequency 
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.$r 


■'i7'  - 

V. 

I*'/ 


,\T;: 


S  v,. 


V  -  **  V,  . 

i-1  *i 


(3.20) 


In  general,  the  component  of  Yn(t)  located  in  the  vicinity  of 


the  frequency 


K  n 

V  “  2  mu=2V 

*9  A 


te=-K 


k  * 

i-1  i 


(3.21) 


due  to  input  at  a  set  of  frequencies  ^“(vv.  #Vv.  »...»v-  ),  or  any 

#K1  K2  Kn 

permutation  within  that  set,  is  given  by 

(n;  ro_K* ‘ ’ **mK) 

»n 


ynv(t! 


[P(tj^)  +  P  (t;v)] 


ln' v-’V,  r„  ,, 

— j -  *«?  (trj!)}  . 


(3.22) 


The  order  of  permutation  of  the  component  frequencies  of  ^  is 
inmaterial  since  it  does  not  affect  the  sum  frequency  v  or  the 
value  of  P(t  ?_}>),  Two  sets  ^  are  then  distinguishable  in  this 
context  if  they  have  different  components.  They  are  indistin¬ 
guishable  if  they  have  identical  components  regardless  of  the 
order  of  components  within  the  set.  The  number  of  distinguishable 


sets  of  n  intermodulating  zones  each  of  which  can  be  picked  out 
of  2K  input  components  is(2K+””  )* 


We  note  that  terms  of  many  orders  and  with  different  sets  of 
component  frequencies  can  contribute  near  a  particular  carrier 
frequency. 


An  alternative  notation  is  y  (t?v)  =  y  (t) . 

n  —  n^ 
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For  example,  consider  the  input  consisting  of  two  narrow- 
band  components  at  and  and  the  output  generated  by  a  non¬ 
linear  system  in  the  vicinity  of  frequency  v  ®  2v-|  +  V2»  Let  the 
waveform  corresponding  to  all  the  frequency  components  of  the 
output  in  the  vicinity  of  V  be  denoted  by  (t) .  We  then  have 


yv(t>  =  y3a(t)  +  y5b(t)  +  y5c(t)  +  (3.23) 


in  Which  v  **  2  v.  +  v^,  a  =■  (v,  ,v,,v«)  b  *  (-V, ,  VC, V, ,  V. ,  V0) , 

#  ±  *  ~  114  ±1X14 

c  =  {-v2# v_, v1# Vj# v2) i  as  mentioned,  the  order  of  permutation  of 
the  component  frequencies  in  the  vectors  a,  b  and  c  is  immaterial. 
The  number  of  these  permutations  is  taken jinto  account  by  the 
value  of  multinomial  coefficients  (n;  m^R,  •••,mK>  which  is  (3;2,1) 
=3  for  a,  (5;  1, 3, 1}  =<20  for  b,  (5;1,2,2)  *30  for  c.  Observe  that 
y5b(t)  and  y5c  (t)  represent  two  different  contributions  of  order 
five  falling  into  the  same  frequency  region.  This  indicates  the 
importance  of  carrying  the  vector  in  the  index  of  the  component 
of  the  output. 


A  convenient  way  to  represent  the  input-output  relation  Bg. (3*16) 
follows  when  we  express  the  n-th  order  output  yn(t)  an®1  ‘th®  com¬ 
ponent  of  yn(t)  at  frequency  v  due  to  the  interaction  between  a  set 
of  frequencies  _v  in  terms  of  their  complex  envelopes  (t)  and 
qnv(t)  respectively.*  We  have 


yn(t)  =>  Re  jsn(t)e'*2TTVt^  , 

v(t)  =  Re{v(t>  e32,,vt}* 


(3.24) 

(3.25) 


A  simple  change  of  variables  in  Eq.  (3.17)  and  substitution  into 


Equation  (3.22)  yields 


An  alternative  notation  is 


qn(t;v) 


qnv(tK 
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Av?i>e 


-K  K 


dV 


(3.26) 


in  which  g+v  denotes  the  vector  (g^tN^.  *  *  *  *  •  ^n+\  ^  *  SuPPose 

1  n  .. 

hn(t),  the  n-th  order  nonlinear  impulse  response,  also  has  a 
narrowband  representation  about  the  set  of  frequencies  V 


hn(t)  *  Re  <gnV(t)  e 


i2n(\ ,Vn  V 

1  n 


(3.27) 


The  spectrum  of  the  n-th  order  impulse  response,  H^fjf),  can  be  ex¬ 
pressed  as  the  sum  of  baseband  spectra  centered  about  .v.  and  -  v. 


Hn<£>  “  2  [Gnv<^>  +  GJv<=^>]  • 

in  which  G  (f)  is  the  Fourier  transform  of  g  (t)  ,t=(t, ,  • 
nv  xvv  —  —  i 

and  f  =  (f  y  •  •  • ,  fn) . 

-  \  [onji(5>  ♦  a^fctaa)]. 


(3.28) 


(3.29) 


Suppose  further  that  each  zk(t)  is  bandlimited  so  that  the 

baseband  spectra  of  the  input  components  do  not  overlap  with  the 
a.  th 

baseband  spectrum  of  the  n  -order  impulse  response  centered  at 
-2_v,  so  that 


*  -rr 

}nv  (zi-?,y)TT  (f±)  «  0. 


(3.30) 


Jr-:  tis.  £j££Ju&  I  jjfl 


It  then  follows  from  Equation  (3.26)  that  the  Fourier  trans¬ 
form  pair  for  the  complex  envelope  of  the  nta-order  component  of 
the  output  referred  to  the  set  of  carrier  frequencies  v  is 


(t) 


nl 


A-k> 


•v 


CO 

h'f  °nv(-f) 


tt*k 

i=l  K 


j  2nf .  t 

(f.)e  1  df.. 


(3.31) 


in  which  is  the  set  of  frequencies  which  sum  to  v  as  specified 
by  Equation  (3.21)  and 


(f) 


-j2rrf .  t 
(t)e  1  df. 


(3.32) 


These  last  two  equations  relate  the  complex  envelopes  of  input 

ant  output  signals  and  are  central  to  the  discussion  that  follows. 

til 

In  addition,  we  have  the  relations  between  the  n  -order  envelope 
components  and  the  composite  output  envelope  about  v 


qv(t)  -  qnv(t)' 
n=l  — 

v 


(3.33) 


Qv(f) 


T, 

n-1 


Vf) 


(3.34) 


v 

We  are  using  the  notation  of  under  the  summation  to  denote  that 
for  each  n,  all  the  sets  that  differ  by  other  than  permutation, 
are  included  in  the  sum. 
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3 . 3  Frequency  Power  Series  Canonic  Model 


In  linear  analysis  of  communication  channels  and  receivers, 
efficiencies  of  characterization  can  be  achieved  through  the  use 
of  certain  "canonic"  models.  A  canonic  model  originates  with 
approximations  to  the  full  mathematical  representation  of  the 
input-output  relationships.  These  approximations  are  then  in¬ 
terpreted  in  terms  of  suitable  signal  processing  structures  Which 
can  serve  as  a  canonic  model  for  the  class  of  actual  systems  de¬ 
scribed  by  the  model.  Thus  the  canonic  model  will,  in  general, 
have  a  different  structure  than  the  actual  system  but.  When  as¬ 
signed  proper  parameters,  will  mathematically  perform  like  the 
actual  system.  The  more  restricted  the  class  of  systems  being 
modeled,  and  also  the  class  of  input  signals,  the  simpler  the 
canonic  model.  Examples  of  canonic  models  of  time-varying  linear 
systems  can  be  found  in  the  work  of  Zadeh [1950],  Kailath  [1959], 
Gersho  [1963]  and  Bello  [1962Q. 

In  this  section  we  generalize  the  linear  canonic  models 
based  on  che  Taylor  series  expansion  of  the  linear  transfer 
function  of  a  system  about  its  operating  frequency  to  the  multi¬ 
variate  Taylor  expansion  appropriate  to  the  nonlinear  systems. 

We  call  this  canonic  model  the  Frequency  Power  Series  Canonic 
Model. 

The  simplest  ca^e  occurs  when  the  nonlinear  transfer  function 

H  (f  -..,f  )  can  be  treated  as  a  constant  about  the  set  of  fre- 
n  ,  n 

quencies  _y.  In  such  a  case  the  Fourier  transforms  in  Equation 
(3.26)  can  all  be  carried  out.  Substituting  f ^  in  the 

integrand  of  Equation  (3.26)  results  in 


q  (t)  = 
ny  -  n—  1 


n! 


n 


m  . .  .m^i  —  ® 


j 2tt  ( f ,  —  Vj  )  t 

J  K«>  2J1Vfi-vi)e 
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(3.35) 


Attack tft afcflafcfc ftf,y ^  a  g 


When  Hn(f)  is  assumed  constant  and  equal  to  its  value  at  the  set 
of  center  frequencies,  ^ ,  we  have 


H  (f) 
n  — 


Hn^« 


(3.36) 


For  our  purposes  this  relation  needs  to  hold  true  only  over  the 
region  of  frequencies  for  which  the  shifted  spectra  of  the  input 
components,  Z^ff^-v^),  i“l,...,n,  are  non-zero.  Recognizing  that 
Cii)  18  a  constant  and  that  the  n— fold  integral  cf  a  product  of 
separable  factors  is  the  product  of  n  individual  integrals,  we 
get  from  the  last  two  equations  that  the  complex  envelope  of  the 
output  component  y  (t)  is  then 


q_  (t)  =  — ■ r 

0n-l 


nl 


m  j^I . .  .m^i 


Hn<*>  A  f\ 

1=1  —  CO  1 


j2Tt(fi-vi)t 


df 


i# 


(3.37) 

Since  the  region  of  integration  is  from  -<»  to  <»,  a  linear  change 
of  variables  back  to  conveniently  allows  each  Fourier 

transform  to  be  carried  out,  or 
|.°°  j2rr  (f  ,-v.  )t 

J  \  (^-v^e  dfi  "  zk  (t)'  (3.38) 


so  that  the  product  of  these  n  integrals  is  simply  the  product 
of  n  out  of  the  2K  input  components  with  those  components  for  which 
appears  m^  times  in  the  argument  of  (^)  also  appearing  m^ 
times,  i.e., 


n 

I! 

i=l 


Z.  (t) 
*i 


K  m 

IT 

k=-K 


(3.39) 
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We  conclude  that  the  complex  envelope  of  y  (t)  is 


r\  I  nv 

qnv(t)  =  _n-l  ■  Hn(^  TT  \ 

-  2  m  * • ‘m„l  n  * 


(3.40) 


-K  K 


where  v  =  v,  ,  v-l.  » . . .  ,  vv  and  v  =  v,  +  •  •  •  +  v.,  •  By  virtue 
K1  *2  Kn  ^1  Kn 

of  Equation  (3.24)  it  follows  that  y  (t)  itself  is  given  by 


ynv(t)  " 


If  G  (f) ,  the  baseband  version  of  H  (\>),  is  bandlimited  so  that 
n^  n 

the  tail  of  the  negative  part  of  the  spectrum  does  not  extend 
into  the  frequency  region  about  2v#  then  it  follows  from  Equation 
(3.28)  that 


Bn<*>  ■  f  <a;. 


(3.42) 


in  which  0  =>  (0,0X...,0),  so  that  the  complex  envelope  of  the 
output  can  then  be  also  given  in  terms  of  the  baseband  n  -order 
response  0^(0)  * 


<Wt) 


-  o  »)  TT  ^(t>. 

2%!  l  •  •  »m  l  k=-K 

— K  K 


(3.43) 


This  equation  can  also  be  derived  more  directly  from  Equation 

(3.31)  by  assuming  that  G  (f)  =  G  (0).  The  G  (0),  similar 

n^  nj^  nj2 

to  the  (j^) ,  are  complex  coefficients  denoting  the  spectral 
density  of  the  complex  envelope  at  one  set  of  frequencies. 
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It  should  be  noted  that  the  index  v  on  the  spectrum  of  the 

complex  envelope  is  important  as  the  indication  of  the  set  of 

frequencies  to  which  the  envelope  is  referred.  The  coefficient, 

G  (0) ,  has  the  argument  0  and  would  be  ambiguous  without  this 

n.y  ” 

subscript. 

A  simple  example  that  effectively  illustrates  the  applica¬ 
tion  of  Eq. (3.28)  is  to  the  case  of  a  signal  s^ft)  at  center  fre¬ 
quency  v^,  and  two  interfering  signals  i2(t)  and  ^(t)  at  center 
frequencies  v2  and  v3,  respectively;  i.e., 

r  J2nv  tA 

/  t .  \  r.  _  i  _  /i.  \  A  V 


x^(t)  =*  Re 


(t)e 


x2(t)  =  Re  |i2(t)e 
x3 (t)  =  Re  f i3 (t)e 


j  2nv2t< 

% 

j2TTV-t^ 


(3.44) 


Some  of  the  more  important  components  specified  by  Eq.  (3.28)  for 
this  example  are  tabulated  in  Table  3-1.  The  first  three  columns 
of  this  table  give  the  name  of  the  component  as  used  in  interfer¬ 
ence  studies,  its  frequency  region  and  its  complex  envelope.  Note 

that  the  coefficients  H  (v, )  in  front  of  each  product  are 

n  l  n 

generally  complex  and  are  different  for  a  different  set  of  inter¬ 
acting  frequencies.  This  can  be  contrasted  to  the  conventional 
approach  to  a  three-tone  input  in  which  one  would  have  modeled  the 
nonlinear  response  by  a  power  series  with  real  coefficients  of  the 
same  value  for  components  of  the  output  of  the  same  order; 


y(t) 


f  j2irv  t  : 
n  Re\fle  +A2e 


j2TTV2t  j 


+A3e 


1- 


(3.45) 
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The  amplitudes  of  the  three  tones  are  A^,  and  A3#  and  the 
coefficient  a3  is  typically  opposite  in  sign  to  a^,  whence  the 
term  ''compression'1  *  The  lasb  column  in  Table  3-1  shows  the 
amplitudes  of  the  various  frequency  components  in  this  series 
by  way  of  comparison  to  the  just  discussed  simple  case  of  fre¬ 
quency  power  series  with  a  constant  nonlinear  function. 


If  the  variation  of  H  (f,,f_***,f  )  from  a  constant  value 

n  1  2  n 

in  the  regions  around  v.,,v0***v  is  primarily  linear,  then  H  can 

x  «  n  n 

be  expanded  in  a  Taylor  series  containing  only  the  first  power  of 
each  frequency,  namely 


H  (f) 
n 


-  +  <frV  T? 


(f2~v2^ 


fcf. 


f=V 


t>H  ( f ) 

‘+(f„  “Vn)-T? - 

n  n  ox 

n 


f=v 


(3.46) 


In  Equation  (3.46)  we  have  again  used  the  vector  notation  t  and  jy 
for  convenience,  where 

f  =  /V  ...f  \ 

“  \  1  2  V 

*  =  (VVvn> 

and  a  vertical  bar  signifies  that  the  function  is  evaluated  at 
one  point.  Figure  3.1  shows  a  first-order  nonlinear  transfer 
function  H^(f),  and  two  spectral  regions  of  center  frequencies 
v,  and  and  bandwidths  B.  and  B  .  The  tangents  drawn  to 
H^(f)  at  and  V2  represent  the  two-term  (i.e.  constant  plus 
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one  derivative)  frequency  power  series  expansion  of  H^(f)  at 
these  two  frequencies.  It  is  seen  that  the  curvature  of  H^(f) 
is  such  that  the  two-term  representation  is  better  at  than 
at  A  quadratic,  or  three-term,  expansion  might  be  required 

to  adequately  represent  H^(f)  at  v2  when  the  signal  bandwidth 
is  B2. 

Similarly,  G  (f)  can  be  expanded  in  a  Taylor  series  about  0 

n  bG  (f) 

V1’  -  Sn^(fi)  +  £  *4  -5^-  *  0.47) 

f=0 

More  generally,  the  p-th  order  term  in  the  multivariate  Taylor 

series  expansion  of  G  (f)  can  be  shown  in  the  abbreviated  form 

nv  — 

,  (3.48) 

f=0 


in  Which  the  factor  in  the  square  bracket  operates  on  G  (£) . 

When  these  operations  are  carried  out  individual  terms  are  of  the 
form 

- A -  f1  A../"  (3.49) 

pi‘P2*-v  1  2  *  K  jrf  - 

b  f . b  f0’**b  f 
j.  d  n 


in  which  ranges  over  all  integers  from  zero  to  p,  and 


Pl  +  p2  +  ...  +  Pn  -  P 


(3.50) 
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In  general,  the  full  multivariate  Taylor  series  expansion  of 

Q 

n^(f)  is  then  the  multiple  sum 


G 

*2 


(i) 


E  E 
P=0  £ 


_ 1_ 


aGay(£  1*  *  *  *  * 

P1  P2 
a  P1a  f2.. 


fn> 


Pn 

.a  nf 


n 


(3.51) 


in  which  £  denotes  the  summation  over  all  the  permutations  of  p^ 
satisfying  Equation  (3.50).  The  total  number  of  such  permutation 
is  the  number  of  ways  in  which  p  objects  can  be  allocated  into  n 
cells  and  is  (n+^~*)*  Thus  there  are  three  linear  terms  and  four 
quadratic  terms  in  the  expansion  of  the  third-order  nonlinear 
response  (p=2,  n=3). 

If  we  substitute  for  GnV(J)  in  Equation  (3.31)  its  multi¬ 
variate  Taylor  series  expansion  specified  above,  the  integral 
in  Eq.  (3.31)  becomes 


Note  that  the  first  factor  in  the  integrand  is  now  a  constant  so 
that  the  integrand  becomes  separable,  i.e.,  the  multiple  integral 
of  Equation  (3.34)  becomes  now  a  product  of  individual  integrals 
because  each  factor  of  Equation  (3.52)  depends  only  on  f^. 
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Taking  time  derivatives  of  both  sides  of  the  Fourier  transform 
relationship  Equation  (3.49) ,  we  observe  the  relationship 


(2nj)p  [kit )ei2"ftd£  =  ,  z(P>(t). 

r-  atp 


(3.53) 


where  z  ^  (t)  defines  an  abbreviated  notation  for  the  pth  deri¬ 
vative  of  z  (t) .  Thus  each  of  the  n  individual  integrals  arising 

in  Equation  (3.52),  after  the  constant  in  the  integrand  is 

til 

recognized,  is  proportional  to  the  p  derivative  of  the  wave¬ 
form  z^ (t)  denoted  by  z^p^  (t) .  With  this  notation,  the  complex 
envelope  of  the  n-order  output  component  referred  to  v  has  the 
expansion 


<2_  (t) 
n^ 


w  (nym  k»***#wk) 
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b  J f  b  f  *  •  •  b  1  f 
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i=el  (2rrj ) 
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(3.54) 


in  which  the  sum  is  over  all  the  p^,...,  pn  whose  sum  is  p  and 

each  p^  ranges  over  all  the  integers  from  0  to  p.  A  great 

simplification  has  occurred  relative  to  Eq.  (3.31)  in  that 

instead  of  a  multiple  integration,  we  now  can  compute  the  complex 

til 

envelope  of  the  n  -order  output  due  to  the  intermodulation  of 
the  input  components  at  v  as  a  sum  of  weighted  products  of  various 
derivatives  of  these  input  components.  The  weights  are  time- 
independent  coefficients  evaluated  at  the  center  frequency  of 
the  baseband  envelope  f  “  0,  ...,  f  =  0. 


This  hind  of  an  expansion  structures  the  system  as  a  series 
of  differentiators  (to  form  z(p)(t)),  and  multipliers  (to  apply  the 
proper  complex  coefficients) for  each  product  in  the  sum. 


The  utility  of  the  frequency  power  series  expansion  is  pre¬ 
dicated  on  the  convergence  of  the  terms  in  p,  so  that  just  the 
first  few  terms  of  the  expansion  may  suffice  in  generating  an 
adequate  approximation.  As  an  example  consider  the  frequency 
power  series  canonic  model  structure  for  a  two-tone  input  (K=2) , 
third  order  output  (n=3)  and  a  two-term  nonlinear  response  (p»0,l) 
using  the  expansion  of  H  (^)  about  ^  =  (v_ ,  v. ,  V.,) .  In  the  interest 
of  further  simplicity  denote  the  first  derivative  dz(t)/dt  = 
z(1)  (t)  by  z(t) . 

For  this  example,  if  a  linear  dependence  in  each  input  fre¬ 
quency  regioft  approximates  H3  (f )  sufficiently  well,  the  third- 
order  complex  envelope  of  the  output  component  due  to  the  inter¬ 
modulation  of  input  components  at  .y  is  given  by 


[b3(v1.v1,v2)  z[(t)  z2M 


2  &H- ( V.  ,  V.  ,  v2) 

+  2rij*  -  Z1M  *l(t)  z2(t) 


2nj 


Of, 


l»v2'  2  1 

z~(t)  i2(t)J  , 


(3.55) 


where  6h3 (v^ V2, V3)/t>f i# i=l* 2 , 3 ,  denotes  that  the  derivative  of 
H3(f^,f2,f3)  is  evaluated  at  f^=v^,  f2=v^,  and  f3=\»2*  and  from 
Eq,  (3.42)  Hn(f)»0nv(f)/2. 

Figure  3.2  shows,  in  block  diagram  foroi,  the  canonic  model  of 

Equation  (3.55).  The  signal  flow  is  from  left  to  right,  z,  (t)  is 

2  * 
differentiated  to  form  1^.  z ^  is  multiplied  by  z2  and  their 
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product  is  multiplied  by  a  complex  gain  H3 V^,  Vj) * 

^lzlz2  and  z^z2  are  formed  and  multiplied  by  a  complex  gain 
(l/2tTj)2  and  (l/2rrj )  MI3  (j^)  respectively.  The 

three  products  are  summed,  multiplied  by  3/4,  shifted  to  the 
intermodulation  product  frequency  2v^+v2,  and  the  real 
part  taken  to  form  y3^(t) .  The  canonic  model  operations  are 
straightforward  numerical  processes,  as  contrasted  to  the  triple 

integration  required  if  the  full  integral  of  Eq.  (3.31)  were  to  be 
carried  out.  An  examination  of  Equation  (3.55)  illustrates 
the  addition  of  perturbation  terms  to  the  first  term  Which  is  a 
simple  intermodulation  product  with  a  complex  coefficient.  These 
perturbation  terms  correct  the  first  term  to  allow  for  the  fact 
that  the  spectrum  of  the  multivariate  impulse  response  is  not  con¬ 
stant  over  the  bandwidths  of  z^(t)  and  z2(t).  The  essence  of  the 
canonic  model  representation  is  that  for  each  ^  we  now  need  only 
a  set  of  coefficients  to  represent  effects  of  a  particular  non¬ 
linear  circuit;  the  structure  of  the  circuit  itself  need  not  be 
known. 


3 .4  Tapped  Delay  Line  Canonic  Model 

The  nonlinear  transfer  function  may  change  too  much  within 
the  frequency  region  corresponding  to  the  bandwidths  of  the  in¬ 
put  signals  for  the  first  few  terms  of  the.  Taylor  series  expan¬ 
sion  to  provide  a  useful  approximation.  Under  these  conditions, 
we  may  find  recourse  to  another  canonic  model  based  on  the  re¬ 
presentation  of  the  nonlinear  impulse  response  of  order  n  as 
an  expansion  using  multivariate  sampling  functions  at  suitably- 
spaced  periodic  intervals.  This  model  is  called  the  Tapped  De¬ 
lay  Line  Canonic  Model  because  the  signal  processing  structure 
which  relates  the  input  components  to  the  output  signal,  is  a 
tapped  delay  line. 
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If  ?  low~}.a..;s  complex  waveform  g(t)  is  band-limited  to  the 
frequency  region  tfl<  B/2,  we  denote  the  resulting  band-limited 
waveform  by  g(t).  The  band-limited  waveform  can  be  expanded  by 
the  sampling  theorem  as: 

~ v  t  ain  rrB(t-rT) 

g(t)  -  ^g(rT)  ^(t-rT)  .  (3.56) 

in  which  ^f(rT)  ic  ohe  value  of  cf{t)  at  t=rT,  commonly  known 
as  a  sample  value,  and  T  »  1/B.  We  denote  the  interpolation 
function  jn  Bq.  (3.56)  by  sine  B(t-rT)?  that  is 


VV"'V  =Er-  =  gnv 

rl  n 


(3.61) 


in  which  each  r^  assumes  all  integer  values  and  the  sampling 
interval  is  the  reciprocal  of  the  bandwidth  in  the  i~th 
coordinate,  i.e.,  The  coefficient  g^  (r^,  *  *  *  *  rnTn) 

is  a  sample  value  of  the  n-dimensional  envelope  of  the  n-th 

order  impulse  response  at  t1csr1Ti*  t2=’r212  etc*  The  virtue  of 
expanding  g  (t)  in  this  fashion  is  that  in  any  n-fold  Integra- 

tion  in  which  it  appears  as  a  kernel,  the  kernel  rw  becomes 
separable  and  the  n  integrations  can  be  carried  out  individually. 

Taking  the  multidimensional  Fourier  transform  of  both  sides 
of  Eq.  (3.61),  we  now  get 


n 


G  (f )-  E  g  (rT)TT  r“  (Rect  ~)  e 

\  l  ""  nvl  n  n  . 
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nv 
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(3.62) 


in  Which  f  and  rT  denote  (f1,*#*,fn)  and  (riTi»  *  *  ’  »rnTn ) 
respectively  and  the  subscript  r  under  the  summation 

denotes  the  multiple  sum  over  r^  r2'**''rn  each  ran9in(3  over 
all  integers. 

Recall  t 

by  Eq.  (3,27)  implies 


Recall  that  the  narrow-band  representation  of  hn(jt)  defined 


VJL) 


2  + 


(3.63) 
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Thus  the  integral  P(t;V)  of  Eq.  (3. 17^  Which  appears  in  the  expression 
relating  the  n-th  order  output  Yn(t)  to  an  input  x  (t) ,  consist¬ 
ing  of  the  sum  of  narrowband  signals  with  complex  envelopes 


z  (t) ,  is 
"i 


'  2  £ '  /[Gnv— 1  +  %  <=£=•»>]  fr \  . 


j  2rrf ,  t 

(fr\  )e  dV 

Ki 

(3.64) 


or 


j2rr(§i+Vki)  t 
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)t 


)e 
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(3.65) 


Assume  that  each  input  signal  z^(t)  is  also  bandlimited  to  a 
bandwidth  no  larger  than  B^«v^#  so  that 
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TT  2. 
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(3.66) 


and 


onv(yTt  v  <-5r2v>  -  °-  <3-67) 

“  i*l  i  i 

Substituting  from  Eq.  (3.62)  into  (3.65)  aid  taking  into  accovmt 
the  last  two  equalities#  we  get 
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1  1  tr.ir/'kfi 


j2n?V 
1  1  TT^ 

_r  —  i=l 

Executing  the  multidimensional  Fourier  transform, 

,  n  , 

Pttli-fsg  W»e  1  ^  A 

*  r  i«l"i  *'i 


j2n§  (t-r.T, ) 

)e  1  11d51.  (3.68) 


It  if"  \  (t-r.T, ). 


i  i 


(3.69) 


Finally,  substituting  for  P ( t j _V  )  in  Eq.  (3.16) 
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y  (t) 
Jn 
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2n+1  kl=_K 
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2  g  (rT)"[t  (t-r.T.  j 
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-1  j  2n2N^t 
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(3.70) 


The  right-hand  side  of  Eq.  (3.70)  contains  conjugate  component  pairs 

in  k,  which  makes  it  a  real  function  of  time  as  is  y(t).  For  a 
i 

specific  frequency  set  jy  such  that  v  =  -m__Kv_K+.  •  .+✓  mKvK  ^rom  E<5* 

(3.25),  the  complex  envelope  of  the  output  of  order  n  referred  to 

v  becomes  ^ 
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(3.71) 


Again  a  great  simplification  has  resulted  relative  to  Eq.  (3.31) 


in  that  a  multiple  convolution  is  replaced  by  the  sum  of  weighted 
products  of  the  intermodulating  input  components  with  various 
time  displacements  relative  to  one  another.  The  last  expression 
serves  as  the  basis  for  the  tapped  delay  line  canonic  model.  In 
this  model  the  n-th  order  response  is  obtained  by  passing  each 
complex  envelope  of  the  narrowband  components  of  the  input  through 
a  tupped  delay  line  with  taps  uniformly  spaced  at  1/B^  intervals, 
where  is  the  bandwidth  of  the  i~th  input  component. 
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All  the  various  products  of  such  delayed  envelopes  are  formed  and 

weighted  by  a  suitable  complex  coefficient  and  then  added  to 

form  the  complex  envelope  of  the  output  of  order  n  for  the 

frequency  set  Clearly,  the  utility  of  such  a  model  depends 

on  the  convergence  of  the  multiple  sum  in  Eq.(3.71)  so  that  only 

a  finite  number  of  taps  need  be  used.  In  other  words,  the 

coefficient  £  (r. T, , . . . , r  T  )  should  decrease  rapidly  for  all 

n^  linn 

r^  as  the  absolute  value  of  r^  increases  since  the  requirement 
for  long  delays  would  render  the  model  impractical.  Thesa  coeffi¬ 
cients  are  frequency  independent  and  are  evaluated  at  discrete 
sample  points  only. 


The  simplest  example  that  illustrates  the  tapped  delay  line 

a.1. 

canonic  model  is,  of  course,  the  case  in  which  the  n  order  non¬ 
linear  impulse  response  at  a  set  of  frequencies  \>  can  be  effec¬ 
tively  modeled  by  a  single  tap  only.  This  occurs  When  the  system 
is  not  dispersive  and  its  frequency  response  is  a  constant. 

In  this  case,  the  complex  envelope  of  the  n  order  output 
in  the  frequency  zone  centered  on  v,  generated  by  the  input  ex¬ 
citations  centered  on  v^, v2' ’ * ’ *  Vn'  *s  9*ven 


q  (t) 


nl 


*  * 
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BlV”Bn  to*  -K 


K  "Sc 

TT  (t  -  j^^). 


(3.72) 


Now,  if  the  envelope  of  the  n  order  nonlinear  impulse  response 
is  constant  and  bandlimited  in  each  dimension,  then  the  multi¬ 
dimensional  Fourier  transform  relation  is  found  to  yield 


g  (0)  -  r - Pg  (f)  df  -  B.B-...B  G  (0) 

ynjv  —  J  ny  ~  ~  12  n  ny  — 
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(3.73) 
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so  that  G^CjO)  =  g^fOj/B^*  *  *Bn*  Comparing  Equation  (3.73)  for 
the  n-th  order  output  from  a  single  tap  model  to  the  Equations 
(3.40)  and  (3.43)  for  a  constant  transfer  function  model,  it  fol¬ 
lows  that  a  single  tap  delay  line  model  is  identical  to  the  one- 
term  frequency  power  series  model.  Both  are  applicable  when  the 
nonlinear  response  is  not  frequency  dependent  over  the  respective 
bandwidths  of  the  input  signals.  In  general,  however,  each  delay 
line  in  the  model  may  have  more  than  one  tap.  Wa  denote  the  num¬ 
ber  of  taps  for  z,  by  N  . 

K  K 

Another  example,  a  third-order  two-tap  canonic  model  for 
_v  v  =  ^vi+v2'  *‘s  ^-■*-^ustrate<^  i*1  Fig*  3.3.  We  assume 

equal  bandwidths  Bj=©2  and  taps  at  T  =T2«T.  The  complex  envelope 
of  the  third  order  output  for  this  case  is  explicitly 
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(3.74) 
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Pig.  3.3.  Example  of  Delay  Line  Canonic  Podel: 


Since  n**3  and  N^=N2=*2  there  are  2  «8  terms  to  be  summed  in  the 
triple  sum,  but  some  of  them  are  identical  because  the  factor  z^(t) 
occurs  twice  (k^»2)  in  the  product.  We  have  the  same  situation  as 
if  we  were  tossing  two  identical  dia*  with  two  faces  and  one  dif¬ 
ferent  dice  with  two  faces  and  counting  up  distinguishable  arrange¬ 
ments;  this  number  is  six. 

It  can  be  seen  that  these  models  become  rapidly  more  compli¬ 
cated  as  the  number  of  necessary  taps  is  increased.  In  general, 
if  the  delay  line  for  zj^  has  taps,  then  the  sum  over  each  r^ 
in  Eq.  (3.71)  ranges  only  from  1  to  N^.  Moreover,  since  permuta¬ 
tions  within  the  argument  of  gnv(rT)  do  not  affect  its  value,  some 
of  the  terms  in  the  multiple  sum  in  Eq.  (3.71)  have  the  same  value. 
The  number  of  ways  of  placing  indistinguishable  factors  (t) 
in  one  of  the  tap  positions  is  given  by  the  combinatorial  coef¬ 
ficient 


NJc  +mk  -  1 


(3.75) 


Thus  if  z,^(t)  occurs  m^  times  in  the  iterated  product,  the  num¬ 
ber  of  distinguishable  terms  in  Eq.  (3.71)  is 
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IT 
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N.  +1 
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(3.76) 


in  Which  each  factor  with  »  1  is  unity. 
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3.5  Frequency  Power  Series  Canonic  Model: 

Sinusoidally  Modulated  Signals 

3.5.1  Crossmodulation  and  Desensitizaticn 

In  this  section  we  present  the  frequency  power  series 
canonic  model  for  the  case  of  sinusoidally  modulated  desired 
and  interfering  signals.  Specifically,  the  distortion  products 
which  are  analyzed  are  the  compression,  desensitization,  and 
crossmodulation  terms.  The  canonic  model  is  developed  using 
the  constant  and  first  derivative  terms.  The  desired  signal 
frequency  is  with  complex  envelope  z^  (t)  ,  and  the  undesired 
signal  is  at  frequency  with  complex  envelope  (t) .  As¬ 
suming  that  third-order  nonlinearities  are  dominant,  the  output 
complex  envelope  at  frequency  v-^  may  be  expressed  as 

3  3 

q(t?v1)  “q^t^)  +  j  q3  (t ;  q3  (t  ?  \>2  ,-v2)  . 

(3.77) 

The  first  term  of  Equation  (3.77)  represents  the  linear  response 
to  the  desired  signal,  the  second  represents  third-order  effect', 
involving  only  the  desired  signal,  i.e. ,  compression,  while  the 
last  term  gives  the  third-order  nonlinear  effects  involving  both 
signals,  i.e.,  desensitization  and  crossmodulation.  It  is 
assumed  for  simplicity  that  the  linear  undesired  signal  response 
at  \»2  is  out-of-band  and,  therefore,  can  be  neglected.  Including 
only  the  first  two  terms  of  the  frequency  power  series,  the  out¬ 
put  terms  of  Equation  (3.77)  may  be  represented  as 
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The  second  terras  on  the  right-hand  side  of  the  frequency 
power  series,  Eqs.  (3. 78) , - (3 .80) ,  contain  derivatives  of  the 
nonlinear  transfer  functions  and  the  signals.  They  are  signi¬ 
ficant  when  the  transfer  functions  cannot  be  considered  flat 
over  the  bandwidths  of  the  signals  involved,  and  additionally, 
are  the  source  of  PM  crossmodulation.  Equations  (3.78),  (3.79), 
and  (3.80)  are  general  expressions  for  arbitrary  modulation  on 
the  desired  and  undesired  signal.  In  the  following  sections 
simple  expressions  for  sinusoidal  AM  and  FM  combinations  will 
be  developed  and  simplified  for  the  particularly  important 
situations  of  small  distortion  at  the  post-detector  output. 


3.5.2  AM-AM  Crossmodulation 

3 . 5 . 2 . 1  Predetection  Spectrum;  AM-AM 

We  now  specialize  Equations  (3.78)  -  (3.80)  to  the  case 
of  sinusoidally  amplitude-modulated  desired  and  interfering  sig¬ 
nals.  The  complex  envelopes  of  these  signals  may  be  written  as 

z^t)  »  A^(l  +  cos  2rrp^t) ,  (3.81) 


z2(t)  =  A2(l  +  a2  cos  2Ttp2t). 


(3.82) 


The  symbols  and  a2  represent  the  modulation  indexes  of  the 
desired  and  interfering  signals,  while  and  are  the  modu¬ 
lating  frequencies.  With  this  notation,  Eqs.  (3.78)  -  (3.80) 
may  be  evaluated  explicitly  in  terms  of  the  signal  parameters. 
In  each  case  a  number  of  frequencies  are  involved;  both  the 
cophasal  and  quadrature  components  appear  with  complex  coef¬ 
ficients,  Table  3.2  summarizes  the  frequencies  involved  in 


172 


TABLE  3.2 

FREQUENCIES  APPEARING  IN  COMPONENTS  OF  qfcfVj.) 


eacn  of  the  terms  q^(t;v^)#  (t  j  #-v^)  #  and  q3  (t;  v1#'J2#“V2) . 
The  equations  for  these  three  terms  are  given  in  Table  3.3. 

We  may  represent  q(t?v^)  as  a  sum  of  the  form 

Kt'Vi)  -  *0  +  Jy0  +  s  [<**  +  :yck)  =«  2nf  t 

k 

+  (xsk  +  jysk)  sin  2TTfict]*  (3.83) 


The  f^  are  the  frequencies  appearing  in  Table  3.2  and  the  coef¬ 
ficients  may  be  obtained  by  summing  the  appropriate  coefficients 
appearing  in  Table  3.3  according  to  Eq.  (3.77).  The  real  sig¬ 
nal  corresponding  to  the  complex  envelope  qftjv^)  is  given  by 


y  (t) 


j2TTv1t 

Re  |q(t;v1)e  J. 


(3.84) 


Inserting  Eq.  (3.83)  into  Eq.  (3.84)  and  carrying  out  the  neces 
sary  trigonometric  manipulations  gives  the  signal  structure  at 
the  output  of  the  system,  or 


y(t)  “  cos  2rrv, t  -  y^  sin  2rrv.t 
o  l  o  l 

rxck  +  ysk 

+  I  [  cos  2rr(v1  +  fk)t 

k 


+  -B,k  “  ,ysk  sin  2^^  +  ^)t 
+  2  Yqk  cos  2n(Vl  -  fk)t 


Xsk  +  yck 


sin  2tt(v1  -  f^)t  . 


(3.85) 
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where 


TABLE  3.3.  (Continued) 


I' 


r 
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The  spectral  structure  of  the  signal  may  be  obtained  immediately 
from  this  representation.  The  amplitude  of  the  carrier  is  given 
by 


,2  A  2 
x  +  y  i 
o  Jo 


(3.86) 


the  amplitude  of  the  sideband  at  +  f^  is  given  by 


—  </(x  .  +  y  .  ) 2  +  (x  _  -  y  .  ) 2 , 
2  ck  ■'sk  sk  ^ck 


(3.87) 


while  the  amplitude  of  the  sideband  at  is  given  by 


a 


2  *'(xck  '  y8k>2  +  (xsk  +  yck)2- 


(3.88) 


3. 5. 2. 2  Post-Detection  Spectrum;  AM-AM 

The  output  of  an  ideal  envelope  detector  is  the  magnitude 
of  til#  complex  envelope  of  the  signal  applied  to  the  detector. 
Exact  calculation  of  the  detector  output  corresponding  to 
Eq.  (3.83)  would  result  in  a  form  unsuitable  for  spectral 
analysis.  However ,  an  accurate  approximation  can  bo  made  based 
on  the  assumption  that  the  distortion  components  are  small  re¬ 
lative  to  the  desired  signal.  Thus  Eq.  (3.83)  is  rewritten  in 
the  form 

q(t;v1)  *  (xQ+  jyQ)  +  (xcl  +  jycl)  cos  2n^t  +  (xfll+  jyfll) 

.  sin  2n^t  +  e^t)  +  je2(t),  (3.89) 
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where  e,  (t)  and  e0(t)  are  the  low  magnitude  distortion  terms. 
1  -1  Yo 

If  we  let  =  tan  “  this  can  also  be  written  in  the  form 
°  xo 


q(t;v1)  “  [(xq  +  y^  +  (xcl  +  jycl)e  °cos  2-rr^t 

- 


+  (x  +  jysl)  e  sin  2nu1t 


-jjrf  -j jrf  _ 

,  O  / ,  v  .  «  O  < ,  »  1  o 

+  e  (t)  +  ]e  e2  (t)  je 


(3.90) 


The  magnitude  is 


|q(t;  v^l  =^[(Xo  +  yo)  +  Re^'xcl+  jycl)e  °^COS  2^lfc 


-j*0 

+  Re((xsl  +  jy  )e  )  sin  2rr|i1t  +  e-^tt)  cos  f6Q 

2  r 

+  e2(t)  sin  f6Ql  +  Im{  (xcl  +  jycl)e  )cos  2^^ 

-  j  f6 

+  lm{(xsl  +  jysl)e  °)  sin  2TTULjt 


-  c1  (t)  sin  f6Q  +  e2  (t) 


(3.91) 


The  cosinusoidal  component  at  the  signal  frequency  is  predominant 
ly  the  linear  component  which  is  at  the  same  phase  angle  as  the 
carrier.  Thus  the  phase  angle  of  the  cosinusoidal  signal 
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frequency  component  is  approximately  equal  to  that  of  the 
carriers 


tan” 


1 


(3.92) 


Thus  the  first  term  in  the  second  bracket  of  Eq.  (3.91)  is  small. 
The  second  term  in  this  bracket  will  be  small  as  long  as  fre¬ 
quency  selective  effects  are  a  small  part  of  the  linear  transfer 
function.  Thus  the  second  bracket  in  Eq.  (3.91)  contains  only 
small  terms  and  its  square  may  be  neglected,  giving 


/  2  2\h 

|q(t;Vl)|  =  (xQ  +  yQJ  +  Ret(xcl  +  3Ycl)e  )  cos  2^^ 

“J*0 

+  Re{(xsl  +  3Ysl)e  }  sin  2-rr^t  +•  ft)  cos  t&Q 


+  e_  (t)  sin  6. 
2  O 


(3.93) 


These  approximations  are  equivalent  to  retaining  only  those  com¬ 
ponents  of  Eq.  (3.90)  that  lie  in-phase  with  the  carrier  compo¬ 
nent  xQ  +  jy  .  Having  established  this  result  it  is  a  simple 
exercise  to  complete  the  spectral  analysis  of  the  AM  detector 
output.  The  amplitude  of  the  desired  signal  is  given  by 


ft 


xclcos  +  ycl  sln  '‘o’2  +  <xsl  cos  *o  +  ysl  ai^o)2. 


(3.94) 


while  the  amplitude  of  the  k'th  distortion  component  i, 
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The  analysis  presented  in  the  preceding  section  includes  a 
large  number  of  distortion  components.  In  many  situations  only 
the  crossmodulation  component  at  the  undesired  modulation  fre¬ 
quency  v^2  ke  of  interest.  Furthermore,  there  are  situations 

where  frequency  selectivity  will  not  be  sufficient  to  affect  the 
crossmodulation  levels;  in  this  case  only  the  first  term  in  the 
frequency  power-series  model  is  required.  Therefore,  in  this 
section  we  repeat  the  analysis  of  the  preceding  section  with 
these  simplifying  assumptions. 

Neglecting  the  second  term  of  the  frequency  power-series, 
the  linear  response  may  be  written 

ql^t?vl^  “  AlHi^vi*  +  alAlHl^vl^  cos  2TT'iit*  (3.96) 

The  third-order  term  involving  only  the  desired  signal  (compres- 
sion)  q^ (t ; will  be  neglected  entirely;  the  third- 
order  crossmodulation  term  can  be  written  as 

2 

q3(t;v1.  v2'-v2)  ■  2a2A1|A2l  B3  (v^  v2»-v2)  cos  2n^t. 

(3.97) 

All  contributions  from  the  second  term  of  the  frequency  power- 
series  and  all  frequencies  other  than  ^2  have  been  ignored. 
Combining  these  terms  according  to  Eq.  (3.77)  gives 
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q  <-fc ;  )  *  Al[Hl^vl^  +  alHl^vl^  003  2TT*ilt 


+  3a2|A2|2  H3  (v1#  v2 »-v2)  cos  2ri(i2tJ.  (3.98) 


Substitution  of  these  coefficients  into  Eqs.  (3.86),  (3.87),  and 
(3.88)  gives  the  spectral  structure  of  the  prede^gccion  signal, 
as  shown  in  Fig.  3.4a.  Note  that  corresponding  upper  and  lower 
sidebands  are  equal  because  of  the  assumed  absence  of  frequency 
selectivity.  The  ratio  of  crossmodulation  sideband  amplitude 
to  carrier  amplitude  is  given  by 


■sr*.  ■ 


^3(Vv2 


H1  <V  I 


(3.99) 


These  amplitudes,  observed  at  intermediate  frequejatUfes,  depend 
on  the  magnitudes  of  (v^)  and  (v^# v2 #-v2)  but  not  on  their 
phases. 

The  post-detection  signal  structure  for  this  simplified 
case  may  be  obtained  by  substituting  the  coefficients  of  Equa- 
ttOtt  (3.98)  into  Eqs.  (3.94)  and  (3.95).  The  results,  normalized 
by  jA-H-fv,)!  to  give  unit  dc  amplitude,  are  shown  in  Fig.  3.4b. 

I  . 

Note  that  in  this  case  the  relative  phase  of  and 

H,  (v,  •  v„,-v„)  is  significant  in  determining  the  cro&sv&odulation 
level.  Relative  to  the  desired  signal  amplitude,  the  cross¬ 
modulation  level  is 


{• 


H1(v1) 


(3.100) 
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1  n3 


a)  IF  Spectrum 


0  Hz  f“ *“ 


b)  Detector  Output  Spectrum 
Fig.  3.4.  Approximate  AM-AM  Crossmodulation  Spectra. 


183 


3.5.3  FM-AM  Crossmodulation 


3. 5.3.1  Demodulated  Spectrum 

In  this  section  a  sinusoidally  FM  modulated  desired  signal 
in  the  presence  of  a  sinusoidally  AM  modulated  interferer  is  as¬ 
sumed.  The  complex  envelopes  of  these  signals  may  be  written  as 

al 

j  —  sin  2TT^.t 

Zl(t)  =  Axe  A  ,  (3.101) 

^""and 

z2  (t)  =  a2(1  +  a2  cos  .  (3.102) 

The  instantaneous  frequency  of  the  signal  corresponding  to  z  (t) 
is  cos  2rr(it;  thus  is  the  peak  frequency  deviation  and 
is  the  modulation  index.  With  these  definitions,  the 
terms  of  the  canonic  model  may  be  evaluated,  as  was  done  in 
the  AM-AM  case.  The  results  appear  in  Table  3.4.  It  should 
observed  that  all  terms  include  the  complex  envelope  z^(t) 
of  the  desired  signal  as  a  multiplicative  factor.  Thus  it  is 
natural  to  write  the  complex  envelope  in  the  form 

q(t?vx)  -  zx(t)[xo  +  lY0  +  E(xck  +  jyck)  cos  2nfkt 

k 

+  E(xsk  +  jygk)  sin  2rrfkt].  (3.103) 

k 
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FREQUENCY  POWER-SERIES  NONLINEAR  CANONIC 
MODEL  EXPRESSIONS  FOR  SINUSOIDAL  MODUIATION 


F 


In  this  case  the  desired  modulation  appears  in  the  factor  z^t) 
and  all  of  the  terms  appearing  in  the  bracket,  with  the  excep¬ 
tion  of  x  +  iv  ,  are  the  low-level  distortion  components, 
o  o 

The  IF  spectrum  of  the  signal  corresponding  to  q(t;v1)  is 
quite  complicated  due  to  the  simultaneous  presence  of  frequency 
and  amplitude  modulation,  The  output  of  an  ideal  FM  demodulator 
is  more  accessible.  The  complex  envelope  is  first  written  in 
the  form 

r  xck+jyck 

q(t»vx)  »  zx(t)  (xo+jyo)  [^l  +  2  cos  2nfkt 


2 

k 


Xsk+jysk 

Vjyo 


sin  2rrf,  t 
k 


■] 


(3.104) 


Making  use  of  the  small.  S/fgle  approximation  this  may  be  written 
as 


q(t?v1)  e  z1(t)(xo+  jyQ)e 


}  -  »«v] 


•  e 


J[{  *&&&  2"fx] 


(3.105) 


Thus  the  output  of  an  ideal  FM  demodulator  is 


1  d 


—  ~  AUG[q(t;  Vj)3  *  cos  2tT^t 


-  *{*» 


xoyck  **  yoxck  ,  „ 

- 2—2 -  8in  2nfkfc 

xo  +  yo 


+  f, 


x  y  ,  -  y  x  . 
o'*  sk  J  o  sk 

2  ,  2 
x  +  y 
o  J  o 


COB 


2rrfktj.  (3.106) 


187 


»T  1 ! 


The  amplitude  of  the  desired  signs 1  is 


r~ 

7(a: 


a,  ♦ 


xv,  -  y  x 
oJsl  Jo 


2,2 

X  +  V 

o  Jo 


“)  +( 


x  y  ,  -  y  x  ,  2 
o  cl  clN 

^1  2.2  )  ‘ 

xo+  yo 


(3.107) 


and  the  amplitude  of  the  k'th  distortion  component  is 


2  2 
xo  +  yo 


‘Vc*  -  yoxck> 2  +  (xoysk  -  VS*’2  • 


(3.108) 


3. 5.3.2  Simplified  Analysis:  FM-AM 

A  simplified  analysis  of  FM-AM  crossmodulation  will  now 
be  made.  Using  the  approximation  made  in  the  AM-AM  crossmodu¬ 
lation  case,  the  complex  envelop**  Of  the  distorted  signal  may 
be  written  as 


qttrvj^)  *=  z^t)  +  3^2  lA2 


2  B3(vl,v2'' 


■v2> 


V',i) 


COS 


2lTlJ2t] 


(3.109) 


The  resulting  discriminator  output  is 


cl^  cos  2rriXjt  - 


3a2u2|A2l  lm{' 


VvyV 


VV 


|  sin 


(3.110) 


giving  the  post-detection  spectrum  shown  in  Fig.  3.5;  the  cross- 
modulatipn  amplitude  relative  tn  the  desired  signal  is  clearly 


c 


i-VVVV 

Iw|"  -  - 


w 


(3.111) 


Just  as  in  the  ca&e  of  the  AM  detector  output,  the  phase  of 
H3 ^vl' v2'-v2^  re^ative  H^(v^)  appears  in  the  final  result. 


3.5.4  AM-PM  and  FM-FM  Crossmodulation 

The  two  cases  discussed  previously  both  involve  an  AM  inter¬ 
fering  signal.  The  first  term  on  the  right-hand  side  of  the 
frequency  power-series  shows  that  crossmodulation  arises  from 
a  term  containing  |z2(t)J  ;  if  (t)  is  the  complex  envelope 
of  an  FM  signal  this  reduces  to  a  constant  so  that  none  of  the 
undesired  modulation  appears  on  the  desired  signal.  However, 
when  frequency  dependence  of  the  third-order  kernels  is  considered 
this  is  no  longer  the  case.  Thus  the  derivative  terms  of  the 
canonic  model  will  permit  calculation  of  crossmodulation  in  cases 
where  the  undesired  signal  is  FM  modulated.  The  importance  of 
this  form  o£  crossmodulation  as  a  source  of  degradation  will 
depend  on  the  slope  of  the  nonlinear  transfer  function  of  the 
system.  In  this  section  we  consider  the  case  of  an  AM  or  FM 
desired  signal  and  an  FM  undesired  signal;  the  next  section 
deals  with  the  case  where  both  signals  are  FM  modulated. 

The  complex  envelopes  of  the  desired  and  interfering  signals 
may  be  written  in  the  AM-FM  case  as 


z^t)  ®  A^(l  +  cos  2rr^t) , 


(3.112) 


,  . 
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and 


si”  2">'2t 

z2(t)  =  A2e  ^  .  (3.J13) 

As  before,  is  the  AM  modulation  index,  a2  is  the  peak  FM 
deviation,  the  n's  are  the  modulating  frequencies  and  the  A's 
are  (complex)  amplitudes.  Since  the  terms  q^tjv^  and 
q3 (t? v^#-\)-)  involve  only  z^  (t) ,  they  will  be  the  same  as 
in  the  AM-AM  case.  The  remaining  term  of  the  output  complex 
envelope,  q3 (t; »  appears  in  Table  3.5.  These  terms 
may  be  used  to  calculate  the  coefficients  necessary  to  evaluate 
the  IF  spectrum  according  to  Eqs. (3.86),  (3.87),  and  (3.88). 

The  output  of  an  AM  detector  may  also  be  calculated  from  Eqs. 
(3.94)  and  (3.95). 

In  the  case  of  FM-FM  signals  and  interference,  the  complex 
envelopes  of  the  input  signals  are  assumed  to  be 

al 

j  —  sin  2n|jLt 

z1(t)=A1e  1  ,  (3.114) 

and 

j  1“  sin  2TTU2t 

z2(t)«A2e  ^  .  (3.115) 

The  output  terms  q1(t?v^)  and  q3  (tfv^#  depend  only 

on  z^  (t)  will  be  the  same  as  in  the  FM-AM  case.  The  remaining 
term,  q3 (t; v2#-v2) ,  has  bean  evaluated  and  appears  in 
Table  3.6.  These  terms  give  the  output  of  an  FM  detector,  using 
Eqs.  (3*107)  and  (3.108). 
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TABLE  3.6. 

FREQUENCY  POWER-SERIFS  NONLINEAR  CANONIC 
MODEL  EXPRESSIONS  FOR  SINUSOIDAL  MODULATION 

FM-FM  CASE 


q3(t’W'V 


Sane  as  in  FM-AM  case* 


q3  (t;  vi,v2*‘*v2>  =q3^tj^  ® 

COS  2TT|Jjt 

[®3(f)  5>H3(f) 

_55r’ .  "«r 

f»j^ 

Where  v  «  vi»v2'“v2* 

v~  . 


Zj^ttJlAjI  <H3(v)  +  0^ 


&H0  ( f ) 


It  is  instructive  to  summarize  the  essential  simplicity  of 
the  fz*W£2Jency  power  series  canonic  model  for  a  particularly 
simple  yet  highly  important  example.  It  is  assumed  that  the 
input  to  the  quasi-linear  system  consists  of  a  desired  signal 
Re[S^(t)e  A  ]  together  with  two  interfering  signals 
Refl,,  (t)e^2n^t]  and  Re[l3  (t) .  Each  input  is  a  modu¬ 
lated  carrier  so  the  complex  amplitudes  for  each  are  time- 
varying.  If  we  assume  that  the  bandwidths  are  not  excessive 
compared  to  the  frequency-selectivity  of  the  system  we  can 
retain  th«  significant  portion  of  the  canonic  model  for  modu- 
lated  signals  by  simply  retaining  the  leading  terms  in  the 
frequency  power  series.  The  leading  term  can  be  readily  ob¬ 
tained  by  letting  the  complex  amplitude  of  the  unmodulated 
signals  simply  assume  a  time-dependence. 


Summarized  in  Fig.  3.6  are  the  several  linear  and  nonlinear 
responses  of  our  simplified  model.  The  inputs  to  the  system 
shown  in  the  diagram  are  the  signal  complex  amplitude  S^(t)  and 
the  complex  amplitudes  I2(t)  and  I3  (t)  of  the  two  interfering 
signaler?®*" ffe  also  show  internal  equivalent  noise  referred  to  the 
system  input.  It  has  been  assumed  that  second-order  and  terms 
higher  than  third-order  are  negligible.  These  terms  could  be 
added  at  the  cost  of  considerable  complication.  It  has  also 
been  assumed  that  the  signal  component  at  is  of  prime  interest 
and  attention  is  to  be  devoted  to  signal  degradation  at  or  near 
caused  by  the  interference  rather  than  degradation  of  the 
interference  by  the  signal.  We,  therefore,  have  omitted  many 


third-orj^x  terms  contributing  at  or  near  f.  ind  f,  as  well  as 
the  gain  compression  term  at  f^. 
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Consider  first  the  interference  situation  in  a  linear 
system.  Except  for  the  receiver  noise,  the  signal  linear  out¬ 
put  is  then  disturbed  only  by  the  linear  response  of  the  system 
to  the  interference.  The  output  can  be  written 

r  12n£.t 

y(t)  *  Re  [s^t)  e 


j2TTf  t 

+  I2(t)  ^(fg)  e 

j2nf  t 

+  I3(t)  Hl(f3)  .  ].  (3.116) 

where  the  first  term  is  simply  the  amplified  signal  while  the 
last  two  terms  are  commonly  referred  to  as  co-channel  and/or 
adjacent  channel  interference.  The  signal  path  shows  up  in 
Pig.  3.6  as  the  direct  path  through  the  middle  of  the  signal 
box.  The  interference  is  shown  in  the  box  next  to  the  bottom 
of  Fig.  3.6.  Many  investigations  of  the  effects  of  electro¬ 
magnetic  interference  are  based  entirely  upon  the  effects  of  the 
linawr  interfering  terms.  The  transfer  functions  included  through¬ 
out  this  chapter,  as  well  as  those  explicitly  illustrated  in 
Pig.  3.6,  include  equivalent  amplifier  nonlinear  transfer  func¬ 
tions  (See  Chapter  1,  Section  1.9.1).  If  the  demodul^^.w  de¬ 
tector  intended  to  recover  the  desired  modulation  contained  in 
S^ (t)  follows  the  system  shown  in  Fig.  3.6,  it  is  frequently 
convenient  to  write  Eq.  (3.116)  in  the  form 

y  (t)  ==  Re 


[q(tl 


(3.117) 
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ate- 


where  the  complex  envelope  q{t)  is 


\ 


V. 

q  (t)  «  S1  (t)  H.^)  ^ 


j2ir(f  -f  )t 

+  I2(t)  Hx(f2)e 

j2TT(f.-f.)t 

+  I3(t)  B1(f3)e  .  (3.118) 


/ 


The  characteristics  of  the  demodulated  signal  including  the 
effects  of  the  interference  are  examined  by  investigating  the 
properties  of  q(t).  For  example,  y(t)  might  be  the  output  of 
a  receiver  IF  amplifier,  that  is,  the  predetection  out¬ 

put.  The  post-detection  receiver  output  would  be  proportional 
to  the  envelope  of  y(t),  pr  |q(t)j  for  an  AM  demodulator.  The 
output  of  coherent  demodulators  as  well  as  frequency  and  phase 
demodulators  can  be  similarily  investigated  by  examining  other 
mathematical  operations  upon  q(t).  These  operations  are  frequent¬ 
ly  large  signal  nonlinear  operations  that  can  not  be  easily  car¬ 
ried  out  without  the  assumption  of  a  large  signal-to-distortion 
ratio. 


If  we  next  introduce  the  third-order  nonlinear  modification 
to  the  linear  responses  that  become  significant  either  in  dis¬ 
torting  the  desired  signal  or  in  making  its  detection  more  dif¬ 
ficult  in  the  presence  of  noise  or  interference  we  must  add 
the  additional  signal  and  interference  components  illustrated  in 
Fig.  3.6.  (As  described  earlier,  we  are  illustrating  only  the 
first  term  in  the  frequency  power  series  canonic  model) . 
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Consider  first  the  signal.  Instead  of  just  the  linear  signal 
we  now  have  at  the  output  at  frequency  f^. 


y  (t)  ■  Rejrs^t)  ^  (f^ 

f«f. 


+  f|l2(t>  I2  Sx(t)  H3(frf2.-f2) 

'iO  1  j2TTf.  t 

+  “|l3(t)P  Sx(t)  H3(fl#f3,-f3)Je  }. 


(3.119) 


This  output  component  is  shown  in  Pig.  3.6  as  the  output  from 

the  signal  box  at  the  top  of  the  diagram.  .The  phase  of 

relative  to  is  frequently  such  that  the  two  interfering  terms 

subtract  from  the  first  term  to  reduce  the  total  signal  compo- 

nsrefc-  -a.t  f^.  Hence,  the  term  desensitization.  It  sometimes 

happens,  however,  that  the  relative  phase  of  is  such  that 

the  resultant  signal  can  increase  rather  than  decrease.  The 

presence  of  modulation  on  the  interference  terms  1 2  (t)  and  I3  (t) 

also  introduces  a  transfer  of  modulations  from  the  interference 

2  2 

to  the  signal  via  the  1 12  (t) J  and  1^  (t) |  terms.  Therefore, 
both  crossmodulation  and  desensitization  nonlinear  effects  have 
a  common  origin  and  are  thus  associated  with  the  same  box  in 
Pig.  3.6.  Observe  that  the  relative  phase  of  H3  with  respect 
significant. 

The  presence  of  the  two  interferers  at  frequencies  f0  and 
f3  near  the  signal  frequency  f^  frequently  can  mask  the  presence 
of  a  weak  signal  by  the  third-order  intermodulation  distortion 
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terms  at  or  These  terms  are  contributed  by 
the  box  labeled  third-order  intermodulation  distortion  in 
Fig.  3.6.  In  particular,  the  output  components  are 


y  (t) 


,rd  , 

3  -order 

intermo¬ 

dulation 


r 3  2  *  j2tr(2f  -f  )t 

Re[|  1 12  (t)  |  I3(t)  H3(f2,f2,-f3)e 


3  *  2  j2n(2f  -£  )t 

+  4  H3  (~f2*  f3'  f3^ 6  1* 


(3.120) 


If  either  of  these  terms  is  significant  relative  to  the  signal 
term  the  signal  is  distorted  or,  if  weak,  may  be  completely 
masked.  A  common  criterion  for  adequately  low  intermodulation 
distortion  is  that  the  intermodulation  distortion  power  be  no 
la vger  than  the  receiver  noise  in  some  stated  bandwidth.  Ob¬ 
serve  that  the  phase  of  H3  in  the  intermodulation  distortion 
calculation  is  not  of  interest  since  the  nonlinear  responses 
are  not  coherent  with  the  signal  at  f^. 

Finally,  the  demodulation  detector  output  characteristics 
can  be  investigated  by  adding  up  the  several  linear  and  non¬ 
linear  components  to  generate  a  composite  predetection  signal. 
The  complex  envelope  q(t)  of  this  signal  can  be  examined  to 
investigate  the  post-detection  properties  of  the  demodulator 
output.  These  ideas  can  be  expanded  to  include  additional 
terms  in  the  frequency  power  series  or  may  also  be  applied  to 
the  tapped  delay  line  wideband  signal  canonic  model.  Both  the 


199 


time-domain  and  frequency-domain  structure  of  the  system  demodu¬ 
lator  output  can  in  principle  be  examined.  Specific  examples  of 
several  practical  situations  are  developed  in  associations  with 
the  VHP  receiver  modeling  work  described  in  detail  in  Chapter  7. 
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Table  3.7 


The  List  of  Key  Symbols  Used  in  Chapter  3 


■£„> 


<W£> 

„*<V 

„  ,<t) 
Hit 

„  (f,, 


•••'V 

•••,£„> 


G  (J!) 

W 


V*> 

V*1 . V 


H„(i) 


bandwidth  of  the  input  component  x^  (t) 

bandwidth  of  the  i-th  input  component  x^(t) 

abbreviation,  for  the  vector  (f, ,  f«,  •  •  •  #f  ) 

l  /  n 

the  i-th  frequency  coordinate 

the  slowly  varying  complex  envelope  of  the  n-th 

order  nonlinear  impulse  response  to  n  intermodu- 

lating  carrier  impulses  with  the  ordinates 

(t, #»**#t  )  centered  on  frequencies  v, 
in  j.  £  n 

abbreviation  for  g  (f,#**«#t  ) 

n^  1  n 

multivariate  Fourier  transform  of  g  (t) ,  i.e., 

n^i 

the  n-fold  spectrum  of  the  complex  envelope  of 

the  n-th  order  impulse  response 

abbreviation  for  G„.  (f ,,•••, f  ) 

x  n 

the  envelope  gn^(t)  after  bandlimiting 

abbreviation  for  ft  (t, ,  *  • • , t  ) 

1  n 

the  n-fold  spectrum  of  g^tt^,  •  *  • ,  tn)  i  i.e., 

the  multivariate  spectrum  (f )  bandlimited  in 

each  ordinate  to  the  set  of  bandwidths  (B^,  •  •  • 

abbreviation  for  G  .  (f ,#•••#  f  ) 

nv  1  n 

the  multivariate  impulse  response  of  a  nonlinear 
system 

abbreviation  for  h  (t, , • • • , t  ) 

n  x  n 

multivariate  spectrum  of  the  n-th  order  impulse 

response  with  each  input  having  its  own  frequency 

ordinate  f ,,•••, f 
l  n 

abbreviation  for  H  (f f  ) 

n  x  n 

index  ranging  from  1  to  n 


201 


Table  3.7  (Continued) 

index  identifying  one  of  the  K  input  components 
in  the  one  sided  spectrum;  or  the  index  of  input 
frequency  zones,  2K  in  all,  in  the  two-sided 
spectrum 

index  of  one  of  the  n  factors  in  the  intermodu¬ 
lation  product  identifies  one  of  the  2K 

frequency  zones 

coefficient  denoting  the  multiplicity  of  each  of 
the  2K  waveforms  indexed  by  k,  z^(t),  in  the 
intermodulation  product 

number  of  distinct  frequency  zones  in  the  inter¬ 
modulation  product 

order  of  response,  or  the  number  of  intermodulat- 
ing  zones 

number  of  taps  in  the  delay  line  for  each  of  the 
n  input  components  in  the  intermodulation  product 

number  of  taps  in  the  delay  line  for  each  of  the 
2K  input  components  (t) 

abbreviation  denoting  the  vector  (0,0, •••,0) 
order  of  a  term  in  the  Taylor  series  expansion  of 
n-th  order  impulse  response  spectrum 
order  of  the  derivative  with  respect  to  f^  in  the 
term  of  order  p  in  the  Taylor  series  expansion 
, )  product  of  intermodulation  of  the  n  input  compo¬ 
nents  at  ,Vfcn  as  it  appears  at  the  output 

in  the  frequency  zone  centered  on  the  sum  fre¬ 
quency  vk1+***+vkn  for  a  system  with  n-th  order 
impulse  response  spectrum  H  (f..,***,f  ) 


*sm f, 


p(t  fV) 

a  (t)  -  q(tj\A 
** V'  '  ^  ^ 


-W*’  - 


Qnv<f> 


Kect  x 


sine  y 


x(t) 


*k(t) 


Xlf) 


Vf> 

y(t) 


yn(t) 


V(£) 


V£> 


Table  3.7  (Continued) 


abbreviation  for  P(tf  . . . ,  vj^) 
slowly-varying  composite  complex  envelope 


at  v. 


a lowly -varying  complex  envelope  o'  the  n-th 
order  nonlinear  output  component  y^ (t)  due  to 
intermodulation  products  of  the  inputs  at  y 
Fourier  transform  of  q^(t) 

ordering  number  of  a  tap  in  the  delay  line  for 


Zi<t) 


rectangular  function  defined  to  be  unity  for 
|x|<l/2  and  zero  elsewhere 
(sin  ny/(rry) 

abbreviation  for  the  time  coordinates  (t_ , • • • , t  ) 

i»  XX 

spacing  between  taps  when  all  the  delay  lines 
have  the  same  tap  spacings 

spacing  between  taps  of  the  delay  line  of  z^t) 
input  waveform 

one  of  the  K  zonal  components  of  the  input  wave¬ 


form 


spectrum  of  x(t) 
spectrum  of  ( t) 
output  waveform 

n-th  order  output  component  of  a  nonlinear  system 
spectrum  of  y(t) 


spectrum  of  yR(t) 


Jv+-\ -■  •* m-  -»y.  'JWfWf*1*- *■?«£!  as'www***1*  ‘  vj*:t> ,,..•* 


W°  *  yn(t'^> 


\(t) 

i,.(t) 

-(P)/. 


*k‘« 


Table  3.7  (Continued) 

n~th  order  output  component  of  a  nonlinear  sys¬ 
tem  arising  out  of  the  intermodulation  of  input 
components  centered  at  v^#  N,2#*"*'vn 
complex  envelope  of  (t) 
the  first  derivative  of  (t ) 

the  p-th  derivative  of  z^,(t) 
the  spectrum  of  ^(t) 

sum  frequency  of  all  the  intermodulatii.g  carriers 
v,+v0+#  •  *+v 

the  set  of  carrier  frequencies  ( v, ,  * • • , v  ) 

x  n 

carrier  frequency  of  the  h-th  input  component 


CHAPTER  4 

LARGE  EXCITATION  NONLINEAR  ANALYSIS 
4.1  Introduction 

The  most  significant  nonlinearities  Which  produce  nonlinear 
distortion  in  a  receiver  are  found  in  electronic  devices  such  as 
transistors  and  vacuum  tubes.  The  approach  to  distortion  analysis 
is  conditioned  by  the  extent  to  which  the  important  device  non- 
linearities  are  excited.  We  distinguish  between  the  two  cases  of 
mild  and  strong  excitation.  Distortion  analysis  for  mild  excita¬ 
tion  is  adequately  determined  by  the  use  of  time-invariant  Volterra 
series.  For  the  determination  of  distortion  under  strong  excita¬ 
tion  conditions  we  must  utilize  the  total,  instead  of  the  incre¬ 
mental  small-signal,  device  models,  as  well  as  alternate  analysis 
methods.  Four  approaches  to  the  analysis  of  strong-signal  nonlinear 
distortion  are  possible.  These  are: 


1.  Direct  Time- Domain  Approach 

The  nonlinear  differential  equations  of  the  circuit  are 
written,  and  the  circuit  is  driven  by  the  total  input 
signal.  The  equations  are  integrated  for  a  sufficient 
length  of  time  for  all  transients  to  have  decayed,  and  the 
resulting  waveform  analyzed  by  numerical  Fourier  transform 
techniques  to  determine  the  various  frequency  components. 

If  the  total  input  signal  is  periodic,  the  numerical  inte¬ 
gration  can  be  speeded  up  by  using  Newton- Raphson  techniques 
to  find  the  periodic  solution  of  the  nonlinear  differential 
equations. 


By  expressing  all  appropriate  currents  and  voltages  in  a 
Fourier  series,  a  set  of  nonlinear  infinite  matrix  equations 
may  be  written.  There  will  be  one  set  of  equations  for  each 
frequency  component  of  interest  with  a  nonlinear  part  of 
each  equation  due  to  the  circuit  nonlinearity.  Solving 
the  system  by  an  iterative  method,  such  as  Newton-Raphson, 
requires  two  Fourier  transforms  per  step  in  addition  to  the 
arithmetic  associated  with  the  iterative  method.  The  method 
requires  the  truncation  of  infinite  matrices.  Accuracy  can 
not  be  readily  controlled  and  computation  time  is  large. 


3.  Time-Variant  Volterra  Series  Perturbation  Method 
(Time-Domain) 

In  many  cases,  the  large  excitation  consists  of  the  sum  of 
a  number  of  small  signals  plus  one  large  signal  such  as  a 
local  oscillator  waveform.  The  nonlinear  differential 
equations  of  the  circuit  are  written,  and  the  circuit  is 
driven  by  the  large-signal  alone.  The  resulting  time-domain 
response  of  the  nonlinear  circuit  is  found  by  numerical 
integration.  Then,  using  this  solution  as  a  time-varying 
operating  point,  the  small-signals  are  introduced  in  a 
time-domain  perturbation  analysis  of  the  nonlinear  circuit, 
and  th#»5f3Multing  linear  differential  equations  solved  in 
the  time-domain  for  the  time-varying  nonlinear  transfer 
functions. 

4.  Time-Variant  Volterra  Series  Perturbation  Method 
(Frequency- Domain) 

The  nonlinear  circuit  is  driven  by  the  large-signal  and  the 
operating-point  response  is  determined  by  numerical  inte¬ 
gration  identical  to  that  described  in  the  previous  method. 
The  nonlinear  transfer  functions  are,  however,  determined  in 
the  f requenev-doma in  in  a  manner  similar  to  the  mild  excita¬ 
tion  case.  The  resulting  time-variant  nonlinear  transfer 
functiOI*P®#jre  used  to  determine  the  total  response  to  both 
the  strong-input  and  the  small  signal.  The  method  requires 
the  truncation  of  infinite  matrices.  It  has  not  proved  to 
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be  a  satisfactory  technique  because  the  accuracy  of  the 
distortion  solution  can  not  be  readily  controlled,  and 
also  because  computation  time  is  very  large. 

The  important  difference  between  the  direct  approach  and  the 
time-varying  Volterra  series  approach  is  that  the  direct  approach 
attempts  to  solve  the  nonlinear  state  equations  for  the  total  ex¬ 
citation  while  the  time-varying  Volterra  approach  solves  directly 
for  the  small-signal  nonlinear  responses  by  a  perturbation  method. 
Previous  work  in  frequency-domain  large  local-oscillator  pertur¬ 
bation  analysis,  as  typified  by  Peterson  and  Hussey  (1939),  and 
Peterson  and  Llewellyn  (1945) ,  was  limited  to  linear  equivalent 
circuits.  Of  the  four  approaches,  only  (1) ,  the  direct  time-domain 
and  (3) ,  the  time-domain  time-variant  Volterra  series,  have  the  re¬ 
quisite  accuracy  and  compatibility  to  be  considered  for  use  in  non¬ 
linear  distortion  analysis.  Their  application  is  the  subject  of 
this  chapter. 

Be f ore®iflW»nark ing  upon  the  mathematical  details  necessary  to 
formulate  and  solve  a  general  nonlinear  problem  it  is  helpful  to 
outline  some  preliminary  requirement®.  First,  the  circuit  must 
be  described  dynamically  by  a  set  of  ordinary  nonlinear  differen¬ 
tial  equations  in  terms  of  the  state  variables  of  the  system. 
Fundamental  introductory  material  relevant  to  the  state  formula¬ 
tion  of  linear  time-varying  as  well  as  nonlinear  systems  of  ordi¬ 
nary  differential  equations  is  given  by  Polak  and  Wong  (1970), 
Schwarz  and. Friedland  (1965),  Kim  and  Meadows  (1971),  and 
Zadeh  and  Desoer  (1963) .  The  nonlinear  state  equations  must 
be  numerically  solved  in  order  to  find  time-domain  solutions. 

The  differential  equations  of  electronic  circuits  are  of  the 
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clast  called  "stiff"  aquations"  (Callahan ,  1972)  bacausa  they 
have  both  long  and  short  time  constants*  Techniques  for  solving 
systems  of^U££  aquations  have  baan  developed  [Gear  (1971)3. 
Many  of  the  cases  which  will  be  discussed  will  involve  determin¬ 
ing  the  periodic  solution  to  nonlinear  differential  equations. 
Solutions  can  be  found  by  applying  Newton-Raphson  nonlinear 
iteration  techniques  as  developed  by  Aprille  (1971,  1972). 


4 . 2  Large-Excitation  Time-Domain  FormuJation 


The  fundamental  starting  point  for  the  analysis  of  strongly- 
driven  nonl^^?  circuits,  or  systems,  is  the  set  of  nonlinear 
differential  equations,  or  state  equations,  characterizing  the 
nonlinear  dynamical  behavior  of  the  system.  For  example,  a 
very  simple  single- loop  nonlinear  circuit  involving  a  fixed 
resistance  R,  fixed  inductance  L,  and  nonlinear  resistance  in**"' 
the  form  of  a  diode  is  shown  in  Fig,  4.1.  The  circuit  stores 
energy  in  the  inductor  magnetic  field  and,  therefore,  is  a  non¬ 
linear  circuit  with  memory.  The  source  voltage  u  drives  the 
system  to  produce  a  loop  current  j  with  the  instantaneous  voltage 
u^  across  the  efiode  nonlinearily  related  to  the  instantaneous 
diode  current  which  is  also  the  loop  current  j.  Direct  applica¬ 
tions  of  Kirchoff's  voltage  law  gives  the  nonlinear  ordinary 
differential,  or  state  equation 


di  =  R  ud(j)  u 
dt  “  L  ^  “  L  +  L 


(4.1) 


Thus  the  single-loop  circuit  with  a  single  energy  storage  element 
results  in  a  scalar  state  equation  in  one  variable.  Solution  of 
the  circuit  is  understood  to  mean  determination  of  the  time- 
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dependent  current  j  ae  forced  by  voltage  eource  u  for  an  initial 
valu%u§£  inductor  current*  The  specific  nonlinear  relationship 
between  diode  voltage  and  current  must  be  known  to  obtain  the 
solution.  For  example,  for  a  semiconductor  diode 


j 


r  au 

L* 


***"«'  (4.2) 


It  is  understood  that  the  excitation  u  is  sufficiently  large 
that  the  problem  is  a  large-signal  problem  and,  therefore,  that 
small  signal  approximations  to  Eq.  (4*2)  are  inadequate.  A 
small-iB^Tial  approximation  inplies  that  au^  «  1,  where  is 
the  diode  total  instantaneous  voltage. 


4.2.1  Direct  Solutior 


Numerical  Int« 


ition 


The  direct  solution  of  Eq.  (4.1)  in  the  time-domain  Involves 
numerical  integration  performed  on  a  digital  computer  with  suf¬ 
ficient  precision  to  obtain  the  required  result.  We  shall  not 
embark  at  this  point  upon  a  discussion  of  numerical  solution 
methods'  but,  instead,  will  concentrate  ipon  alternative  approaches 
to  the  Strongly-excited  system.  In  the  process  of  doing  this  we 
shall  subsequently  recognize  that  the  direct  time-domain  numerical 
analysis  methods  are  also  needed  to  implement  perturbation  analysis 
methods.  We  shall  later  in  the  chapter  review  and  discusta  a  varie¬ 
ty  of  numerical  methods  for  obtaining  solutions  to  the  classes 
of  nonlinear  differential  equations  that  are  of  interest. 


Small-signal  Volterra  series  methods  could  be  applied  to 
obtain  a  series  solution  to  Eq.  (4.1).  A  typical  example  of 
the  difficulties  that  arise  for  a  strong  excitation  situation 
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occurs  for  the  elementary  circuit  Jhown  in  Pig*  4.2.  The  system 
is  now  memoryleaa  and  the  inatantaneoua  relationship  between 
the  input  voltage  and  response  current  ia  given  by  the  trans¬ 
cendental  equation 


1], 


(4.3) 


where  we  have  assumed  that  Eq.  (4.2)  describes  the  nonlinear  re¬ 
lationship  between  diode  voltage  and  current. 

Power-series  solutions  to  Eq.  (4.3)  have  been  obtained  by 
a  number  of  investigators*  e.g.,  Herishen  (1967),  and  Lotsch 
(1968).  The  procedure  is  to  write  Eq.  (4.3)  in  the  form 


(j  +  I  Je0,11^  -  I  e011  • 
J  8  8 


(4.4) 


and  expand  the  left-hand  side  in  a  Taylor  series  in  j  about 
j=0.  This  step  is  followed  by  a  series  reversion  [See  Abramovitz 
and  Stegun,  p.  16(1964)]  to  obtain  j  as  a  power  series  in  terms 
of  the  source  voltage  u.  The  method  has  not  proved  adequate  for 
reasonable  values  of  current  j.  The  reason  for  this  is  that, 
under  normal  interesting  circumstances,  aRj  »  1  and  the  power- 
series  expansion  requires  an  enormous  number  of  terms  for  ade¬ 
quate  convergence.  For  example,  the  requirement  for  a  few  terms 
limits  aRj  «  1  or 


J  -  *• 


(4.5) 


For  semiconductor  diodes,  —  «  25  mV.  If  R  °  1000  0,  the  maximum 

a 

current  is  limited  to  25  uA>  It  is  not  unusual  to  drive  a  diode 
in  a  mixer  application  with  a  peak  current  of  5  mA  through  a 
resistive  impedance  of  100  ohms.  For  these  values,  aRj  ®  20. 
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Significant  progress  can  be  made  towards  an  analysis  of 
strongly-excited  nonlinear  communications  receivers  by  extending 
the  nonlinear  transfer  function  concept  to  strongly-driven  net¬ 
works  through  recognising  that  the  large  signal  driving  the  sys¬ 
tem  may  be  a  known  (and  often  periodic)  excitation  \tttXlm  the  un¬ 
known  excitation  will  frequently  be  small.  An  important  example 
arises  in  the  case  of  frequency-converters  or  mixers.  The  local- 
oscillator  level  is  frequently  large  while,  over  the  range  of  sig¬ 
nificant  interest,  the  input  signal  is  small  and  arises  from  a 
multi -*ttignal  environment  such  that  the  signal  components  may  con¬ 
sist  of  several  unknown  waveforms.  One  is  often  interested  in  the 
nonlinear  distortion  properties  of  a  frequency-converter  under 
these  circumstances.  Typical  questions  needing  to  be  addressed 
include  how  the  intermodulation  products  resulting  from  a  two-tone 
small-signal  excitation  depend  upon  the  local-oscillator  waveform 
and  drive  level.  A  method  is  needed  that  is  applicable  when  there 
are  significant  frequency-dependent  elements  present  in  the  non¬ 
linear  system. 


The  circuit  shown  in  Pig.  4.1  provides  a  simple  example  to 
begin  an  investigation  when  the  strong-excitation  is  known  and 
the  small-signal  excitation  is  arbitrary.  The  network  has 
frequency-dependent  energy  storage.  The  state  equation  iflWcribing 
the  nonlinear  and  time-dependent  dynamic  characteristics  of  the 
current  j (t)  resulting  from  the  voltage  excitation  u (t)  for  the 
nonlinear  circuit  was  given  in  Eq.  (4.1)  which  can  be  written  in 


the  form 


-Rj(t)  -  ud(j)  +  u  (t) , 


(4.6) 


where  R  and  L  are  constants  and  u^(j)  expresses  the  nonlinear 


dependence  of  the  diode  voltage  u.  (t)  upon  the  loop  current  j  (t) . 


mmmmrntmmmm  PiiPPIliP 


We  seek  a  steady-state  forced  solution  of  Eq.  (4.6)  under  the 
assumption  that 


u(t)  «  v  (t)  +  v(t),  ****^*.7) 

o 

where  vQ(t)  will  oe  assumed  periodic  and  is  the  large  excitation 
voltage.  Voltage  v(t)  is  a  weak  excitation  with  arbitrary  time 
depend^'cvci© .  Both  v  (t)  and  v(t)  are  real  time  functions.  Let 
the  period  of  vQ(t)  be  T,  so  that 

vQ(t)  *  vQ(t+T).  (4.8) 


S 


B 


* 


4.3.1  State  Equations  for  Strongly- Driven  and  ,V;  . . 

Weakly-Driven  Equivalent  Systems 

In  this  section  we  shall  derive  two  state  equations  for  the 
system  defined  by  Eq.  (4.6).  The  first  equation,  called  the 
operati^v-point  state  equation,  will  characterize  the  current 
i0  resulting  from  the  strong  excitation  vq.  The  second  equation,, 
called  the  perturbation  equation,  will  characterize  the  current 
i  resulting  from  the  weak  excitation  v.  It  will  be  shown  that 
the  weak-signal  state  equation  depends  strongly  upon  iQ,  the 
solution  of  the  operating-point  state  equation.  < 

By  hypothesis 

j(t)  =  iQ(t)  +  i(t),  (4.9) 

where,  as  noted  above,  iQ(t)  is  the  large-signal  response  and 
l(t)  is  the  small-signal  response.  Also,  let  the  diode  voltage 

ud(i  +  i)  -  u  (i  )  +  v  (4.10) 
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where  u  (i  )  is  the  diode  voltaic  due  to  the  strong  dxLve  v 
d  o  o 

and  v ,  (t)  is  the  additional  diode  voltage  associated  with  the 
d 

weak  excitation  v(t).  We  may  expand  Ug(iQ  +  i)  in  a  Taylor 
series  expansion  about  the  current  iQ  to  obtain 


3u 

"W11  =  uado)  +  5J 


d 


i  + 


.2 

1  5  Ud 
21  3j2 


i  + 


(4.11) 


*mio  Jki o 


We  recognize  immediately  that  v^  is  a  nonlinear  function  of 
current  i  given  by 


Vi!io>  =  ua(lo+1>  *  ua(1o> 


+  r2(t)i2  +  ...  +  rn(t)in  +  •••,  (4.12) 


where  the  coefficients  of  the  Taylor  series,  given  by 


r  (t) 
n 


.n 

1  3ud 


B1  3  jn 


(4.13) 


are  time-varying  an<7  depend  upon  the  strong-excitation  time- 
varying  current  iQ. 

With  these  preliminary  results,  we  may  now  write  the  system 
state  equation  in  v.rv  ••cm 


di_  rU 

L  +  L  Jr  ■  -Ri  -  Ri  -  ».  'I  )  -  v  (i;i  )+t»  +v,  (4.14) 

at  at  o  a  u  a  o  o  r 
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which  ma3:r  be  separated  into  two  differential  equations  which  must 
be  simultaneously  satisfied.  They  are  the 


Operating-Point  Equation.  )RPE) 


L 


u  (i  )  +  v  , 
do  o 


(4.15) 


and  the 

Perturbation  Equation  (PE) 

L~  =  -Ri  -  v.(i?i  )  +  v.  (4.16) 

dt  do 

Equation  (4.15)  is  the  operating-point  equation  (OPE)  whose 
solution  characterizes  the  time-varying  state  of  the  circuit 
as  driven  by  the  strong  excitation  vq.  For  example,  if  vq  (t) 
is  a  periodic  local-oscillator  waveform  for  a  mixer,  the  solution 
iQ(t)  describes  the  periodic  response  to  the  local-oscillator 
waveform.  Note  that  Eq.  (4.15)  is  a  nonlinear  differential 
equation  with  time- invariant  coefficients  L  and  R.  The  desired 
solution  to  periodic  excitation  vq  is  the  periodic  response  iQ. 

The  second  differential  equation  given  by  Eq.  (4.16)  is  the 
nonlinear  perturbation  equation  (FE)  whose  solution  characterizes 
the  response  i(t)  of  the  network  in  Fig.  4.1  to  a  small-signal 
excitation,  v,  while  the  network  is  simultaneously  being  strongly- 
driven  by  voltage  vq  to  produce  strong- excitation  current  i^. 
in  Fig.  4.3  we  show  a  small-signal  equivalent  circuit  whose 
response  1  to  voltage  v  is  identical  to  the  solution  of  the  per¬ 
turbation  equation  when  the  nonlinear  dependence  of  the  diode 
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Pig.  4.3.  Small-Signal  Equivalent  Nonlinear 
Time-Varying  Circuit. 


mi**'' 


voltage  v^  is  given  by  the  time-varying  Taylor  series  expansion 
given  by  Eq.  (4 . The  significant  fact  to  observe  is  that  the 
unknown  current  i  forced  by  the  excitation  v  requires  the  solu¬ 
tion  of  a  time-varying  nonlinear  network  c chaining  an  energy 
storage  element  (the  inductor) .  The  time-variation  is  caused 
by  the  time- dependent  set  of  coefficients  (r^,  . ..,  i  ,  . ..}. 

The  nonlinearity  is  caused  by  the  dependence  upon  the  current  set 

We  are  interested  current  i  when  the 


-2  . 3 

(i#  i  /  i  # 


in...} 


set  of  coefficients  {r^#  r,, 


3' 


■v 


. )  is  periodically  time- 


variant  and  have  b«er  previously  determined  from  Eq.  (4.13)  by 
having  numerically  solved  the  nonlinear  operating-point  equation 
for  i  . 


4.3.2  Power-Series  Perturbation  Solution  Example 


If  we  set  L=0  in  both  Eqs.  (4.15)  and  (4.16)  we  have  the 
operating-point  equation  and  perturbation  equation  applicable 
to  the  resistive  network  shown  in  Fig.  4.2.  For  a  semiconductor 
diode  characterized  by  Eq.  (4.2),  the  operating-point  equation 
becomes 


i 

o 


I 


s 


a(vo-Rio) 

[e 


(4.17) 
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The  solution  of  this  transcendental  equation  for  a  known  waveform 
v^(t)  gives  the  diode  operating-point  current  iQ(t). 

For  L=0,  the  perturbation  equation  becpsoes 


v  =  Ri  +  vo(i?  iQ) 

«■  CR  +  r^t)]!  +  r2(t)i2 

+  •*•*  +  r  (t)in  +  •••*,  (4.18) 

n 


Where  rn (t)  is"**jyfcKan  by  Eq.  (4.13).  For  the  semiconductor  diode 
we  have 


r  (t) 
n 


a  nl  v  .n 
&3 


|j=ie(t) 


(4.19) 


The  power  series  given  by  Eq.  (4.18)  can  now  be  reverted  [Ambramovitz 
and  Stegun,  p.  16  (1964) 3  to  express  the  small-signal  current  i  in 
terms  of  mini!  ‘WtjjfBtdl  source  v.  The  result  is 


i  (t) 


00 


E 


q=l 


ag(t)  v(t)q  , 


(4.20) 


with  the  first  three  time-varying  coefficients  given  by 


a1(t)  -  a 


i  +  I 
o  s 


.T"** 


1  +  aR(i  +  I  )  ' 

O  8 


(4.21) 


i  +  I 

a  _  a _ o _ s. _ 

2(t)  "  2!  r.  .  ,13' 


[l  +  0R(i0+l8>] 


3  (i  +  I  )[1  -  2aR(i  +  1)1 
a  (t)  -fr  — 2 - § - S—  ± 

3  31  [1  +  oR(i  +  I  )]5 

o  s 


(4.22) 


(4.23) 


Eq.  (4.20)  is  a  solution  of  the  nonlinear  resistive  diode  circuit 
and  is  valid  for  any  value  of  current  iQ  obtained  from  the  soli  ' 
for  theoperating-p5!fo£,Eq.  (4.17).  If  the  large  excitation  v 

o 

pei iodic,  iQ  is  also  periodic.  A  good  example  arises  When  vq  is 
the  local-oscillator  waveform  for  a  diode  mixer.  It  follows  also 
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that  the  time-varying  coefficients  a  are  also  periodic  and,  there- 
fore,  have  a  Fourier  series  representation  in  terms  of  harmonics  of 
the  local-oscillator  frequency.  Then 

i(t)  «*  E  E  vq(t)  a  sin  (2npft  +  ,  (4.24)  n, 

q»l  p=0  ***  o  pq 

where  a  and  jrf  are  the  amplitude  and  phase  of  the  Fourier  ex- 
pension  of  (t)  for  the  p  harmonic  of  the  local-oscillator  fre¬ 
quency  fQ. 

Figures  4.4,  4.5,  and  4.6  show,  on  jp  formalized  linear  scale, 
the  coefficients  a^ (t) ,  ajft)  and  a3  (t)  for  one  period  of  a  sinu¬ 
soidal  local-oscillator  voltage  waveform.  Bach  of  the  coefficients 
has  been  evaluated  for  three  values  of  local-oscillator  peak  cur¬ 
rent,  namely,  2.6  mA,  11.8  mA,  and  21.6  mA.  The  effects  of  increas- 
ing  the  local-oscillator  drive  are  clearly  evident.  The  first-order 
coefficient,  a^(t),  approaches  a  rectangular  pulse,  while  the  second 
and  third-order  coefficients  approach  waveforms  which  have  rapid, 
impulsive  and  doublet-like  waveforms  at  the  til  e  intervals  associ¬ 
ated  with  the  sinusoidal  local-oscillatfiF voltage  passing  through 
zero.  If  the  local  oscillator  were  a  square  wave,  a^(t)  would  be 
a  square  wave  and  the  spikes  would  have  zero  width.  Thus  the  dif¬ 
ference  in  distortion  between  a  square-wave  and  a  sine-wave  local 
oscillator  drive  is  contained  in  the  transition  regions.  From  these 
waveforms  one  can  clearly  see  the  desirability  of  operating  a  diode 
mixer  with  a  large  local-oscillator  drive  in  order  to  make  transi¬ 
tion  regions  as  narrow  as  possible. 


'  . 1-  _t  rl 
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°r  Waveform. 


Figur«»  4.4  through  4.7  also  clearly  show  the  desirability  of 
using  an  integration  algorithm  which  incorporates  a  variable  step 
size  when  the  nonlinear  perturbation  equation  must  be  numerically 
integrated.  The  time- varying  waveforms  are  divided  into  regions 
of  little  change  in  which  large  integration  step  sizes  would  be 
appropriate  but  there  are  very  significant  short  intervals  in  which 
great  activity  takes  place.  A  small  step  size  would  be  needed  in 
such  a  region. 

4.3.3  Separation  of  the  Small-Signal  Perturbation  System  into  »» 
Time-Variant  Linear  Subsystems 

If  there  is  energy  storage  (L^O)  in  our  simple  example  as 
we  have  described  in  Section  4.3.1/  the  solution  to  the  perturba¬ 
tion  equation  (4.16)  can  not  be  written  in  a  power  series  form  as 
we  have  done  in  Section  4.3.2,  Bq.  (4.18). 

We  have  noted  in  Section  4.3.1  that  the  current  i(t)  is  the 
response  of  a  time-variant  nonlinear  system  having  memory.  The 
fact  that  the  circuit  has  memory  necessitates  the  use  of  a  differ¬ 
ential  equation  approach.  The  current  i(t)  can  be  expanded  in  a 
time-variant  Volterra  functional  series 

i(t)  »  2  in  (t) ,  (4.25) 

vfcere  the  first  order,  or  linear,  term  is 

,t 

i1(t)  »  J  h^t?  t^)  v(t— i^)  dT1# 
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The  *eO<jjffc£Lurdsr  tern  is 


nt  „t 


ij (t)  -  J  J  h2(tirl,r2)v(t-T1)v(t"r2)&r1&r2t  (4.27) 


and  the  general  n'th  order  term  le 


i  (t)  ■  J  •••]  h  (t ;  T.  •  •  •  t)  *ff  v(t-T.)di\.  (4.28) 

n  JL  Jt>  n  1  n  i-i  1  1 


For  the  problem  at  hand,  v  la  the  small-signal  Input  and  the  (t.) 
are  the  individual  order  nonlinear  reaponsea  of  the  ayetem  ex¬ 
pressed  in  terma  of  the  time-variant  Volterra  kernels  h^. 

We  shall  now  show,  by  employing  a  decomposition  of  currents 
by  nonlinear  orders  as  given  by  Eq.  (4.25),  that  the  time-varying 
nonlinear  system  can  be  decomposed  into  a  series  of  linear  time- 
variant  subsystems  Whose  solutions  are  the  nonlinear  responses  of 
individual  order.  This  property  depends  only  upon  the  additive 
properties  of  Eq.  (4.25)  and  does  not  require  the  use  of  the  Integra) 
time-variant  expression  for  the  individual  terms  as  given  by  Eq. 
(4.28). 

We  wish  to  solve  the  periodically  time-varying  nonlinear  per¬ 
turbation  equation  [See  Eqs.  (4.12)  and  (4.16)3, 


L~  -  -  Ri  -  E  r^tji*  +  v, 
k 


(4.29) 


Where 


i«Ii  (t) . 
n  n 


(4.30) 


We  shell  seek  the  solution  here  for  terms  including  up  to  third- 
order  nonlinearities.  Hence*  we  are  interested  in  the  terms 


S  r.(t)i*  »  r-(t)  i  +  r2(t)i2  + 
k-1 


"•jme- 


(4.31) 


where*  to  third-order  nonlinearities. 


i  -  i1  +  i2  +  i3. 


i2  -  1l2+21X12' 


.3  .  3 

i  »  i,  . 


(4.32) 

(4.33) 

(4.34) 


To  third-order  nonlinearities,  Eq.  (4.29)  now  reduces  to 


T  dil  „  ,  dl2  4  t  di3 

L  aT  +  L  5T  +  L  3t 


-  Rit  -  Ri2  -  ri3 


-  rlll  -  rll2  -  rli3 


“  r2^i  “  ^r2^1^2 


-  r3il“ 


+  V  . 


(4.35) 


This  result  nay  now  be  separated  into  a  time-varying  linear  dif¬ 
ferential  equation  for  each  order  nonlinearity.  For  first-order, 
we  have 

di 

b  -  [R+rx(t)]  ix  +  v  .  ^*^.36) 
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For  second-order 


axo  2 

-  rj(t)i1  . 


'-■'wWiv . . 

(4.37) 


For  third-order 


L3T 


u.i.0  J 

— ^  ®  -  r.R+r1(t)]i3  -  2r2(t)i1i2-r3(t)i1  . 


(4.38) 


For  each  order  nonlinear  component  of  current  an  equivalent  linear 


time-varying  circuit  can  be  drawn,  as  illustrated  in  Fig.  4.7 


Note  the  dependent  source  exciting  the  second-order  circuit. 
This  source  is  known  once  the  first-order  system  is  solved.  In 
a  like  manner,  the  sources  exciting  the  third-order  system  are 


known  from  the  solutions  of  the  first  and  second-order.  Note  also 


that  interaction  between  the  first  and  second-order  currents  ex¬ 


cites  a  third-order  current. 


4.3.4  Small-Signal  Equations  for  the  Time-Variant 
Nonl inear  Trans fer  Functions 


The  time-varying  nonlinear  small-signal  response  problem  has 
now  been  reduced  to  a  set  of  sub-problems  involving  the  solutions 
of  linear  time-varying  networks.  Since  linearity  now  applies  for 
small  signals,  the  problem  can  be  formulated  in  a  form  suitable  for 
arbitrary  waveforms.  For  example,  for  the  linear  component  of 


current,  we  have 


i^t)  =  J  h1(t;  vit-i^)  dt1# 


(4.39) 


r,  (t) 


a.  First-order  linear  equivalent  circuit. 


r,(t) 


r2(t )  I,2 


b.  Second-order  linear  equivalent  circuit. 


r,  (t) 
l  2r2(  t )  i  1 


rj(t )  l* 


c.  Third-order  linear  equivalent  circuit. 


Fig.  4.7.  Decomposition  of  the  Nonlinear  Circuit  into 

Linear  Sub-Systems  for  each  Order  Nonlinearity. 


where  v(t)  is  the  small-signal  excitation 
Since 


v/t)  -  f  V (f )  ej2TTftdf,  (4.40) 

—  CO 

it  is  convenient  to  determine  I^(f;t),  the  frequency  spectrum  of 
i^ (t) ,  by  the  product  form 

I^fyt)  =  H^(t;  f)  V(f),  (4.^1) 

where  H^(t;f)  is  the  first-order  time-varying  nonlinear  transfer 
function.  Now  i^  (t)  can  be  determined  by  inversion  to  the  time- 
domain,  or 

i^t)  »  J  H1(tjf)V(f)ej2nftdf.  (4.42) 

The  question  is,  of  course,  how  to  obtain  H^ftyf)  and,  for  the 

higher-order  nonlinearities,  the  higher-order  nonlinear  traiM&er 

functions  H  (t;  f  ,  f  . . . f  ) .  Vie  shall  now  show  that  the  sub- 
n  12  n 

system  differential  equations  for  various  nonlinearities,  for 
example  Eqs.  (4.36)  to  (4.38),  can  be  put  in  a  form  from  which 
the  required  Hn  can  be  obtained  by  numerical  integration.  The 
solution  iarWtbw n  to  be  the  periodic  solution  of  a  time-varying 
linear  ordinary  differential  equai»*~*n. 

4. 3. 4.1  First  Order  Transfer  Function 

Let  2  . 

v  (t)  “  E^fje3  .  (4.43) 


228 


The  first-order  component  of  current  for  such  an  excitation  is. 


from  Eq.  (4.39) , 

ix (t)  =  E1(f)H1(t;f)  (4.44) 

where 

Hx(t;f)  -  J  h1(tfT1)  e"j2TTfTl  dTr  (4.45) 

Inserting  the  expression  given  by  Eq.  (4.44)  into  the  first- 
order  system  differential  equation  (4.36)  and  carrying  out  the 
indicated  differentiation  results  in 

L  [“£  H1  (t?  f )  +  j2rrf  H^tjf)]  E1  (f)  ej2Tlft 

■  -  [R  +  rx(t)j  H1(t,f)E1(f)ej2TTft 

+  E^fje^2^.  (4.46) 

Canceling  common  factors  and  re-arranging 

L  ~  H1(t7  f)  =  -  r.R  +  rx(t)  +  j2nfL]  H^tjf)  +  1. 

(4.47) 

Note  that  the  bracHeted  term  in  the  right-hand  side  of  Equation 

(4.47)  is  the  time-varying  linearized  loop  impedance.  Equation 

(4.47)  is  a  linear  state  equation  with  a  time-varying  coefficient 
r ^  (t) ,  the  solution  of  which  is  tfce  time-varying  transfer  function 
H^(t;f).  For  the  cuse  of  interest,  r^(t)  is  periodic  and  known 
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from  the  numerical  eolution  of  the  operating  point  equation# 

Eq.  (4.15).  Therefore#  for  any  f  and  known  R  and  L#  H^(trf) 
is  simply  the  periodic  solution  of  Equation  (4.47) #  a  time- 
varying  ordinary  linear  differential  equation.  is  a  complex 
quantity#  so  both  its  real  and  imaginary  periodic  components  are 
required.  Solutions  are  periodic  since  we  have  assumed  the 
strong-signal  operating  point  equation  to  be  periodic. 

If  the  inductor  L  is  zero#  the  circuit  reduces  to  the 
resistive  diode  circuit  analyzed  in  Section  4.3.2,  and,  from 
Kq.  (4.47),  Hj,(t;f)  is  given  by 


H1  (t#*  f) 


R  +  r1(t)  * 


For  the  semiconductor  diode. 


au  (t) 

j  (t)  ■  IaCe  -  1]  • 


(4.48) 


(4.49) 


or 


ln[j(t)  +  Ie]  -  In  Ig  =  <xud(t). 


(4.50) 


Using  Eqs.  (4.13)  and  (4.50), 


V*) 


3j 


a[i  +1  ] 
o  s 


(4.51) 


After  substitution  in  Eq.  (4.48),  we  finally  have 

ati  +1  3 

H.  (t;f)  <=  ■  '  '  -r" — rr—r  . 

1  1  +  oR[l„fI  J 

os 


(4.52) 
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This  result  is  identical  to  the  a^(t)  coefficient  previously 
found  for  the  memoryless  example  in  Section  4.3.2. 


4. 3. 4. 2  Second-Order  Nonlinear  Transfer  Function 

The  differential  equation  giving  the  second-order  nonlinear 
transfer  function  can  be  found  when  the  second-order  system  is 
excited  by 

v  (t)  =  E1e^2TTflt  + 

L  -'HBTK 


V 


j2rrf2t 


(4.53) 


In  particular,  we  are  interested  in  the  portion  of  the  second- 
order  response  containing  the  factor  exp[ j 2Tt(f^+f 2) t].  The  re¬ 
sponse  is  denoted  by  i2(t;f^+f2).  Inserting  Eq.  (4.53)  into 
Eq.  (4.27)  and  retaining  only  the  desired  frequency  term  results 
in 

i2(t7fi+f2)  "  2EiE2H2(t?fl'f2)ej2TT(f;L+fi?t#  (4.54) 


where 


H 


2<t,fl'f2)  -  Jj  h2(tITl'T2)e'j2T,fl’1  e~j2,,f2T2  <JTldT2. 

(4.55) 


2 

From  Eq.  (4.37)  we  also  need  i. (t)  to  complete  the  translation 

1  2 

to  the  frequency-domain.  Again,  only  the  components  of  i  (t) 
containing  the  factor  exp[ j2n(f ^+f  ) t]  are  of  interest.  For  a 
two-tone  input, 


i  (t)  =  +  E2Hi(t;f2)e 


j2rrf2t 


from  which 


il(t>fl+f2)  -  2E1E2H1(t?f1)H1(trf2)e 
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j2n(f1+f2)t 


(4.56) 


(4.57) 


Finally,  substituting  Eqs.  (4.54)  and  (4.57)  into  Eq.  (4.37), 
we  obtain 


L  H2(t'fi'f2)a‘  ~r-R+  rl(t)  +  j2Ti(f1+f2)b]H2(t?f1,f2) 
dt 


-  r2(t)  Hx(t ;fx)  Hx(t;f2), 


(4.58) 


after  common  factors  are  cancelled.  This  equation  is  also  a 
linear  ordinary  differential  equation  with  time-varying  coefficients. 
The  periodic  solution  can  be  obtained  by  numerical  integration  for 
known  r^(t)  and  r2 (t)  for  frequencies  and  f2» 

The  solution  for  L“0  is 


H2(t;  frf2)  - 


r.(t)  H- (t;  f.)  H, (t;  f„) 


r.. 

R  +  rx(t) 


X 


(4.59) 


Substituting  Eq.  (4,4©)  results  in 


H2(t?  f^#f2) 


-r^t) 


[R  +  r1(t) ] 


3  * 


From  Eqs.  (4.13)  and  (4.50), 


(4.60) 


r2(t) 


1_  -1 

21  aiTJTF- 


Q  B 


(4.61) 


Putting  r^(t)  from  Eq.  (4.51)  and  (t)  in  Eq.  (4.60)  gives 


H2(t;fi,f2)  =  fj- 


i  +  I 
o  s 


fl+oP (iQ+Ig) ] 


3  * 


(4.62) 
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This  result  is  the  same  as  the  a*  (t)  coefficient  of  the  second  | 

2  T. 

term  in  the  power  Series  solution  given  in  Section  4.3.2. 

4. 3. 4. 3  Third -Order  Nonlinear  Transfer  function 

The  third-order  nonlinear  transfer  function  for  the  system 
describes  the  third-order  system  response  when  the  system  is 
excited  by 

j2nf.t  j  2rrf  _t  j2Ttf-t 
v(t)  =*  E^e  +  E2e  +  E^e  .  (4.63) 

In  particular,  we  are  interested  in  the  portion  of  the  third- 
order  response  Containing  the  factor  exp[ j2n(f^+f2+f^) t].  This 
response  is  denoted  by  i3(t;  f^+fj+f-j)  •  Inserting  Eq.  (4.63) 
into  the  third-order  term  in  Eq.  (4.28)  and  retaining  only  the 
desired  frequency  term  results  in 


-  fiSiVaVt*  Vf2'f3)e 


52rr(f1+f2+f3)t 


»  (4.64) 


where 


Hjft,  WV  -y/>3(  t,VTa.T,).  1  1  2  2  3 

(4.65) 

3 

We  also  need  i^,  i2  and  i^,  the  driving  terms  of  Eq.  (4.38),  to 
complete  the  translation  of  the  differential  equation  to  the  frequency 
domain.  Again,  only  components  containihg  the  factor  exptj2rr 
(f^+f2+f3)t]  are  of  interest.  Since 


‘  KisJSi 


SSSSW**: 


V: 


\\ 

i-* 


■  ^  H  ■  •  •  .  ,V  **'■  •“  \  "Y.W  "  1 ‘  '  '  '.-'•K  •!*  ..  . 

J 

••  i :  ;  v 

'■****& 

•  -  •  i 


j2nf  t  j2nf  t 

i1(t)  *  (t;  fx)  e  +  KjH^t;  fj)  e 

3lvf  t 

+  P^H^Ct;  f3)e  ,  (4.66) 

3 

the  required  thir&lijftjE^er  component  of  i^(t)  is 


ix3(t;  fx+f2+f3)  =  6  E1E2B3H1(t»  f^  (t;  (t  ?  f3> 

j2TT(fj+f2+f  3)t 

•  e  •  (4 >67) 

Now,  if  f±  /  f ^  f^,  the  component  of  i^tji^t)  of  interest  is 

. . . .  j2n(f  +f  +f  )t 

12E1E2E3  H1(t;fi)H2(t,fj,fk)  e  1  2  3  ,  (4.68) 


where  the  overbar  indicates  a  symmetrized  nonlinear  transfer  func¬ 
tion.  Substituting  Eqs.  (4.64),  (4.67),  and  (4.68)  into  Eq. 

(4.38)  results  in 

L~H3(t;  f1#f2,f3)  *  -  [R+r1(t)+2TTj(f1+f2+f3)Ll  H3(t?  f^f^f^ 

2r2(t)  H^tf  fx)  H2(t;  f^,fJT 
-  r3(t)H1(tjf1)H1(t;f2)H1(t;f3).  (4.69) 
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Equation  (4.69)  is  a  linear  ordinary  differential  equation  with 
time-varying  coefficients.  As  with  and  HjCtjf^fj), 

the  solution  for  H3  (t  y  f^f^f^)  with  L*0  omit be  written  expli¬ 
citly  and  is 

-arnft)  H,(t)  H,(t)  -  t,(t)  H,(t)3 
H3(t)  -  — * - Vv-r-'-(tl - J - ■X—  •  <4-70> 

where  the  frequency  dependencies  are  omitted  since  the  circuit  is 
broadband.  From  Eq.  (4.59) 


”r2^  2 
H2(t)  -  s  r» 7m  Bi "=>• 


Substituting  Eq.  ^4.71)  into  Bq.  (4.70)  and  simplifying 


But 


H3(t) 


2*2  (t)  ~  r3(t)[r1(t)  +  Rl  3 


[R  +  r^t)]' 


H^tt). 


rl(t)  "  a(i0+  I8)  f 


(t)  -  -}r  • 


-1 


2}  7  * 

a(i0+  IB)2 


(4.71) 

(4.72) 

(4.73) 

(4.74) 


r3(t) 


JL 

31 


a(ic+  tmy 


(4.75) 
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Therefore 


H3(t) 


r>3  qo«.)[i-^(yia)1 

31  [l+OR(i0+Is)]S 


(4.76) 

*rnm 


Equation  (4.76)  is  the  same  as  the  a3(t)  coefficient  of  the 
third  term  in  the  power  series  solution  found  in  Section  4.3.2. 


Linear  ordinary  differential  equations  for  the  higher-order 
nonlinear  transfer  functions  nay  also  be  obtained  by  proceeding 
in  a  similar  manner.  From  Eqs.  (4.47)  #  (4.58).  and  (4.69).  it 
is  seen  that  the  differential  equation  for  the  general  n^-order 
time-varying  nonlinear  transfer  function  takes  the  form 


L  dt  Hn(t7fl'f2*’ 


.  f  )  =  -[R  +  r.  (t)  +  2TTj(f.+f,...+f  )L] 

n  x  x  z  n 


.  H  (t ;  f - » f,  •  •  •  f  ) 
n  12  n 


+  nonlinear  driving  sources, (4.77) 


where  the  nonlinear  driving  sources  are  given  in  terms  of  the 
lower-order  responses  and  the  rn(t).  The  explicit  form  of  the 
nonlinear  driving  sources  will  obey  the  recurrence  relations 
derived  in  Section  2.2.4  for  the  time-invariant  nonlinear  trans¬ 
fer  functions. 


To  proceed  fua&jfrat  requires  the  solution  of  the  linear 
differential  equations  with  time-varying  coefficients  derived 
in  this  section.  Ctoce  the  transfer  functions  are  found,  the  various 
order  linear  and  nonlinear  components  of  current  can  be  found 
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from  Eq.  (4.44),  (4.54),  and  (4.64).  Our  example  throughout 
this  chapter  has  been  a  particularly  simple  single- loop  situa¬ 
tion.  The  method  is,  however,  quite  general  but  requires  formu¬ 
lation  in  a  multi- variable  matrix  form  to  accommodate  more 
complex  cases.  We  shall  devote  the  remainder  of  this  chapter 
to  outlining  some  of  these  matters  as  well  as  outlining  several 
approaches  and  considerations  involved  in  the  numerical  solution 
of  the  differential  equations  arising  in  the  formulation. 


4.4  Formulation  of  State  Equations 


4.4.1  First  Example 


A  more  complicated  nonlinear  circuit  example  is  illustrated 
in  Fig.  4.8.  Both  the  diode  current  i^  and  capacitor  are  non¬ 
linear  functions  of  the  voltage  v^,  or 


W' 


(4.78) 


Cd  =  Cd(Vd)# 


(4.79) 


An  appropriate  set  of  state  variables  for  this  network  are  the 
capacitor  voltage  v^,  the  inductor  current  i3  and  the  capacitor 
voltage  v^>  We  now  proceed  to  generate  the  state  equations. 

The  nonlinear  capacitor  current  is 


u  -  (va  +  v2> 


'd  dt 


‘  1d  • 


(4.80) 


The  inductor  voltage  is 

di3 

L2  dT° 


(4.81) 
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V  t 


*  .  \  V<* 


and,  the  current  through  capacitor  C2  is 


av2  u  -  (va  +  »  ) 

C  — •  cs  ■"-'■■■■  . .  ■  1 

2  dt  R- 


These  three  equations  may  now  be  written  in  matrix  form 


0 

0 


0 

0 


Rl°2 


0 

1 


±-  (i.  +  -L) 

C2  r2 


u 


v 


d 


ElCd 


R,C 
1  d 


RlCd 


R1  C2 


(4.82) 


(4.83) 


where  both  i,  and  C,  are  nonlinear  functions  of  the  state  variable 
a  a 

v.  and  the  overdot  on  the  left-hand-side  signifies  the  time  deriva- 
a 

tive. 

Equation  (4.83)  is  in  the  form 


x  =  A  x  +  J(x,u) ,  (4.84) 

where  x  is  the  state  variable  vector  and  A  is  a  constant  matrix. 
The  matrix  tMJGtion  f(x,  u)  accounts  for  the  nonlinear  terms.  One 
can  absorb  the  first  term  and  obtain  the  normal  form  of  the  state 
equations  in  matrix  form,  or 

k  u),  (4,«fcl 

where  k  is  a  matrix  that  is,  in  general,  nonlinearly  dependent 
upon  the  state  variables  x  and  networK^dcrc ing  function  u. 
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4.4.2  A  Formal  Method 

We  next  present  a  more  detailed  description  of  how  to  generate 
the  state  equations  of  more  complex  networks.  The  example  leads 
to  a  set  of  state  equations  of  the  form  given  by  Eq.  (4.85).  We 
follow  the  formal  and  general  methods  of  Bashkow  (1957),  Bryant 
(1962) ,  and  and  Massena  (1965)  for  writing  the  state  equa¬ 

tions  of  a  network.  Definitions  required  are: 


i)  A  branch  contains  a  single  element  only. 

ii)  A  tree  is  a  subgraph  or  subnetwork  connecting  all 
nodes  but  having  no  closed  paths  or  loops. 

iii)  A  set  of  links  is  the  set  of  the  remaining  branches 
of  the  network. 

iv)  A  proper  tree  is  a  tree  whose  branches  contain  every 

element  of  the  network  plus  some  resistive 

elements . 

We  note  that  a  network  may  contain  capacitors  in  a  closed 
loop  or  perhaps  all  trees  containing  every  capacitor  also  contain 
inductors.  Any  capacitor  and/or  inductor  which  prevents  the 
formation  of  the  proper  tree  is  called  excess .  In  the  state 
variable  network  description  for  a  network  with  excess  elements 
we  add  a  capacitor  across  each  excess  inductor  and  an  inductor 
in  series  with  each  excess  capacitor.  These  added  elements 
ultimately  arl^lMiBftgned  zero  value.  Based  on  this  formalism, 
the  procedure  for  writing  the  state  equations  follows. 

i)  Construct  the  proper  tree  for  the  network  and  remove 
all  sources  by  open-circuiting  current  sources  and 
short-circuiting  voltage  sources. 
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ii)  Assign  current  directions  to  each  tree  branch  and  to 

each  link.  ■ 

Any  link  placed  on  the  tree  becomes  part  of  a  unique  closed 
path.  Thus*  each  link  current  is  equivalent  to  a  mesh  current 
flowing  in  the  path  closed  by  the  link*  and  it  is  possible  to 
form  a  cuJsaRRby.  matrix  relating  the  tree  branch  currents  in  terms 
of  the  link  currents  as  follows: 

a)  Label  the  tree  branch  current  i  and  the  link 

current  by  I  .  a 

CL 

b)  If  a  tree  branch  is  in  a  given  mesh  enter  a  +1(-1) 
if  the  tree  branch  and  link  currents  are  in  the 
same  (opposite)  direction.  Enter  a  zero  if  the 
tree  branch  is  not  in  the  mesh. 

iii)  Form  the  voltage  matrix  as  follows: 

a)  Label  the  voltage  across  each  link  va  and  the  voltage 
across  each  branch  by  Va  where  the  voltage  drop  is 
positive  in  the  same  direction  as  the  link  currents. 

b)  If  a  tree  branch  is  in  a  given  mesh  enter  a  +1(-1) 
if  the  tree  branch  voltage  drop  is  in  the  opposite 
(same)  direction  as  the  link  voltage  drop.  Enter 
a  zero  if  the  tree  branch  is  not  in  the  mesh. 

iv)  Form  the  combined  voltage  and  current  matrix  using  each 

tree  branch  current  ia  written  as  CadVa/dt  or  Va/Ra  and 

each  link  voltage  va  written  as  L<xdla/dt  or  RaIa. 

SKpSte* 

This  matrix  still 

a)  contains  unwanted  terms  proportional  to  and  i^ 
on  th-'  left* 

b)  does  not  have  the  sources  incorporated*  and 

c)  has  had  no  remodification  due  to  augmentation. 
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v)  Eliminate  unwanted  variables. 

vi)  Remodify  the  matrix.  Across  each  excess  L  there  is 
an  added  capacitor  Ca  which  has  zero  value;  Setting 
Ca  to  zero, we  in  general  have 

r  ,  s 

i  I  »  r  V,/R.  +  E  k.  I,,  (4.86) 

i  1  ^  3  3 


and, since  d.  V  « 


L  I., 
a  a 


r  .  s 

V  *  L  E  R.  V,  +  2  k ,  I . 

a  a  j  i  i  x  j  j  ' 


(4.87) 


9  • 

it  is  possible  to  eliminate  I  and  V  using  V.  and  I.  in  terms  of 

CL  Q.1  J 

undifferentiated  quantities.  A  similar  procedure  exists  for  the 
link  incJa&gtoxs  l  placed  in  series  with  the  excess  capacitor  C  „ 

^  OL  CC 


4.4.3  A  Second  Example 


As  an  example,  consider  the  network  of  Fig.  4.9a.  Orv^ 

particular  proper  tree  which  may  be  drawn  is  shown  in  Fig.  4.9b. 

Capacitor  C&  is  excess,  and  the  links  are  R^,  Rj,  R3  and  L, 

where  L  has  been  added  in  series  with  C,.  The  current  matrix 

6 

equation  is  formed  using  t-he  branch  currents  as  state  variables. 
In  particular,  meshes  are  formed  by  placing  the  links  containing 
I.,  I„,  I.  and  I.  into  the  circuit  one  at  a  time.  The  first 
row  of  the  current  matrix  defines  the  branch  current  i^,  and 
contains  -1,  1,  0  and  0,  since  1^  and  1^  are  opposite  and  in  the 
same  direction,  respectively,  as  i^  and  I3  and  are  in  other 
meshes.  The  total  current  matrix  equation  is  given  by 
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(a)  Given  Circuit 


C7 


* 


.+  v6- 


+  VU  _ 


•I  -  R*  12 . ‘ 

HHI - 0  0- 

>1  06 

y  V4 

v»  i 

fC6 

V7  y 

+ 

+ 

+ 

1 


(b)  Proper  Tree  and  Links  (C.  is  excess  capacitor) 

O 

Fig.  4.9.  Circuit  J&wample. 
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Next  the  voltage  matrix  equation  is  formed.  In  particular, 
closing  the  mesh  with  R2  results  in  V 4  having  the  same  polarity 
and  Vr  the  opposite  polarity  that  v^  has,  while  and  V.^  are  out 
of  the  mesh.  Therefore,  row  2  of  the  matrix  contains  -1,  1,  0,  0. 
The  total  voltage  matrix  equation  is 


0 

1 

0 

-1 


0 

0 

0 

-1 


0 

0 

1 

1 


(4.89) 


The  two  matrix  equations  are  now 
general,  ia  -  Ca  V&  or  i&  =  V/R^  va 
and  including  the  source  VQ  (t) .  This 


combined  by  substituting, 

«L  i  orv  «=  R  I  ) 
a  a  a  a  a 

results  in 


in 
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itatetiaaitoi 


VV0(t) 


C4V4 


C5V5 


C6*6 


C  V 
T7 


RiIrvoi 


V2 


Vs 


L  I. 


I  - 


1  1 

0  -1 

0  0 

0  0 


0 

0 

0 

-] 


0 

1 

1 

-1 


1  0  0  0  I 


-110  0 


0  0  0  1 


0-1-1  1 


V. 


vr 


v„ 


L 

(4.90) 


The  state  variables  which  are  to  be  eventually  retained  are 
V5#  and  V7.  ^irst,  v^,  v^#  and  v3  are  eliminated  by  setting 


V1  “  Vl  “  V4  +  V 


(4.91 


so  that 


X1  -  °1V4  +  GlV 


(4.92) 


where  is  equal  to  1/r  .  Similarly 


X2  =  -G2V4  +  G2V5  * 


(4.93) 


and 


X3  =  G3V7 ' 


(4.94) 
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so  that  the  matrix  differential  equation  reduces  to 


r  • 

V4 

”-(g1+62)  G2  0  0  O' 

— 

V 

r_r  ') 
G1 

CeVc 

G„  -G_  0  0  1 

Ve 

0 

5  5 

2  2 

5 

V. 

3= 

0  n  o  0  1 

V6 

+ 

0 

C  V 
^7V7 

0  0  o  -g3  -I 

V 

0 

L  h 

0  -1-110 

IL 

0 

Vm  j 

M<*  Ml 

L  J 

.  (4.95) 

Next  I_  and  V,.  are  eliminated.  Since  LI_  =  -V„  -V,  +V_  and 
L  6  L  5  6  7 

L  =  0,  V,  =  — V_  +V_  which  is  used  to  eliminate  Vr,  Thus,  using 

O  D  /  O 


Vg  -.Ij/Cg  *  -V5  +  V?#  (4.96) 

which  is  used  to  eliminate  I_  .  Substituting  Eq.  (4.96)  into  Eq. 

li 

(4.95)  results  in 


r 

°4V4 

”-(Gl  +  G2>  G2  °  " 

r-  -7 

V4 

* 

-Gi 

-V?  +  (C6+  V  *5 

= 

°2  -G2  0 

y5 

+ 

0 

-c5^5  +  <C6+  =7)  V, 

—  ^ 

0  o  -g3 

W  - 

_v7- 

0 

-  m 

(4.97) 


Finally  the  latter  two  equations 
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-C6V?  +  (C6  +  C5)  Vg.  *  G2V4  -  GjVg/ 


(4.98) 


-CgV5  +  (Cg  +  C?)  V?  =  “G3V7# 


(4.99) 


are  solved  simultaneously  for  V*.  and  V7«  Defining 


D  "  C5C6  +  C5C7  +  C6C7# 


(4.100) 


the  resulting  state  differential  equations  are- 


-<VG2)/C4  G2/C4 


\i  rv°«i 


G2(C6+C7)/D  -(C6+C7,G2/D 


-C6G3/D  IK  +  °  V 


G2  C6/D  -G2°6/D 


-(G3C6+G3C5I/D||V7 


(4.101) 


In  order  to  show  the  effect  of  a  nonlinearity,  consider  that 
i*2  is  a  nonlinear  function  of  and  V^.  Then  Equation  (4.101  can 
be  written  in  the  general  matrix  form 


x(t)  =  A  x(t)  +  G_  _f  (x,u)  +  D  u(t)  =  k(x,u)  # 


(4.102) 


where 


(4.103) 


i  .tn  L .it  _J.r  JStV'tVA rSs.USsl fatifcJsSJS _  iW'ilSKftfflili*, 


*w 


A 


6 


-Gj/^  0  0 

o  o  -c6g3/d 

,°  0  -(G3C6+G3C5)/D. 

1  ' 

"  C4 

(c6+c7)/d  , 

c  /d 
6 


f(x,u)  =  (v4-V5)G2, 


-  Gl/C4 


0 

0 


u  (t) 


s  V 


(4.104) 


(4.105) 


(4.106) 


(4.107) 


(4.108) 


The  matrices  in  Equation  (4.102  have  the  following  interpretation: 
A  is  a  square  matrix,  containing  all  the  linear  circuit  elements, 
while  the  vector  f (x#u)  accounts  for  all  nonlinear  elements.  In 
this  case,  there  is  only  one  nonlinearity,  and  the  vector  reduces 
to  a  scalar.  Vectors  G  and  D,  which  are  in  the  general  case  rect¬ 
angular  matrices,  account  for  the  way  nonlinearities  and  inputs, 
respectively,  affect  the  state  variables.  The  vector  u(t) ,  which 
in  this  case  is  a  scalar,  is  the  vector  of  voltaga  sources. 
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Equation  (4.102)  can  be  also  written  in  the  normal  form  given 
by  Equation  (4.85),  that  is,  x  ^  k(x,u). 

4.5  Multivariable  Formulation  of  t  1  e  Perturbation  Method. 

In  Section  4*3’/^S!toG  essential  steps  involved  in  determining 
the  small-signal  responses  of  a  nonlinear  system  which  is  also 
excited  by  a  strong  periodic  waveform  have  been  presented  in  some 
detail.  The  example  developed  was  a  single- loop  circuit  that 
permitted  formulation  of  the  problem  and  its  solution  for  a 
system  having  memory  in  simple  form.  In  the  general  case,  how¬ 
ever,  nonlinear  systems  are  not  limited  to  single  state  variables. 
Examples  discussed  in  Section  4.4  are  examples  of  multivariable 
state  equations.  In  this  section  we  shall  indicate  the  extension 
of  the  formulation  to  circuits  having  many  state  variables.  The 
appropriate  mathematical  formulation  is  in  terms  of  matrices,  and 
free  use  will  be  made  of  such  formulation.  As  in  the  simpler 
example  from  Section  4.3  we  shall  obtain  an  operating  point 
equation  (OPE)  and  a  small-signal  perturbation  equation  (PE). 

The  OPE  is  nonlinear  and  has  a  periodic  forcing  function.  The 
PE  is  also  nonlinear  but  can  be  decomposed  into  a  set  of  linear 
time-varying  differential  equations. 

Very  often  the  input  to  a  receiver  stage,  or  even  the  receiver 
itself,  is  the  sum  of  a  strong  signal  and  a  much  weaker  signal. 

For  that  particular  case  it  is  possible  to  break  the  network 
solution  into  two  solutions.  The  first  solution,  due  to  the 
large  signal,  will  result  in  a  time-varying  operating  point  while 
the  second  solution,  due  to  the  small  signal,  will  result  in  what 
are  called  perturbations  about  the  operating  point. 
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As  is  the  case  for  all  of  the  solution  methods  we  must  first 
describe  the  particular  network  under  analysis  by  a  system  of 
state  variable  aquations  as  given  in  Section  4.4.  The  general 
form  of  the  state  differential  equations  for  a  time- invariant 
nonlinear  circuit  as  given  by  Eq.  (4.102),  is 

x(t)  =  A  x ( t )  +  G  f(x,  u)  +  D  u(t)  =  k(x,  u).  (4.109) 

A  is  a  matrix  which  accounts  for  all  linear  circuit  elements  while 
the  jf(x,  u)  vector  accounts  for  all  of  the -nonlinear  elements 
and  vector  u(t)  for  all  the  input  or  forcing  functions.  Very 
often  when  the  state  variable  equation  is  written  A  is  time- 
varying.  Rectangular  matrices  G  and  D  describe  the  way  in  which 
nonlinearities  and  inputs,  respectively,  affect  the  state  variables 

Equation  (4.109)  is  converted  into  two  sets  by  a  perturbation 
procedure.  One  set  is  formally  identical  to  the  original  system 
except  that  its  solution  gives  the  circuit  operating  locus.  The 
solution  of  the  second  set  gives  the  small  signal  behavior,  as 
influenced  by  the  operating  locus. 

In  order  to  avoid  extensive  complication  we  make  the  simpli¬ 
fying  assumption  that  all  small-signal  inputs  appear  at  the  same 
input  port  and  may  therefore  be  lumped  into  one  small  input.  For 
example,  this  assumption  is  true  for  a  mixer  where  the  large  sig¬ 
nal  may  appear  at  a  second  input  port.  This  assumption  is  made 
in  order  to  simplify  the  presentation  and  does  not  effect  the 
generality  of  the  technique. 

We  begin  the  perturbation  method  by  breaking  up  the  input 
u(t)  into  the  small  and  large  signal  components.  Formally,  for 
the  general  case,  the  input  vector  is  written  as 
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(4.110) 


¥ 


u(t)  *=  uQ(t)  +  tn (t) , 


so  that  the  matrix  D  in  Eg.  (4.109)  will  have  two  corresponding 
column  vectors  d^  and  d^  and  we  may  write 

d  u(t)  =  [ax  a2] 

In  the  particular  case  where  the  small  and  large  signals  are  (t) 
and  u^(t),  respectively,  we  have 


a0(t) 


^u(t) 


(4.111) 


~u1(t) 

0 

Vi 


(4.112) 


and 


A  u  (t)  = 


0 

u2  (t) 


(4. 113) 


The  network  solution  vector  x (t)  is  also  written  in  the  form 


x(t)  =  x  (t)  +  Ag(t)  $ 


(4.114) 


where  ^x(t)  is  the  perturbation  solution  while  x^t)  gives  the 
time-varying  operating  point  solution.  Substituting  Eq.  (4.111) 
and  (4.114)  into  Eq.  (4.109), 
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4(t)  +  tkit) 


A^X^t)  +  ^£(t)J 
+  St  jjc0(t)+^c(tU  Uo(t)+  Au(t)J 

+  D  (t)  +  Au(t)J. 


Substituting  the  ^definition  of  the  differential  of  _f  (x,  u) 


(4.115) 


^f[jco(t),  Ax't),  u^t),  Au(t)  ]  s 

f[x  (t)  +  Ax(t),  u  (t)  +  A&(t)]  -  fCx^t),  u^(t)]# 

“  3  (4.116) 

into  Eq.  (4.115),  we  may  separate  Eq.  (4.115)  into  two  equations: 
3^(t)  sAx^t)  +  Q  f  [^(t),  ^(t)]  +d122D(t)#  (4.117) 


which  is  the  operating  point  equation  (OPE)  and 

Ax(t)  «  A  Ax(t)  +  G  A_f[x^.  Ax,  u^i  A^i]  +  dj  Aji(t),  (4.118) 
which  is  the  perturbation  equation  (PE) . 

Equations  (4.117)  and  (4.118)  are  the  statement  of  the  multi- 
variable  time-varying  nonlinear  transfer  function  problem.  In  the 
OPE,  only  the  strong  excitation,  which  is  applied  to  the  original 
circuit,  is  present.  The  OPE  is  a  set  of  time- invariant  nonlinear 
equations,  the  solution  of  which  is  the  system  of  time-varying 
operating  points  about  which  the  perturbations  occur. 
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The  time-varying  operating  points  applied  to  the  perturba¬ 
tion  equation,  Eq.  (4.118),  result  in  a  system  of  time-varying 
nonlinear  equations.  The  solution  to  the  perturbation  equation 
can  be  approximated  by  use  of  time-varying  Volterra  functionals, 
the  more  terms  of  which  are  included,  the  better  is  the  solution. 
The  solution  of  the  multivariate  perturbation  equation  follows 
the  same  techniques  as  were  used  in  solving  Eq.  (4.16),  that  is, 
a  Taylor  series  expansion  is  made  of  Eq.  (4.118) ,  vector  driving 
terms  are  inserted,  and  systems  of  equations  of  equal  order  are 
formed. 

til 

Physically,  the  n  -order  response  of  a  network  does  not 
depend  upon  the  inclusion  of  higher-order  responses.  For 
example,  the  linear  perturbation  solution,  which  is  the  response 
of  the  small-signal  linear  equivalent  circuit,  is  the  same  no 
matter  how  many  terms  are  assumed  in  the  mathematical  expansions 
of  ^f  and  Ax.  Similarly,  the  second-order  response  is  independent 
of  any  higher-order  response  through  the  second-order  nonlinear 
behavior  of  the  circuit.  Due  to  the  choice  of  expansion  in 
Volterra  functionals,  each  higher- order  nonlinear  response  is 
the  result  of  excitation  of  the  linearized  system  with  inputs 
which  are  created  from  combinations  of  lower-order  responses. 

Once  again  we  remark  that  the  linearized  circuit  is  time-varying 
due  to  and  determined  by  the  strong  signal  response,  xQ(t) •  In 
the  case  where  the  strong- signal  input,  u^ (t)  is  arbitrary,  it 
is  not  possible  to  explicitly  determine  the  Volterra  kernels. 
However,  in  the  special  case  where  the  strong- signal  input  is 
periodic,  although  of  an  arbitrary  known  waveshape,  and  the 
small-signal  input  is  a  sum  of  sinusoids,  Eq.  (4.118)  may  be 
converted  to  a  form  in  which  a  vector  of  time-varying  nonlinear 
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f  ^#  . f^)  are  obtained  as  solutions. 
The  time-varying  operating  point  solution#  xQ(t),  will  be 
periodic.  xQ(t)  can  be  found  numerically  either  by  the  Newton- 
Rhapson  techniques  (Aprille  and  Trick#  1972)  or  by  integrating 
Eq.  (4.117)  until  the  steady-state  is  reached.  The  order-sepa¬ 
rated  equations  needed  to  determine  the  total  perturbation  solu¬ 
tion  will  also  be  periodic  as  well  as  time-varying.The  solution  is 
a  direct  matrix-vector  analog  of  the  techniques  developed  in 
Section  4.3  for  the  single-loop  case.  While  the  derivation 
is  complex  and  will  not  be  presented,  the  final  result  can  be 
easily  stated. 

The  perturbation  equation  for  the  single- loop  network  was 
shown  to  be 

S-  -f1  -EV1'  V  +I'  (4-119) 

where  v^(t)  is  the  diode  perturbation  voltage  due  to  the  weak 

excitation#  v.  From  Eq.  (4.12)#  v.  (i#  i  )  was  shown  to  be  equal 

ct  o 

to 

v.(i#  i  )  «  r,(t)  i  +  r, (t)  i2  +  (4.120) 

a  o  i  * 

with  the  result  that 


transfer  functions,  H^(t? 


(4.121) 


From  Eq.  (4.119),  che  time-varying  linear  differential  equations 
for  the  nonlinear  transfer  functions  were  found  to  be 
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*  r  r  ri  ^  i 

(t  y  f)  *  -  Hr  +  +  j 2tt£  I  H1(tr  f)  +  J, 

.  fR  ri<t)  1 

H2(t,  frf2)  «  "[I  +  “V“  +  j2n(f1+f2)jH2(t;  flff2) 


(4.122) 


r-(t) 

—  £~  H^tjf^H^t?  f2). 


(4.123) 


rR  ri(t)  1 

“  j^L  +  L  +  j2TT(f1+f2+f3)jH3(tj  flf  f2<  f3) 


H3(ty  f^f^fg) 


r-(t)  . . 

“  2  “V“  Hl(t?  V  H2(tf  f2'V 

-  g3(t)  TT  H,(t;  f.)  . 

Li-1 


(4.124) 


In  the  multistate  case,  the  perturbation  equation  as  given  by 
Eq.  (4.118),  is 


Ax(t)  -  A  Ax(t)  +  G  AJl  Ax,  u  ,  Au)  +  d_Au(t)  (4.125) 

and  the  desired  solution  will  be  a  vector  time-varying  nonlinear 

transfer  function,  H  (t;  f , ,  f„...f  ),  where  the  components  of 

n  i  2  n 

H  are  the  time-varying  nonlinear  transfer  functions  of  the  state 
— n 

variables.  Associated  with  will  be  the  operating-point  state- 
variable  vector  x^.  Comparing  Equations  (4.119)  and  (4.125), 
we  identify  the  analogous  quantities 

(1)  i  4— >  x  f 

(ii)  -  R/L4-*  A  , 

(iii)  -  1/L  vd(i,  i  )  *-►  GA1  (x,  j^,  A^), 

(iv)  v/l<r»d2  Au(t)# 
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and  state' the  differential  equations  satisfied  by  the  time- 
varying  nonlinear  transfer  functions  to  be 

Hj^t?  f)  =  [A  +  GF^}^)  -  j2TTfl]  H1(t?  fx)  +  d2#  (4.136) 

JH2  (t?  f1#f2)  =  [A+GF^Xj)  -  j2n(f1+f2)X]  H2(tj  f1#f2) 

+  GF2(2o)  col  CHl#i(t?  fl}  Hl#i(t?  f2)]'  (4.127) 

H3(t?  fltf2,f3)  m  [A  +  GP^(2^j)  “  j2TT(f1+f2+f3)  I]  H3(t;  ) 

^2St2%)  ool  [Hia(t;  fx)  H2_.(t:  f2.f3n 
WPjtx,)  col  [3l>l(t,  ft)  f2)  £3)]. 

(4.128) 

Equations  (4.126)  through  (4.128)  can  be  formally  derived,  in 
writing  the  equations ,  we  have  used  the  notation: 


F^j^)  =  i-th  coefficient  matrix  in  the  Taylor  series 
expansion  of  F(xq). 

.  *  i-th  component  of  n-th  order  nonlinear  transfer 
*  function  vector. 

col  [  1  <=  a  column  vector,  the  i-th  row  of  Which  is 

given  by  the  term  in  the  bracket. 

JC  *  identity  matrix. 
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Equations  (4.126)  through  (4.128)  are  each  a  linear,  time- 
varying,  periodic  system  of  differential  equations  the  solution 
of  v’hich  is  the  vector  time-varying  nonlinear  transfer  function 
of  desired  order.  The  equations  for  the  higher-order  nonlinear 
transfer  functions  can  be  developed  using  these  equations  as  a 
guide,  plus  the  recursion  relations  of  Section  2.2.3  to  define 
the  nonlinear  sources. 

Equations  (4.126)  through  (4.128)  also  assume  that  each  com¬ 
ponent  of  (x  )  is  a  function  of  only  one  component  of  x,  so 

U 

that  each  row  of  F  (x  )  has  only  one  non-zero  element.  The  effect 

— n  o 

of  this  assumption  is  shown  in  the  post-multiplication  by  the 
column  vectors  in  the  single  components  of  H^.  In  the  most  general 
case,  where  this  restriction  is  removed,  the  Taylor  series  ex¬ 
pansion  of  H  ,  and  the  subsequent  analysis,  would  utilize  appro- 
n 

priately  higher  dimensional  matrices  and  driving  terms.  The  form 
of  the  solution  would,  however,  remain  unchanged. 
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4 . 6  Direct  Time-Domain  Solution  of  Nonlinear  State  Equations 


In  Taction  4.4  it  was  shown  that  the  equations  describing 
nonlinear  circuits  could  be  formulated  as  nonlinear  state  equations. 
One  means  of  finding  the  large-excitation,  multi-input  signal  re¬ 
sponse  of  a  circuit  is  to  solve  the  nonlinear  differential  equations 
with  the  circuit  excited  by  all  signals.  The  various  spectral  com¬ 
ponents  in  the  circuit  output  can  then  be  found  by  performing  a 
Fourier  analysis  of  the  time-domain  solution  to  the  differential 
equations.  The  Fourier  analysis  can  be  performed  using  the  fast 
Fourier  transform  algorithm  of  Cooley  and  Tukcy  (1965).  We  will  be 
concerned  next  with  thv-  problem  of  numerically  evaluating  the  solu¬ 
tion  of  a  nonlinear  differential  equation,  and  the  related  problem 
of  finding  a  periodic  solution  when  the  input  excitation  is  periodic. 

4*6.1  Numerical  Solution  of  Nonlinear  State  Equations 

The  equation 

F(t;  x,  x' ,  x",  •••  x(p))  »  0,  (4.129) 

is  a  differential  equation  of  order  p.  A  function  x(t)  such  that: 

Ftt,  x  (t) ,  x'(t),  x"  (t) ,  *  •  •  x^  (t)]  =  0,  (4.130) 

for  all  t  over  which  F  is  defined  is  a  solution  of  the  differential 
equation.  In  order  to  have  a  unique  solution  to  a  p-order  differ¬ 
ential  equation,  p  conditions  are  required.  If  the  function  x  and 
its  first  p-1  derivatives  are  defined  at  one  point,  the  problem  of 
finding  x(t)  is  called  an  initial  value  problem.  If  x(t)  and/or 
some  of  thi-  derivatives  are  specified  at  several  points,  the  problem 
is  called  a  boundary  value  problem. 
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The  numerical  evaluation  of  differential  equations  is  done 

through  the  use  of  numerical  integration.  The  firBt  important 

attribute  of  an  integration  method  is  its  order:  a  method  is  of 

k+1 

order  k  if  the  truncation  error  is  0(h  )  where  h  is  the  inte¬ 

gration  step  size.  Thus  the  higher  the  order  of  a  method,  the 
more  accurate  the  results  for  a  fixed  step  size  h. 


Methods  which  essentially  extrapolate  from  past  values  pro¬ 
vide  a  formula  which  gives  the  next  value  of  the  state  vector  ex¬ 
plicitly.  By  contrast,  implicit  methods  have  formulas  in  which 
x^  is  given  not  only  in  terms  of  past  values  but  also  in  terms  of 

it  .  A  general  implicit  integration  rule  is  given  by  [Gear  1970, 
n 

p.  112] 


a  x 
o  n 


he  x 

o  n 


K 

T 

j°l 


<ajVi 


hSjVj>- 


(4.131) 


where  ao  “  1,  h  is  the  st^jp  size,  and  the  subscript  n  denotes 
the  n-th  time  step.  Thus,  in  implicit  methods,  0q  is  non¬ 
zero;  in  explicit  methods,  is  uniquely  zero,  fcn  itera¬ 
tive  method  must  be  used  to  solve  for  x  ;  a  formula  which  provides 

(C)  _"n 

a  first  approximation,  x^  ,  as  a  starting  point  for  the  integra¬ 
tion  formula,  is  called  a  predictor,  while  the  integration  formula 
itself  is  called  the  corrector.  Many  schemes  exist  in  which  the 
number  of  corrector  iterations  is  fixed,  or  a  modifier  is  used 
after  the  predictor  so  that  the  corrector  is  evaluated  only  once. 

Methods  may  be  single  step,  or  multistat,  depending  on  whether 
tha  method  uses  information  from  one  or  more  previous  mesh  points. 
The  number  of  steps  in  Equation  (4.130)  is  the  index,  k.  kunge- 
Kutta  methods  of  any  order  are  single  step;  predictor-corrector 
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methods  are  multistep.  If  the  order  of  the  predictor  is  q,  and 
the  order  of  the  corrector  is  r,  then,  after  m  iterations,  the 
error  is  0(hq+m+1)  +  0(hr+1).  Thus,  if  q  ®  r-1,  only  two  cor¬ 
rector  iterations  are  required  before  the  predictor-corrector 
accuracy  is  limited  by  the  order  of  the  corrector. 

An  extremely  important  aspect  of  an  integration  formula  is 
its  stability,  which  can  be  determined  only  if  the  method  is 
linear.  Because  the  integration  method  is  a  linear  difference 
approximation  to  the  actual  nonlinear  differential  equation, 
there  is  a  truncation,  or  discretization,  error  which  is  gene¬ 
rated  at  each  step.  The  total  error  in  the  solution  can  be  shown 
to  be  the  solution  of  a  linear  difference  equation  with  the  trun¬ 
cation  error  as  a  forcing  function;  it  is  the  stability  cf  the 
error  difference  equation  which  must  be  guaranteed  if  the  total 
error  in  the  numerical  solution  is  to  remain  bounded.  Because 
the  numerical  integration  scheme  amounts  to  solving  a  linear 
difference  equation,  it  is  possible,  through  choice  of  the  dis¬ 
crete  time  step  size,  to  have  unstable  poles  in  the  difference 
equation  without  there  being  unstable  poles  in  the  original  dif¬ 
ferential  equations.  Since  the  numerical  stability  of  an  inte¬ 
gration  formula  is  dependent  upon  the  properties  of  the  system 
being  integrated,  it  is  usual  to  assume  a  scalar  test  system  of 
the  form 


x  «  -Xx.  (4.132) 

The  philosophy  is  that  for  a  sufficiently  small  time  step  h,  the 
dynamic  behavior  of  x  in  x  «*  f(x)  is  well  approximated  by 

x  =  x(tn)  +  6x#  (4.133) 


where 


6x 


M 

bx 


6x. 


*<V 


(4,134) 
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Thus,  in  the  scalar  case,  we  have 


X 


# 


x(tn) 


(4.135) 


While,  in  the  vector  case,  -X  is  the  largest  magnitude  eigenvalue 
of  the  matrix 


A  = 


bx  j  • 

2£(tn> 


(4.136) 


The  matrix  A  of  Eq.  (4.136)  is  the  Jacobian  matrix  of  the  system. 
For  linear  difference  schemes,  the  poles  of  the  total  solution 
error  difference  equation  are  functions  of  hX,  and  for  a  stable 
formula,  the  conditions  on  hX  such  that  all  poles  of  the  total 
solution  error  difference  equation  are  within  or  on  the  unit 
circle  must  be  determined. 

The  classic  textbook  by  Henrici  (1962)  provides  the  funda¬ 
mental  background  and  details  of  most  linear  integration 
schemes.  The  stability  properties  of  the  most  well  known  linear 
methods  can  be  determined  from  the  plots  given  by  Lomax  (1967), 
which  show  that  classical  numerical  integration  methods  tend  to 
have  restrictively  small  stability  regions,  e.g.,  for  fourth- 
order  Runge-Kutta,  JhXj  s  2.6  for  stability,  while  for  the 
Hamming  modified  predictor-corrector,  !hX|  <  0.6*  Systems  of 

equations  with  widely  separated  time  constants  are  called  "stiff 
equations".  These  arise  frequently  in  the  analysis  of  electronic 
circuits.  Where  coupling  networks  may  have  long  time  constants, 
while  parasitic  elements  may  cause  short  time  constants.  In  in¬ 
tegrating  stiff  equations  with  these  methods,  stability  is  insured 
only  by  estimating  the  largest  magnitude  eigenvalue  and  restrict¬ 
ing  h  in  accordance  with  the  stability  boundary  for  the  method. 
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Besides  the  difficulty  of  performing  this  estimation*  there  is 

the  additional  burden  that  the  solution  component  represented  by 

this  largest  magnitude  pole  is  frequently  not  of  interest*  as  it 

usually  belongs  to  some  high-frequency  parasitic  mode.  Thus, 

standard  integration  methods  can  be  exceedingly  inefficient.  The 

most  desirable  property  of  a  numerical  scheme  would  be  numerical 

stability  for  all  stable  X*  in  this  case  h  could  be  chosen  to 

satisfy  some  truncation  error  requirement  on  an  important  solution 

component  without  the  danger  of  inducing  numerical  instability  due 

to  the  high-frequency  parasitic  modes.  Any  method  which  possesses 

numerical  stability  for  all  values  of  hX  Whenever  X  has  a  negative 

real  part  is  said  to  be  A-stable  (Dahlquist,  1963) ?  no  linear 

multistep  method  of  order  greater  than  two  can  be  A-stable,  and 

any  linear  A-stable  method  must  be  implicit.  It  is  discouraging 

that  A-stable  methods  cannot  be  of  order  greater  than  two.  The 

need  for  higher-order  methods  arises  from  the  relationship  between 

order  and  truncation  error.  Because  the  solution  function  is  being 

approximated  by  a  polynomial,  there  is,  as  in  a  Tay loir's  series 

k+1 

approximation,  a  truncation  error  Which  is  0(h  )  Where  k  is  the 

order  of  the  method.  Only  by  the  use  of  higher  order  methods  can 
the  step  size  h  be  made  large  and  the  truncation  error  small  simul¬ 
taneously. 

By  relaxation  of  the  stability  requirement.  Gear  (1971)  has 
developed  certain  high-order  implicit  formulas  for  orders  one 
through  six.  Only  the  first  and  second  order  formulas  are  stable 
for  all  hX  >  Oj  the  remainder  are  stable  in  the  shaded  region 
shown  in  Pig.  4.10.  They  are  called  stiffly  stable  formulas  in 
order  to  differentiate  them  from  A-stable  formulas.  Gear's  form¬ 
ulas  are  stiffly  stable  for  D  *  6  «nd  0  »  0.5.  The  basic  justifi¬ 
cation  for  the  sufficiency  of  stiff  stability  lies  in  *  assumption 
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that  large  magnitude  eigenvalues  correspond  to  parasitic  modes 
Which  affect  the  total  solution  but  little;  it  is  not  necessary 
that  the  method  be  accurate  for  such  parasitic  modes,  but  only 
that  it  be  stable  for  such  modes.  On  the  other  hand,  high  accur¬ 
acy  is  desired  for  modes  corresponding  to  smaller  magnitude  X's 
so  that  h  must  perforce  be  small;  the  result  is  that  for  hX  small 
in  magnitude,  the  stability  region  need  not  be  too  large,  since 
accuracy  is  the  dominant  concern.  In  programming  the  formulas, 
the  step  size  and  the  order  of  the  integration  formula  are  changed 
as  needed.  To  minimize  the  running  time  it  is  desired  to  make  h 
as  larc,e  as  possible,  consistant  with  the  desired  accuracy;  for  a 
fixed  b,  increased  accuracy  results  from  the  use* of  a  higher  order 
formula.  Gear  (1971)  presents  a  complete  discussion  of  stiffly- 
stable  predictor-corrector  techniques,  and  inc3.udes  a  FORTRAN 
program  for  performing  the  numerical  integration  of  a  set  of  N 
ordinary  first-order  differential  equations.  As  part  of  the  pro¬ 
gram,  there  is  an  algorithm  which  automatically  changes  the  step 
size  and  order  of  the  integration  routine  so  that  the  error  is 
kept  within  a  prescribed  amount  While  maintaining  a  fast  execu¬ 
tion  time.  In  applying  the  variable  step,  use  is  made  of  the 
Nordseick  vector  (Nordseick,  1962).  The  predictor  used  in  the 
routine  is  a  Pascal  triangle,  and  the  program  allows  for  three 
corrector  iterations  at  the  smallest  step  size  before  failure  of 
convergence  is  declared „ 
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4* 6 • 2  Numerical  Solution  of  the  Dynamic  Operating 
Point  Differential  Equation 

In  the  previous  sections  we  have  presented  considerable 

l 

detail  regarding  the  single-variable  and  multi-variable  formu¬ 
lation  of  a  perturbation  method  of  solving  strongly  driven 
nonlinear  networks.  Two  multi-variable  differential  equations 
must  be  solved  to  obtain  specific  results  for  any  particular  non¬ 
linear  circuit  example.  First,  the  operating  point  must  be  de¬ 
termined  by  obtaining  a  numerical  solution  of  the  nonlinear  state 
equations  of  the  system  when  the  system  is  strongly  driven  with 
a  periodic  excitation.  There  are  very  efficient  methods  of  de¬ 
termining  the  periodic  solution.  This  section  describes  the 
Newton-Raphson  iterative  procedure  of  determining  the  time- 
varying  operating  point,  xQ(t),  when  the  strong  signal  input, 
u^(t),  is  periodic.  After  the  periodic  operating  point  has 
been  determined,  the  periodic  derivative  matrices  (Taylor  series 

coefficient  matrices),  F.,  which  are  a  function  of  x  (t) ,  can 

— i  — o 

be  determined  and  hence  the  time-varying  nonlinear  transfer  func¬ 
tions  Hn(t;f)  may  be  computed.  Numerical  techniques  for  de¬ 
termining  H  will  be  described  in  Section4.6. 3.  We  now  describe 
the  method  for  obtaining  the  periodic  solution  of  a  set  of  non¬ 
linear  differential  equations  characterizing  the  system  state. 

The  general  nonlinear  system  state  equations  are  given  by 

x  =  f(x,t).  (4.137) 

After  presenting  the  method  we  will  specialize  the  results  to  the 
operating  point  equation.  Our  goal  is  to  determine  the  periodic 
solution  of  Eq.  (4.137). 
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Let  a  be  the  initial  condition  vector  of  the  periodic  solution 

of  period  T.  We  must  determine  such  that  one  period  later  the 

same  initial  conditions  occur  [i.e.,  x(t  +T,a)  =  x(t  ,a)  =  a]. 

—  o  —  —  o  — 

We  have  selected  t=t  as  the  initial  condition  time  and,  for  simpli- 

o 

city,  now  set  t  =  0.  We  shall  develop  here  the  Newton-Raphson 
iteration  procedure  that  is  needed ^ 

The  problem  is  restated  as  follows.  Given  the  initial  con¬ 
dition  vector  a  at  time  t=tQ,  where  we  now  arbitrarily  choose 
t  *=0,  determine  a  such  that  the  vector  equation 

c  (a)  =  x -  a  =  0  ,  (4.138) 

is  satisfied.  Physically,  all  (4.138)  implies  is  that  T  seconds 
after  the  initial  time  the  solution  is  back  to  the  initial 
conditions . 

V 

Let  us  assume  that  a  is  the  k'th  approximation  to  the  root 

3c  1c  1c 

of  £ (a)  =J2.*  We  wish  to  determine  e  such  that  c(^j  +_g  )  =().  Expand- 
1c 

ing  c(a)  about  &  gives,  to  the  first  degree, 


c(ak  +  .e^)  =  c  (a^)  +  c  , 

■£ 


(4.139) 


,  k.  tc(a) 

V-  > 5  sr- 


f  the 

form 

6ai 

ba2 

i!? 

i!i 

ba2 

(4.140) 


a=a 
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k  k 

In  order  for  a  +  e.  to  be  a  root,  it  is  necessary  for 

k  k  k 

+JL  )  to  k®  equal  to  zero.  Thus  _e  is  obtained 

by  setting  (4.139)  equal  to  zero.  We  find  that 

k  r  ,  k.  ^-l  .  k. 

=  -Ua-  >J  £  >• 

Since  ye  only  used  the  linear  term  to  obtain  Eq. (4.139)  it  is 
1c  1c 

that  a  +  .e  is  not  necessarily  the  desired  root  of  c(a)  =  jO. 

Tc 

is  a  closer  approximation  than  a  ,  however,  so  that  we  make  it 

k+i 

next  guess  for  a,  a  .  The  Newton  iteration  formula  is  thus 


k+1  k 
&  m  & 


£(Ak) 


Using  (4.138)  we  find  that 

£a<ak)  -  [sa  (T-a*)  -  l]  . 


where  the  matrix  x  is  given  by 

& 


x  (T,  a  )  * 

Jss 


(T,jjt)  bx1(T,a) 


ba^ 

bx2 (T,a) 

ba. 


ba„ 


bx2  (T,£) 


ba„ 


a  =  a 


and  the  superscript  k  implies  the  k’th  iteration. 


(4.141) 

clear 

It 

the 

(4.142) 


(4.143) 


(4.144) 
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The  iteration  relationship  then  becomes 

jk+1  =  ^  _  [x^oyab  -  l]“1[x  (T,ak)  -  .ak],  (4.145) 

which  is  the  iteration  relationship  for  the  initial  state  vector. 

Before  the  iteration  procedure  of  (4.145)  may  be  used  it  is 
necessary  to  develop  a  method  for  computing  the  matrix  x^(T,o.  ). 

We  do  this  by  means  of  a  result  from  differential  equation 

theory  [Coddington,  1955,  p.  349].  The  original  system  differ¬ 
ential  equation  &  «  JI(x»t)  is  rewritten  as 

x(t,jj)  =  lCx(t,a)  ,t],  (4.146) 

where  we  have  shown  explicit  dependence  upon  t  and  the  initial 

condition  a.  Eq.  (4.146)  is  clearly  a  vector  equation. 

k 

However, taking  d/d  of  both  sides  and  letting  jy=oc  gives 

x  (t,ak)  ■  fj*x(t,ak)  ,t]x  (t,£k)#  (4.1,47  / 


which  is  now  a  matrix  differential  equation.  The  "chain"rule  has 
been  applied  here  so  that  is  given  by 


(4.148) 
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and  (4.147)  may  alternately  be  written 

M  -  M  .  .  (4.149) 

bx  ba 

lc 

We  observe  that.  the  matrix  x  (t,a  )  is  a  solution  of  the 

“A 

matrix  differential  equation  (4.147).  Noting  that 


x  (0,ak)  =  I,  (4.150) 

“A 

since  x(0,_gt)  is  the  initial  condition  vector  £,  we  conclude  that 
2£a(t )  is  by  definition  the  state  transition  matrix  of  the 
linear  system 

±  =  (4.151) 

af 

f  is  simply  the  first  derivative  matrix  of  „f  (x)  given  by  R  ®  x". 

We  therefore  3olve  Eq  (4.151)  at  time  T  to  determine  X  (T,a  ). 

U> 


We  now  consider  the  application  of  this  iteration  procedure 

to  the  operating  point  equation.  The  period  T  is  the  period  of 

the  strong  iuput  function,  u1  (t) .  Corresponding  to  the  initial 

k  ■*’ 

condion  x  (0)  =  £  ,  Eq.(4.117)is  integrated  for  0  <  t  <  T,  to 
°  v 

obtain  x^t^a  ).  The  matrix  linear  system  (4.151)  to  be  integrated 
is 

i  "  {a  +  G  F  ,£*)]}•  y  •  (4.152) 

By  a  suitable  choice  of  integration  method,  the  state  transition 
matrix  of  (4.152)  can  be  obtained  for  0  <  t  <  T.  We  nead  only 
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the  matrix  evaluated  at  t=T,  namely,  [dx  (T,a)/da]  X,  to  per' 

o  cl=o. 

form  the  next  Newton  iteration,  or 


k+1  k 

3r  "A 


-i 

*  “s 

'bx  (T,a) 

— o  — 

V  “  1 

k.  k 

x  (T,a  )  -  a 

a =s^  _ 

— o  —  — 

(4.153) 


When  the  iteration  has  converged , the  periodic  operating  point 
xQ(t),  corresponding  to  the  strong  periodic  excitation,  u^(t), 
has  been  obtained.  This  solution  will  exist  and  be  unique  as 
long  as  the  derivative  matrix  of  xQ(T,a)  is  non-singular.  This 
condition  will  occur  as  long  as  the  linearized  circuit  has  no 
periodic  solutions  of  the  same  period,  T. 

4.6.3  Numerical  Solution  of  the  Time-Varying  Nonlinear  transfer 
Function  Perturbation  Equations 

There  is  one  technique  which  must  be  presented  so  that  all 
of  the  cases  we  expect  to  encounter  in  the  communications  re¬ 
ceiver  can  be  handled  efficiently.  The  task  is  to  determine  the 
nonlinear  transfer  functions  from  the  set  of  differential  equa¬ 
tions  (4.126)  through  (4.128).  In  these  equations  we  find 
that,  since  there  is  direct  dependence  on  the  time-varying  oper¬ 
ating  point,  x^t) ,  both  the  state  matrix  and  the  forcing  functions 
are  periodic  with  period  T.  The  periodicity  of  the  state  matrix 
is  due  to  the  presence  of  F ^  [xQ(t)].  The  periodicity  of  the 

forcing  functions  shall  be  demonstrated  before  concluding  this 
subsection. 

Bach  nonlinear  transfer  function,  H  (trf),  is  the  solution 

—  n  — 

vector  of  a  system  of  linear  periodic  differential  equations. 

The  forcing  function  is  obtained  from  the  solution  of  the  system 
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of  equations  of  lower  order.  Thus  each  is  obtained  as 

the  periodic  solution  of  a  system  of  equations  which  may  be  put 
in  the  general  form 

z(b)  =  B(t)z(t)  +  v(t).  (4.154) 

Here  v(t)  is  the  complete  set  of  forcing  functions  and  the  linear 
circuit,  represented  by  B  (t) ,  is  time-varying.  For  example,  if 
we  consider  H3(t;f)  in  (4.128)  we  see  that  B(t)  and  v(t)  would  be, 
respectively,  equal  to 

B(t)  =  tA  +  QE^Cx^t)]-  j2TT(f1+f2+f3)  1}  ,  (4.155) 

v(t'  ~§  GF^)  col[H1>i(t;f1)H2^i(trf2,f3) 

+hl,itr  f2)H2,i^t?fl'f3)  +  Hl,i(t?f3)H2,i*t?fl*  *2*  ^ 

+  GF^x^coltH^  ^tjf^  H1#i(t?f2)H1^i(t;f3)  ]  . 

(4.156) 

It  is  clear  in  (4.155)  that,  since  x  (t+T)  =  x  (t)  and,  therefore, 

O  ~~X3 

S^Ca^t+T)  ]  »  ^[^(t)  1,  we  have 

B(t+T)  =  B(t).  (4.157) 
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We  now  reason  the  periodicity  of  the  forcing  function,  v(t) .  In 

(4. 126)  the  forcing  function*  v(t) *  is  equal  fco  ^2*  Since  d2  is 

constant  it  is  trivially  periodic.  In  (4.127)  wife  forcing  function 

is  a  function  of  F«(x  ),  which  is  periodic  with  period  T,  and- 

«  o 

(t; f ) .  But  H^ftyf)  is  the  periodic  solution,  of  period  T,  from 
the  first  order  nonlinear  periodic  differential  ^|||^ion.  There¬ 
fore,  combining  J?2  and  maintains  the  periodicity  and  the  forc¬ 
ing  function  in  this  case  is  also  of  period  T.  In  addition,  the 
solution  to  the  equation  H2(t?f)  is  periodic  with  period  T.  Look¬ 
ing  at  the  forcing  function  in  (4.156)  we  see  dependence  on  F2, 

Fg,  and  H2#  all  of  Which  are  periodic  with  period  T.  Therefore, 
we  may  now  conclude,  in  general,  that  the  forcing  functions  of 

(4.126)  through  (4.128)  are  all  periodic  so  that 

v  (t+T)  «v(t).  (4.158) 

Since  it  is  clear  how  B(t)  and  v(t)  are  determined  from  Eqs. 

(4.126)  through  (4.128)  we  proceed  to  describe  the  method  for 
solving  the  general  linear  periodic  system  of  differential  equa¬ 
tions  described  by  Eq.  (4.154). 

Solution  of  linear  equations  is  well  known  and  may  be  given 
in  terms  of  the  system  transition  matrix,  J.(t,T),  which  is  deter¬ 
mined  by  B (t) .  The  problem,  however.  Which  we  consider  is  to  have 
an  efficient  method  of  solution  for  the  periodic  case.  The  known 
solution  is  [Schwarz  and  Friedlander,  (1965),  p.  114]. 

t 

z.(t)  »  +  j  l(t,  T)v(T)dT,  (4.159) 

t 

o 
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where  t  is  the  initial  time.  There  are  many  techniques  for  de¬ 
termining  the  state  transition  matrix.  However,  in  general, 
.$(t,T)  cannot  be  calculated  analytically.  In  the  solution  method 
which  we  have  chosen  we  seek  that  set  of  initial  conditions,' 

P 

z  (t  ) ,  such  that  z(t  +T) ,  one  period  later,  is  identical  to  the 
—  o  —  o 

initial  conditions.  In  this  fashion  we  determine  the  solution 

with  period  T.  If  z(t  +T)  ■=  zP(t  ),  then 

—  o  -  o 


/(to* 

or,  equivalently 


t  +  T 

§(t+T,t  )  z  (t  )+  f  °  $  (t  +T,  t)v  (T)dT, 

"  °  °  ~  °  Jt  °  (4.160) 


HV'-V]'1 1 


t  +T 

°  l(t  +T,  T)v(r)dT. 


(4.161) 


In  order  for  this  solution  to  exist,  the  indicated  matrix 
inverse  must  exist.  Physically,  the  stale  transition  matrix 
.$(t,to)  describes  the  impulse  responses  of  (4.154)  When  the  sys¬ 
tem  is  excited  by  a  set  of  impulses  at  time  t=to.  Therefore, 
each  diagonal  element  of  J.(t,t0)  is  a  solution  function  with 
v(t)  identically  zero.  Let  us  assume  that,  without  the  periodic 
input  v(t)  applied,  the  unforced  system  has  a  solution  of  period 
T.  This  would  imply  that  $ (t  +T,t  )  =  $ (t  ,t  ).  By  definition, 

$(t,t)  is  equal  to  the  identity  matrix,  so  that  )  =  z(t  )  in 
—  O  O 

(4.159).  As  a  result,  the  matrix  [  I  -  $(t  +T,t  )]  is  singular. 

•—  •—  o  o 

Therefore,  the  solution  exists  and  is  unique  only  if  the  unforced 
periodic  system  has  no  solution  of  period  T.  Physically,  we  expect 
the  system  described  in  general  by  (4.154)  to  have  only  damped 
responses  in  the  absence  of  any  excitation.  Thus,  (4.161)  will 
give  the  periodic  solution.  The  procedure  is  as  follows: 
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i)  With  zero  initial  conditions,  ^(t^^O,  obtain  the  state 

transition  matrix  £(t,t  )  for  t  <t<t  +T  by  using  numerical 

integration.  Simultaneously,  we  obtain  the  integral 

$(t,T)vU)dT  for  t  <t<t  +T. 

«i  t  —  —  o - o 

o 

Since  we  are  using  numerical  integrstion  on  the  computer  we  actual¬ 
ly  progress  in  time  by  steps.  If  h  is  the  step  size  and  is  con¬ 
stant  then  we  would  find  £{kh,0)  for  k®0, 1, . . . ,T/h.  Since  the 
numerical  procedure  uses  variable  step  sizes  we  symbolically 

write  k^O-T/h  to  mean  #(kh,t  )  is  determined  at  the  appropriate 

—  o 

time  points  between  t=0  and  t=T. 

ii)  Using  (4.161)  find  the  solution  zP (tQ) .  Actually, 
the  most  efficient  computational  methods  will  solve 

£  4*T 

[i  -  $(to+T,to)]  zP(to)  ■  f  °  £(to+T,r)v(T)dT,  (4.162) 

to 

rather  than  find  the  actual  inverse* 

iii)  Using  .zP(to)  and  the  time  histories  of  jMt,to) 

and  [to+t  £(t , t) v ( t) dT,  compute  the  periodic  solution 
Jt©  p  ~  p 

vector  z  (t  +t)  for  0<t<T.  Actually,  we  find  £  (t  +kh) 

—  o  o 

for  kB0-<r/h,  as  explained  above. 

Hence,  knowing  ,zP(kh)  between  t=0  and  t»T  uniquely  defines  the 
total  solution  z{t). 

As  we  indicated  in  the  above  subsections  on  time  domain  methods, 
the  step  size,  h,  is  variable  and  chosen  automatically,  according 
to  the  particular  integration  method,  in  order  to  provide  a  de¬ 
sired  accuracy  in  (t?f).  By  contrast,  a  frequency-domain 
approach  would  require,  somehow,  the  determination  of  the  number 
of  Fourier  coefficients  to  be  used.  Should  H  have  a  region 
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of  rapid  variation  it  would  be  necessary  to  solve  for  a 
large  uumber  of  Fourier  coefficients  no  matter  how  small  that 
region  is.  The  time-domain  solution  would  require  a  small 
step  size  only  in  the  region  of  rapid  variation.  In  that  region 
computation  would  be  slow.  But  the  speed  will  be  made  up  in 
slow  variation  regions.  The  time-domain  solutions  which  we 
have  described  will  therefore  be  both  more  accurate  and  more 
efficient  than  a  frequency  domain  solution  approach. 
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CHAPTER  5 

EU3CTR0NIC  DEVICE  MODELING 


5.1  Introduction  to  Electronic  Device  NonllDfiar  Modeling 

Fundamental  to  the  successful  application  of  the  nonlinear 
system  modeling  and  circuit  analysis  methods  developed  in  this 
book  are  accurate  nonlinear  models  for  the  active  devices  employed 
in  the  system.  Device  models  of  most  interest  will  be  commonly 
used  in  active  regions  where  the  device  operation  is  quasi-linear 
about  an  operating  point  established  by  circuit  bias.  It  is  ne¬ 
cessary  to  make  a  distinction  between  total  and  incremental  non¬ 
linear  circuit  models.  Total  models  interrelate  the  total  instan¬ 
taneous  voltages,  currents,  and/or  charges  in  the  device.  Such 
models  are  required  for  operating  point  and  large-signal  circuit 
analyses.  They  are  also  the  starting  point  for  the  development 
of  incremental  nonlinear  models  in  a  quasi- small-signal 
analysis.  In  the  development  of  the  nonlinear  incremental  models 
individual  total  instantaneous  nonlinear  relationships  will  be 
expanded  in  a  Taylor  series  in  the  time  domain  about  circuit  static 
operating-points  in  order  to  form  the  nonlinear  dynamic  incremental 
models.  The  leading  term  in  the  Taylor  series  is  linear.  A  cir¬ 
cuit  model  containing  only  the  leading  term  for  each  nonlinearity 
is  the  familiar  linear  incremental  circuit  model  commonly  utilized 
in  small-signal  analysis  and  design.  Additional  terms  from  the 
Taylor  series  can  be  added  to  form  nonlinear  incremental  models. 

For  example,  three  terms  from  the  series  are  needed  for  a  third- 
order  model. 

It  is  desirable  to  have  device  models  that  can  be  utilized 
wherever  they  may  be  biased  in  the  normal  active  region.  This  is 
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accomplished  primarily  by  seeking  mathematical  relationships  re¬ 
lating  the  device  model  parameters  to  the  operating  bias  points. 
The  reason  this  objective  is  desirable  is  it  enables  the  predic¬ 
tion  of  nonlinear  effects  as  the  operating  point  may  change,  for 
example,  by  an  AGC  control  voltage.  We  shall  also  find  that, 
given  a  mathematical  model,  far  fewer  parameters  will  frequently 
be  necessary  to  characterize  the  nonlinear  incremental  model  than 
a  complete  set  of  Taylor  series  coefficients  for  every  operating 
point. 

The  models  we  seek  must  also  be  capable  of  accurately  pre¬ 
dicting  distortion  levels  in  the  presence  of  much  larger  input 
signals  causing  the  distortion.  For  example,  third-order  effects 
may  be  60  dB  below  the  input  signals  generating  the  distortion. 

There  are  many  possible  electronic  devices  that  may  be  em¬ 
ployed  in  communication  systems  that  introduce  physical  nonlini- 
arities  causing  distortion  and  signal  degradations.  We  shall  be 
primarily  concerned  with  bipolar  transistors  and  vacuum  tubes. 

5.2  Semiconductor  Diode 

It  is  the  objective  of  this  section  to  review  the  electrical 
characteristics  of  semiconductor  diodes  and  to  present  a  reason¬ 
ably  accurate  total  as  well  as  incremental  nonlinear  equivalent 
electrical  circuit  for  a  physical  diode.  An  excellent  elementary 
review  of  basic  pn  junction  diode  properties  can  be  found  in 
Gray  (1964) .  Our  presentation  begins  with  a  summary  of  ideal 
diode  static  and  dynamic  characteristics.  Several  examples  of 
characteristics  for  an  actual  metal-semiconductor  junction  diode 
are  shown.  Examples  of  departures  from  the  ideal  diode  for  both 
forward  and  reverse  bias  conditions  are  illustrated. 
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5.2.1  Ideal  Semiconductor  Diode 


5. 2. 1.1  Static  Characteristics 

The  tctal  static,  or  DC  current  I,  through  an  ideal 
semiconductor  junction  diode  is  an  exponential  function  of 
the  total  voltage,  V,  across  the  junction^nd  is  given  by 

<2Y 

I  -  Is[ekT  "  *]'  (5.1) 

where 

I  “  saturation  current 
s 

q  B  magnitude  of  charge  of  an  electron  = 

1.602  x  10-3-9  coulomb 

~23 

k  «  Boltzmann  constant  «  1.380  x  10  joule 
per  degree  Kelvin 

T  =  absolute  temperature  in  degrees  Kelvin. 

O  V*p 

At  room  temperature  (T  =  290  K) ,  is  25  millivolts.  Eq.  (5.1) 

is  shown  for  low-level  junction  voltages  on  a  normalized  linear 

current  scale  in  Figure  5.1.  The  forward  current  characteristics 

of  the  ideal  diode  are  shown  on  a  semi- log  scale  in  Figure  5.2. 

Note  that  the  characteristics  approach  the  straight  line 

exp[  kT  ]  f0r  large  fr*  T^e  straight  line ^intersects  the  normalized 

current  scale  for  V  «  0  at  the  saturation  current.  This  fact  can 

be  useful  in  determining  I  from  data  measured  in  the  forward 

s 

current  region  of  the  diode. 

5. 2. 1.2  Junction  Depletion-Layer  Capacitance 

The  semiconductor  junction  region  of  the  ideal  diode  is  a 
space  charge  layer  or  dipole  layer  of  charge  density.  The 
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charge  stored  in  either  half  of  this  dipole  layer  depends  upon 
the  bias  voltage.  Therefore,  the  junction  capacitance  is  a  func 
tion  of  the  voltage  applied  to  the  junction  as  well  as  the  dis¬ 
tribution  of  charge  for  a  fixed  voltage.  The  theoretical  value 
of  this  capacitance  for  the  ideal  reverse-biased  diode  in  terms 
of  the  total  voltage  V  at  the  junction  is  given  by 


C(V) 


C.L01. 


[i  -  IT 


(5.2) 


where 


C(0)  =  capacitance  for  V  =  0 
V  =  total  externally  applied  voltage 

ft  =  internal  barrier  potential 

fl/2;  abrupt  junction 
U  “  <1/3 i  graded  junction 


In  terms  of  elastance  S  = 


(5.3) 


Thi.':  form  or'  Eq.  (5.2)  is  useful  for  determining  the  internal 

pote  ntial  and  the  junction  type.  The  value  of  1/| i  causing  the 

left  hand  aide  of  Eq.  (5.3)  to  plot  linearly  as  a  function  of 

junction  voltage  V  establishes  |i.  This  is  illustrated  in  Figure 

5.3  for  the  abrupt  junction.  The  intercept  of  the  straight 
V 

line  1  -  with  the  horizontal  axis  of  the  curve  gives  the 
internal  potential  ft* 
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Fig.  5.3.  Normalized  (Elastance)  Voltage 
Dependence  upon  Junction. 
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The  space-charge- layer  capacitance  accounts  for  most  of 
the  junction  capacitance  when  the  junction  is  reverse  biased. 
When  the  junction  is  forward  biased ,  charge  carriers  are  drawn 
across  the  junction.  If  the  lifetime  of  the  carriers  is  much 
greater  than  the  period  of  the  applied  signal,  the  carriers 
will  appear  to  cause  a  second  capacitance  known  as  the  diffusion 
capacitance  which  is  in  parallel  with  the  space-charge- layer 
capacitance.  The  magnitude  of  the  diffusion  capacitance  is 
proportional  to  the  diode  current. 

5. 2. 1.3  Avalanche  Breakdown 

Hot-carrier  and  pn  junction  diodes,  when  reverse-biased, 
exhibit  an  effect  known  as  avalanche  breakdown  or  current  mul¬ 
tiplication.  Avalanche  current  multiplication  occurs  when  the 
electric  field  in  the  space-charge- layer  of  the  diode  is  large 
enough  so  that  carriers  traversing  the  space-charge  region 
"  -  acquire  sufficient  energy  to  break  covalent  bonds.  Defining  a 

multiplication  factor  M,  the  total  reverse  current  becomes  I0M 

instead  of  I  .  M  has  been  experimentally  found  to  be  of  the 
form  [ Miller f  1965] 


M  -  - - -  ,  (5.4) 

i  -  <v/vBD)  ” 

where  *  breakdown  voltage.  A  curve  of  M  for  several  values 
of  n  as  a  function  of  V/V  is  shown  in  Figure  5.4.  Avalanche 

BD 

multiplication  occurs  only  in  a  reverse-biased  junction. 
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5.2.2  Total  Equivalent  Nonlinear  Circuit  Model 
of  a  Semiconductor  Diode 

Total  equivalent  nonlinear  circuits  of  semiconductor  diodes 

are  summarized  in  this  section.  The  total  equivalent  nonlinear 

circuit  for  a  forward-biased  diode  is  shown  in  Fig.  5.5.  The 

nonlinear  voltage -dependent  current  source  is  the  exponential 

diode  model  with  the  quality  factor  n  added  to  the  exponent. 

A  fixed  series  resistance  F  has  been  added.  Inductance  L  is 

s 

internal  lead  inductance  while  C  is  case  capacitance  associated 
with  the  diode  package.  The  capacitance  C.  is  the  sum  of  the 
diffusion  and  the  space-charge  capacitances.  The  diffusion  capac¬ 
itance  is  absent  in  hot -carrier  diodes.  The  model  will  frequently 
be  reduced  to  R  in  series  with  the  current  generator  I(V).  The 
reverse-biased  total  equivalent  circuit  is  shown  in  Fig.  5.6. 

The  nonlinear  voltage- dependent  current  source  I (V)  models  the 
effect  of  avalanche  breakdown.  Capacitance  C(tf)  models  the 
depletion- layer  capacitance.  R£  is  again  a  fixed  series  resistance 
L  and  C  are,  respectively,  lead  inductance  and  package  capacitance. 
The  reverse-biased  total  model  also  will  frequently  be  simplified 
to  just  Rg  in  series  with  C(V). 

Typical  values  for  the  Schottky-barrier  diode  are  I  <=  lOnA, 

s 

n  =  1.05,  R  =  10  n,  C(0)  =  0.8  pF,  ^  =  0.45  V,  |i  <=  h,  L  =  3  nH, 

C  «  0.15  pF,  with  =  -35  V,  so  that  C(V)  is  restricted  to 
reverse  bias  less  than  35  V. 

There  are  other  important  parameters  associated  with  diode 
models  which  are  of  interest  in  receiver  design.  These  include 
the  incremental  circuit  model  parameters  which  are  implicit  in 
the  total  model.  Equivalent  noise  source  models  [Van  der  Ziel, 
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C  (V)  = 


C  10) 

(-  $T 


Fig.  5.6.  Reverse-Biased  Total  Equivalent 

Nonlinear  Circuit  of  a  Semiconductor 
Diode  [V  <  0]. 
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1970]  are  of  interest  for  dynamic  range  studies.  The  total 
equivalent  models  in  Figs.  5.5  and  5.6  do  not  include  the  effects 
of  minority  carrier  storage  accounting  for  the  current  waveforms 
for  the  pn  junction  when  the  diode  is  used  in  a  switching  mode. 
The  models  presented  here  are  satisfactory  for  hot-carrier  diodes 
used  as  switches  because  such  diodes  have  very  short  switching 
mode  recovery  times. 

5.2.3  Incremental  Equivalent  Nonlinear  Circuit 
Model  of  a  Semiconductor  Diode 

In  this  section  we  summarize  the  incremental  equivalent  non¬ 
linear  semiconductor  model#  based  on  the  total  models  of  Figures 
5.5  and  5.6.  In  normal  small-signal  applications  where  the  in¬ 
cremental  models  are  valid,  diodes  are  either  operated  at  a 
forward-bias  as  in  a  biased-mixer,  or  at  a  reverse-bias,  as  in 
a  varactor  converter.  Thus,  there  are  two  distinct  small-signal 
semiconductor  models. 

In  the  case  of  the  forward-biased  diode,  the  primary  non¬ 
linearity  is  the  exponential  diode  junction.  This  is  a  zero- 

memory  nonlinearity  characterized  by 

1 

.  aJL. 

I  -  Ie[o"M  -  l],  (5.5) 

where  n  is  the  ideality  factor  for  the  diode.  The  incremental 
model  for  a  forward-bias  of  'y  ,  an  incremental  voltage 
of  Vg  volts,  a  forward -bias  current  of  lD#  and  an  incremental 
current  of  is  given  byt 

I„  ♦  i„  -  I  [".  nXT  en’tT  -l].  <5-6> 

D  d  sL  J 
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As  long  as  qv^/nkT  is  less  than  unity,  the  exponential 

can  be  expanded  in  a  Taylors  series  and  truncated  after  a  small 


number  of  terms  t 


-  1  + 


1  /^AS2  1  /^S3 

+  Mrii5)  +  7rfek§)  •  (5-7) 


Substituting  Eg.  (5.7)  into  Eq.  (5.6) 


r  qvn 

*D  +  *■&  =  XsLexP(Hlc¥)-l] 


r^  + 

LnkT 

2l\ 

nkT  / 

(5.8) 

The  forward  bias  current,  I ,  is  given  by: 


I_  =  1 
D  s 


I  e 
s 


(5.9) 


Therefore, 


lamlJ$kr)V*  +  2lJdfe)  Vd  +  3!Id^fe)  vd**’«  (5*10 


Equation  (5.10)  is  the  mathematical  model  of  the  incremental 
nonlinear  resistive  diode.  When  a  diode  is  to  be  modeled  as 
a  linear  resistance  r^,  the  value  of  r^  is  the  reciprocal  of  the 
coefficient  of  the  linear  term  inEq.  (5. 10), or 


A  nkT 
d  "  gID 


(5.11) 


Since  n  is  of  the  order  of  unity  and  kT/q  is  approximately 
2 5 mV  at  room  temperature. 


'P  nvivvn 


•ypfT  ^«T|i!i«nr»>T^,,FT<^!**,*,'E,,f w if  ">nii  VAW 


ohms,  ID  in  mA. 


(5.12) 


The  forward-biased  diode  is  generally  operated  sufficiently 
below  its  cut-off  frequency  so  that  the  nonlinearities  associated 
with  the  junction  capacitance  can  be  neglected,  and  the  junction 
capacitance  can  be  represented  by  a  fixed  capacitor.  The  incremental 
nonlinear  circuit  model  of  the  forward-biased  diode  is  shown 
in  Figure  5.7.  The  model  shows  the  nonlinearities  as  controlled 
current  sources  where 


K 


l 


(5.13) 


In  the  case  of  the  reverse -biased  diode,  the  primary  non¬ 
linearity  is  the  nonlinear  junction  capacitance  C (V) .  The 
avalanche  multiplication  factor  is  of  more  importance  in  tran¬ 
sistors  than  in  conventional  diodes,  and  will  be  considered  in 
greater  detail  in  the  transistor  model.  Capacitance  C(V)  is 
given  by 

c(v)  (5-14) 


The  charge  stored  in  the  capacitor  is 

.V 


Q(V)  =  f  C (v)  dv 
J0 


-JL  c,(,o) _  ± 

(i-1  Ii  -  v/tf  1 


(5.15) 


The  Taylors  series  expansion  of  Equation  (5.15)  around 
an  operating  point  V_  is 


2  9o 


<«f-Ve) 


Q(VC  +  ve)  .  C(Vc)[-j^ 


+  V  +  —  ■ — 

c  21  (jrf-V  ) 
c 

U(U+l)v|  -| 


(5.17) 


The  incremental  capacitor  current  1  is  the  derivative 

■**£,,. 

of  the  total  charge  with  respect  to  time.  Siwce  V  is  constant , 

c 

the  incremental  capacitor  current  is  given  by  the  time  derivative 
of  vfi  in  Equation  (5.17).  Henco 


C(V  dT 


MC(Vc)  dv*  n(iifl)C(Vc)  dv^ 

+  2 T(j-V)  ~dt  +  31  (^V  )*  dt 

c  c 


(5.18) 

Equation  (5.18)  is  the  mathematical*^*^!  of  the  increment¬ 
al  nonlinear  capacitance  current.  The  first  term  is  a  linear 

capacitor  of  value  C(V  ),  and  the  terms  in  v  n  represent  the 

fch  ^  ^ 

n  -  order  noj?2xnearities.  The  incremental  nonlinear  circuit 

model  of  the  reverse  biased  diode  is  shown  in  Figure  5.8. 

The  model  shows  the  nonlinearities  as  controlled  current  sources, 

with  coefficients  Y^.  From  Equation  (5.17)  the  Y^  ate  equal  to 


C(Vc) f  l  >  2. 


(5.19) 


5.2.4  Examples  of  Semiconductor  Diodes 


There  are  three  main  categories  of  semiconductor  diodes# 
namely, the  pn  junction  diode,  the  point-contact  diode,  and 
the  Schottky  barrier,  or  hot-carrier  diode.  Figure  5.9  shows 
the  idealized  construction  of  these  diodes.  Tha  point-contact 
diode,  the  first  semiconductor  diode  to  be  developed,  has  little 
application  in  co1nmunication  receivers.  The  pn  junction  diode 
is  used  in  both  mixers  and  detector  circuits  as  well  as  a  varactor. 
The  hot-carrier  diode  is  a  simple  metal-semiconductor  interface. 
When  forward-biased,  current  flows  because  of  majority  carrier 
injection  from  the  semiconductor  into  the  metal.  Hot-carrier 
diodes  are  free  of  both  the  long  reverse  recovery  time  and 
diffusion  capacitance  of  the  pn  junction  diode.  Hot-carrier 
diodes  have  electrical  characteristics  that,  in  many  respects, 
come  close  to  the  ideal-diode  properties  described  in  Section 
5.2.1.  Hot-carrier  diodes  are  also  used  extensively  in  receiver 
mixers  and  detectors.  Actual  data  from  several  diode  devices 
will  be  used  in  the  remainder  of  this  section  to  illustrate 
various  differences  between  ideal  diodes  and  their  physical 
counterpart. 

5.2.4. 1  Forward  Static  Characteristics. 

Typical  forward  current  versus  forward  voltage  charac¬ 
teristics  of  a  hot-carrier  diode  are  shown  in  Fig.  5.10.  The 
median  curve  differs  from  the  ideal  diode  characteristic  shown 
in  Figure  5.2  in  two  significant  ways.  First,  the 

actual  diode  terminal  voltage  is  not  exponentially  related 
to  terminal  current,  since  the  data  deviates  at  high  current 
levels  considerably  from  the  straight  line  that  is  tangent  to 
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P-N  JUNCTION  DIODE 


N-TYPE  P-TYPE 

SILICON  SILICON 


POINT  CONTACT  DIODE 


N-TYPE 

SILICON 


SHOTTKY  BARRIER  DIODE 


N-TYPE 

SIUCON 


Pig.  5.9.  P-N,  Point  Contact,  and  Schottky 
Diode  Comparison. 
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Pig. 


5.10.  HP  2302  Typical  Minimum,  Median,  and 
Maximum  Forward  Current  vs.  Forward 
Voltage  at  T  ■  25°C, 


the  low  current  data.  In  the  example  shown  in  Figure  5.10, 
approximately  9  ohms  of  fixed  series  resistance  accounts  for  the 
extra  voltage  drop  at  the  diode  terminals.  The  slope  of  the 
straight  line  drawn  tangent  to  the  low  current  data  is 

_«1  k‘Vj 


n  = 


kT 


tn 


<5.20) 


when  the  diode  forward  characteristic  is  expressed  by 


I  =  I 


_av 

nkT 


-  1 


(5.21) 


For  the  data  in  Figure  5.10,  n  -  1.05.  The  factor  n,  called  the 

diode  ideality  factor,  is  a  measure  of  the  extent  to  which  the 

physical  diode  differs  from  the  ideal  diode  for  which  n*  1. 

Thu  saturation  current  I  can  also  be  estimated  from  the 

s 

forward  current  characteristic.  For  diode  currents  approximated 
by  the  straight  line  region  in  Fig.  5.10  we  have 


1  “  Isexp[^w]  •  <5-22) 

For  I  **  1C  uA  and  V  =  200  mV,  this  gives  I  *  6.1  nA  for  the 

8 

HP  2302  diode. 

The  static  characteristics  of  a  junction  diode  are  also 
strongly  dependent  upon  temperature.  Illustrated  in  Fig.  5,11 
are  forward  I-V  characteristics  for  typical  hot-carrier  diodes 
at  three  different  temperatures.  Thermal  coefficients  for 
several  fixed  current  levels  are  noted  on  the  curves.  Circuit 
models  of  diodes  mutt  include  temperature  dependence  if  they 
are  to  accurately  represent  physical  diodes  over  large  environ¬ 
mental  temperature  ranges. 
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TEMPERATURE 
V  COEFFICIENT 
.lOuA  -2.3mV/C 
100 iA  ”1.8mV/C 
10mA  -1.3mV/C 
10mA  -0.7m V/C 
100mA  -0.2mV/C 


plC0C/r=25C  T =-50C  1 

a  1/  ...  I  I  I  I  i _ 

ICO  200  300  400  500  600  7C0 

FORWARD  VOLTAGE  (mV) 

Vf 


Pig.  5.11.  I-V  Curve  Showing  Typical  Temperature 
Variation  for  HP  ri300  Series  Hot  Car¬ 
rier  Diodes. 
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5. 2. 4. 2  Reverse  Characteristics 
5. 2.4. 2.1  Static  Characteristics 

Typical  reverse- current  static  characteristics  for  the  HP 

2300  series  hot-carrier  diode  are  shown  in  Fig.  5^12.  The  data 

are  essentially  linear  on  the  semi-log  graph  which  suggests  an 

exponential  dependence  upon  reverse  voltage.  In  Section  5. 2.4.1, 

i  for  the  HP  2302  was  estimated  to  be  about  6.1  nA. 
s 

The  static  reverse-voltage  characteristic  for  the  ideal  diode 
gives  Ifl  as  the  reverse  current.  The  data  for  the  HP  2302  diode 
in  Fig.  5.12  shows  that  reverse  current  varies  exponentially 
between  20  and  80  nanoamperes  over  the  0  to  15  v  reverse  voltage 
range.  Clearly,  the  ideal  diode  model  is  invalid  for  this 
particular  diode  in  the  reverse  bias  region.  Although  it  does 
not  show  in  the  data  on  Fig.  5.12, the  reverse  breakdown  voltage 
for  the  HP  2300  series  diodes  is  greater  than  30  V. 

5. 2. 4. 2. 2  Junction  Capacitance 

Typical  junction  capacitance  as  v.  function  of  reverse 
voltage  data  are  shown  in  Fig.  5.13  for  the  HP  2300  series 
hot-carrier  diode.  The  hot-carrier  diode  is  theoretically  an 
abrupt -junction  diode.  Data  taken  from  Fig.  5.13  are  plottec 
in  Fig.  5.14  in  the  form  of  (elastance)2  versus  reverse  junc¬ 
tion  voltage  to  test  the  agreement  with  the  ideal  reverse  voltage 
..  junction  capacitance  discussed  in  Section  5.2. 1.2.  A  straight 
line  reasonably  fits  the  data, to  confirm  the  abrupt  junction 
property.  The  internal  barrier  potential  is  seen  to  be  about 
1.5  volts.  It  is  evident  that  the  ideal  junction  diode  reverse 
voltage  capacitance  reasonably  models  the  actual  diode  junction 
capacitance. 
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5. 2. 4. 3  Switching  Characteristics  of  Junction  Diodes 


The  switching  characteristics  of  junction  diodes  are  not 
generally  adequately  accounted  for  by  the  static  I-V  curves  or 
by  the  reverse  junction  capacitance  data  such  as  that  illustra¬ 
ted  previously  in  Section  5.2.4.  Shown  in  Fig.  5.15  are  sketches  Of 
high  speed  oscilloscope  traces  of  diode  current  response  to  sinu¬ 
soidal  voltage  drive  on  a  pn  junction  and  on  a  hot-carrier  diode. 
Note  that  the  turn-off  current  waveform  is  significantly  different 
than  the  turn-on  transient  for  the  pn  junction  diode.  The  hot- 
carrier  diode  does  not  exhibit  this  effect  since  it  has  virtually 
no  storage  of  minority  carriers.  Diodes  are  sometimes  deliberate¬ 
ly  designed  to  emphasize  the  storage  mechanism  to  produce,  for 
some  applications,  desirable  switching  current  impulses.  Data 
for  a  step- recovery  diode  is  illustrated  in  Fig.  5.16.  Step- 
recovery  diodes  are  abrupt- junction  silicon  diodes  used  for 
harmonic  generation  applications.  ■<«&** 

Care  must  be  exercised  in  modeling  the  semiconductor  diode 
if  the  application  requires  a  model  to  account  for  the  switching 
transition  region  from  forward  to  reverse-voltage  conditions 
under  dynamic  conditions.  Fortunately,  the  most  commonly  used 
high-spaed  diode  for  .'veers,  the  Schottky-barrier  diode,  exhibits 
a  very  minimum  of  non-ideal  switching  characteristics. 


5.3  Bipolar  Junction  Transistor  Model 


There  are  jpany  different  transistor  models  that  arc  specia¬ 
lized  to  different  operating  conditions.  O the  oldest  models, 
that  of  Ebers-Moll  (1954),  represents  the  transistor  by  two  sets 
of  diodes  and  current  generators,  one  for  the  base-emitter  junc¬ 
tion,  and  the  other  for  the  base-collector  junction.  Other  large 
signal  models  which  have  been  developed  include  the  Linvill  (1958) 
lumped  model,  and  the  Beaufoy-Sparkes  (1957)  charge-control  model. 
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A  good  review  of  those  models  can  be  found  in  Hamilton*  et.al. 
(1964) .  in  general*  large-signal  models  are  used  in  the  solu¬ 
tion  of  transient  or  switching  circuit  problems. 

Small-signal  transistor  models  have  been  developed  for 
transistors  over  significant  frequency  ranges.  The  most  com¬ 
mon  models  ai .  the  hybrid-pi  model  and  the  T  model.  Discus* 
sions  of  these  models  can  be  found  in  Searle*  et.al.  (1964)* 
Thorton*  et.al.  (1966)*  and  Gartner  (1960).  A  review  of  micro- 
wave  transistors  using  both  these  models  can  be  found  in  Cooke 
(1971) .  The  charge-control  model  has  also  been  applied  to 
small-signal  modeling*  and  good  results  have  been  reported  by 
Gummel  and  Poon*  (1970) *  Poon  and  Meckwood  (1972) ,  and  Poon 
(1972) .  The  nonlinear-T*  utilising  a  linear  emitter  capacitance, 
was  applied  to  amplifier  distortion  analysis  by  Narayanan  (1967) . 
We  shall  use  the  nonlinear-T  with  the  addition  of  a  nonlinear 
emitter  capacitance. 

i 

In  this  section,  we  will  review  the  incremental  model  of 
the  bipolar  junction  transistor*  and  note  the  physical  source 

iW*" 

of  each  of  its  components.  As  part  of  this,  we  indicate  which 
elements  in  the  model  are  operating-point  dependent.  Following 
this,  we  show  the  generalisation  of  the  linear  incremental  T 
model  to  the  nonlinear  incremental  model.  For  each  of  the  ele¬ 
ments  in  the  nonlinear  model  we  describe  a  method  or  methods  of 
experimentally  determining  numerical  values.  In  addition,  ex¬ 
amples  of  numerical  values  obtained  from  transistor  specifica¬ 
tion  sheets  are  described  in  Appendix  B. 

5.3.1  Linear  Incremental  T  Model 

5.3. 1.1  Linear  T  Parameters 

The  linear  incremental  T  model  of  the  bipolar  junction 
traniistor  is  shown  in  Fig.  5.17.  The  linear  incremental  model 
has  nine  parameters.  These  are: 


1.  Base-Emitter  Resistance 

e 

The  base-emitter  resistance  rQ  represents  the  incremental 

resistance  of  the  forward-biased  base-emitter  junction.  The 

incremental  resistance  r_  is  a  nonlinear  function  of  the  emitter 

© 

current;  r_  varies  inversely  with  the  emitter  bias  current. 

e  mmtm,, 

2.  Base-Spreading  Resistance,  rfa 

Resistance  is  the  base-spreading  resistance  due  to  the 
finite  resistivity  of  the  base  region.  Resistance  rfa  is  known 
to  be  frequency  dependent  and  at  high  frequencies  tends  to  ap¬ 
proach  a  constant  value.  It  is  assumed  constant  and  independent 
of  the  operating  point  in  our  model. 


3. 


Collector  Resistance! 
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Resistance  rc  is  the  collecto^x^istance.  Physically 
it  arises  as  a  base-width  modulation  effect  produced  by  incre¬ 
mental  collector- junction  bias.  It  is  a  large  resistance  which 
generally  takes  on  importance  only  for  high  frequencies  or  large 
load  impedances.  It  is  assumed  independent  of  the  operating  point. 
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Capacitance  C^  is  the  header  capacitance  between  the 
base  and  emitter  terminals.  It  is  a  small  capacitance,  generally 
on  the  order  of  several  pF,  and  is  independent  of  the  transistor 
operating  point. 


Capacitance  CQ  is  the  diffusion  capacitance  associated 
with  the  storage  in  the  base  region  of  minority  charge  carriers 

injected  into  the  base  region  by  the  forward-biased  emitter  junc-  ■? 

4 

tion.  The  diffusion  capacitance  is  directly  dependent  upon  the  | 

I 
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emitter  bias  current.  Cons equently, the  product  rft  is  nearly 
constant  over  a  wide  operating  range  Since  rfi  is  inversely 
dependent  upon  bias  current.  At  sufficiently  high  current 
levels,  this  product  determines  the  transistor  cut-off  fregu^fyoy. 

6.  Capacitance  C^e 

Capacitance  C^  is  the  space  charge  layer  capacitance  asso¬ 
ciated  with  the  forward-biased  emitter  junction,  and  is 
equivalent  to  the  diode  capacitance  described  in  Section  5.2. 

It  is  dependent  on  the  bias  voltage,  is  independent  of  the 
current,  and,  at  sufficiently  low  current  levels,  may  be  greater 
than  CD.  Whan  this  occurs,  the  product  reCje  is  the  determining 
factor  for  the  transistor  cut-off  frequency. 

7 .  Capacitance  Cc 

Capacitance  C  ,  often  called  the  varactor  capacitance, 

C 

is  the  reverse-biased  collector  junction  capacitance.  Cc 

is  nonlinearly  dependent  upon  the  voltage  across  the  junction 

as  described  in  Section  5.2. 1.2.  C  ,  as  shown  in  the  linear 

c 

equivalent  circuit,  is  the  first  term  in  the  power  series  ex¬ 
pansion  of  the  capacitance  nonlinearity. 

8.  Capacitance  C3 

Capacitance  c3  is  physically  due  to  two  effects,  one 
the  collector- base  header  capacitance,  *and  the  other  the  so- 
called  overlap  capacitance.  The  overlap  capacitance  is  physically 
due  to  the  portion  of  the  collector-base  junction  capacitance 
which  lies  outside  of  the  active  region  of  the  base  and  is 
therefore  not  charged  through  the  base  impedance.  Although, 
strictly  speaking,  C3  is  a  function  of  the  operating  point  it 
is  considered  a  constant  in  the  incremental  model. 
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9.  Current  Gains  a  and 

o  fe 

The  dependent  current  generator  In  the  collector  circuit 
of  Pig.  5.17  has  a  value  a0v2^re*  The  Parameter  a0  i®  the  low“ 
frequency  small-signal  current  gain,  that  is,  the  ratio  of  the 
short-circuit  incremental  collector  current  to  the  incremental 
emitter  current.  It  is  both  current  and  voltage  dependent,  and 
thus  must  be:  evaluated  at  a  specific  operating  point.  The  value 
a  used  in  the  linear  T  model  is  the  first  term  in  its  power 
series  expansion.  It  can  alternatively  be  defined  in  terms  of 
the  low-frequency  small  signal  common-emitter  current  gain  hfQ, 
and  is  equal  to  hfe/(1  +  hfe*  * 

The  definition  of  the  current  source  as  a  v_/ r  has  an  im- 

02  e 

plicit  frequency  dependence  since  v0/r  is  the  incremental  cur- 
rent  through  the  emitter  resistance  rfi  which  is  shunted  by  the 
capacitances  CQ  and  Cje»  Thus,  the  voltage  v 2  will  show  the 
frequency  cut-off  due  to  the  and  reCje  products.  Alter¬ 

nately  the  dependent  current  generator  can  be  defined  as 
ifita0/(l+jf/f  ),  where  i  is  the  sum  of  the  incremental  current 

through  r  ,  C_,  and  C .  ,  and  f”1  is  set  equal  to  2rrr  (C_+C ,  ) . 

e  D  je  a  e  D  je 

The  two  definitions  are  then  equivalent.  The  frequency  f  is 

the  current-generator  half-power  frequency.  Related  to  f  is 

oc 

fp,  the  common-emitter  half-power  frequency,  and  f^,  the  frequency 
at  which  the  common- emitter  current  gain  is  unity.  These  fre¬ 
quencies  are  related:  f  =  f  =  h-  f  . 

01  T  £6  p 

These  nine  parameters  determine  the  linear  incremental 
model  of  the  transistor  from  a  circuit  point  of  view.  However, 
the  transistor  can  be  looked  upon  as  a  linear  two-port  network, 
and  described  in  terms  of  y,  h,  z,  etc.,  matrices.  In  particular, 
the  transistor  device  incremental  measurements  can  be  best  made 
in  terms  of  the  h  parameters  and  the  y  parameters. 
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5. 3. 1.2  3Wo-Port  Linear  Network  Parameters 

The  linear  incremental  model  of  a  transistor  can  be  charac¬ 
terized  as  a  two-port  four  terminal  network.  As  such,  many 
conventional  parameter  sets  can  be  used  to  describe  its  behavior. 
Consider  the  general  linear  network  shown  in  Pig.  5.18  with 
incremental  input  and  output  voltages  v^  and  v^,  and  incre¬ 
mental  input  and  output  currents  i^  and  i^.  The  y-parameter 
formulation  is  given  by 


wi  *  yivi  +  w 


S3. 23) 


yfv2  +  yoV 


(5.24) 


which  can  be  written  in  matrix  form  as 


yi  yr  V1 


yf  yo  v2 


(5.25) 


The  y.  parameters  are; 


yi  m  input  admittance  for  short-circuited  output 

yr  =  reverse  transfer  admittance  for  short- 
circuited  input 

yf  »  forward  transfer  admittance  for  short- 
circuited  output 

Yc  *  output  admittance  for  short-circuited 
input 

A  second  parameter  set,  the  h-parameters,  is  given  by 

V1  *hiil  +V2<  (5.26) 


Vi  +  Vi' 


(5.2?) 
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NETWORK 


Linear  Two-Port  Network 


or 


(5.28) 


The  h-paramaters  are: 


=  small-signal  short-circuit  input  impedance, 

h  =  small-signal  open-circuit  reverse  voltage, 
transfer  ratio 

=  small-signal  short-circuit  forward  current 
1  transfer  ratio, 

hQ  =  small-signal  open-circuit  output  admittance. 

The  h-  and  y-parameters  are  related  in  the  following 
manner: 


hi  a  1/yi 

hr  = 

hf  *  yf/^i 

ho  * 

where 

Ay  *  Vo  - 

yryf  . 

and 

yi  ■ 

yr  * 

yf  =  hf/hA 

Y  ” 

Jo 

where 

4h  ■  Vo' 

h  h_. 
r  f 

-hr/hi 

V"i  ! 


(5.29) 


(5.30) 
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It  is  notationally  more  convenient  to  refer  to  parameters 
by  matrix  notation,  for  which  we  redefine  the  parameter  subscripts 
as: 

i  ->  11 
r  -*  12 


£  “»  21  (5.31) 

o  4  2  2  • 

or,  for  example,  h^  becomes  h^,  h^  becomes  becomes  h^, 

and  h^  becomes  h^.  Additionally,  subscripts  e,  b,  c  are  used 
to  denote  common  emitter,  base,  and  collector  parameters. 


The  input  and  output  impedances  of  the  linear  incremental 
mode  1  of  the  transistor  terminated  in  an  impedance  ZL  and  driven 
from  an  impedance  can  be  written  from  a  knowledge  of  the  h- 
or  y -parameter s .  These  impedances  are: 


in 


^22ZL 

bll**hzt 

yll+Vl 

Vh22ZL' 

1+yllZa 

hll+Za 

y22+Vg 

Vh22Zg‘ 

(5.32) 


(5.33) 


The  modeling  of  UHF  transistors  presents  a  new  set  of 
problems.  The  frequercy  range  of  interest  extends  to,  at  least, 
1  GHz.  Special  test  jigs  and  measurement  techniques  suitable 
for  use  at  UHF  must  be  employed.  Model  parameterization  re¬ 
quires  use  of  S  parameters.  This  comes  about  because  the  short 
and  open-circuit3  needed  for  y,  z,  or  h- parameter  measurements 
cannot  be  reliably  established  in  the  region  above  100  i-t  e. 

The  matched  terminations  of  an  S  parameter  measurement  can  be 
established  and  maintained  into  the  microwave  region.  Consider 
the  linear  network  shown  in  Fig.  5.19.  The  two  sets  of  wave 
variables,  (a1#  b^ ,  and  (a2,  b2),  represent  the  incident  and 
reflected  waves  ?t  the  terminals  of  the  network,  and  are  de¬ 
fined  by:  313 
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where  ZQ  is  positive  real.  The  squares  of  a,^  and  bi  have  the 
dimensions  of  power,  and  are  known  as  power  waves.  They  are 
related  by  the  scattering  matrix  elements  as  follows: 


(5.35) 


The  parameters  and  s22  a*e  the  reflection  coefficients  at 
the  input  and  output  ports,  while  s12  and  are  the  reverse 
and  forward  transmission  coefficients,  respectively.  The  scat¬ 
tering  parameters  s^  and  s2^  can  be  measured  by  exciting  the 
two-port  network  with  a2  equal  to  zero,  and  s22  a12  can 

measured  by  exciting  the  network  with  a^  equal  to  zero.  Thus, 
working  in  a  matched  system  with  the  network  connected  to  the 
source  and  load  by  transmission  lines  of  characteristic  imped- 
"  ^  ance  ZQ,  the  S  parameter  measurements  can  be  mads*^ 

S  parameters,  while  simple  to  measure,  do  not  lead  directly 
to  device  parameter  values.  However,  the  z,  y,  and  h  matrices, 
from  which  device  parameters  can  be  determined,  can  be  easily 
written  in  terms  of  the  S  matrix.  Computer  programs  cam  be 
written  to  derive  the  desired  parameter  set  in  terms  of  the  S 
parameters.  As  an  example,  consider  the  measurement  of  fT  for 
a  transistor.  The  frequency  fT  is  defined  as  the  frequency  at 
which  the  extrapolated  value  of  incremental  current  gain  hfe  is 
unity;  fT  is  an  inferred,  not  a  measured,  quantity.  In  the  h 
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matrix  notation,  h^e  is  the  h2^  component,  measured  in  the 
common-emitter  connection,  and  can  be  expressed  in  terms  of  the 


S-parameters  as 
h21  " 


-2  s 


21 


^1"S11^1+S22^  +  s12s21 


(5.36) 


Thus,  if  the  common-emitter  S  parameters  are  measured  as  a  func- 
tion  of  frequency,  h2^  can  be  computed  at  the  same  frequency 
points  ai  d,  finally,  fT  found. 

5.3.2  Nonlinear  Incremental  T  Model 

In  this  section,  we  describe  the  nonVvxvear  incremental  T 
model  for  the  bipolar  junction  transistor.  This  model  is  shown 
in  Fig.  5.20,  and  is  the  basic  transistor  model  used  in  this 
booh  for  small-signal  nonlinear  distortion  analysis.  The  model 
differs  from  the  linear  incremental  model  in  the  following 
important  aspects: 

1.  The  base-emitter  resistor  r  has  been  replaced  by  the 

© 

nonlinear  incremental  current  generator  K(v2),  for  the 
base-emitter  junction  exponential  nonlinearity. 

2.  The  collector  capacitor  Cc  has  been  replaced  by  the 
nonlinear  incremental  current  generator  Y^v^-Vj). 
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3.  The  collector  current  source  av»/r  has  been  replaced 

0  2  6 

by  the  nonlinear  incremental  dependent  current  generator 
g(v„,  v.-v.),  which  includes  both  the  h__  nonlinearity 
and  the  avalanche  nonlinearity. 

4.  Capacities  cD  and  Cje  have  been  combined  into  a  non¬ 
linear  capacitor,  represented  by  the  nonlinear  incre¬ 
mental  current  generator  y  (v0 ) • 

We  shall  examine  how  the  nonlinear  elements  in  the  model  are 
defined,  and  outline  methods  of  determining  the  model  parameters. 
We  begin  with  the  nonlinear  parameters  using  data  taken  in  the 
measurement  of  a  2N2950  transistor.  The  2N2950  is  a  NPN  silicon 
annular  transistor  used  for  power  and  driver  applications  to  100 
MHz.  The  particular  2N2950  Which  is  used  as  the  example  in  this 
section  is  the  mixer  transistor  in  the  VHF  receiver  which  is 
modeled  in  Chapter  7.  The  modeling  of  a  2N918,  a  NPN  double-dif¬ 
fused  silicon  planar  epitaxial  transistor  used  as  a  UHF  oscil¬ 
lator  and  amplifier  is  presented  in  Appendix  B. 

5. 3. 2.1  Base-Emitter  Exponential  Nonlinearity 

The  base-emitter  junction  is  a  semiconductor  junction, 
and,  like  the  diode  of  Section  5.2,  has  an  exponential  current- 
voltage  relation.  This  relation  is  evident  if  one  writes  the 
large-signal  static  equations  for  the  transistor.  A  suitable 
form  are  the  Ebers-Moll  equations,  where  we  defines 
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XSQ  "  reverse  saturation  current  of  the  emitter  junction 


with  the  collector  open,  ec2V2/kT  <  <  it  i  m  q 


IC0  "  reverse  saturation  current  of  the  collector  junction 


yy  - - - — - - —  —  j  wrri 

with  the  emitter  open,  e“^(v3“*v2)  AT  <  <  j>#  iB  ■  o 
Ojj  *  current  gain  in  normal  operation 
ctj.  «  current  gain  in  inverted  operation 


Then,  the  equations  for  Ig,  the  total  emitter  current,  and  lc, 
the  total  collector  current,  are: 
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The  Ebers-Moll  model  is  shown  in  Pig.  5. 21c  ^Equations  (5.37) 
and  (5.38) are  the  Ebers-Moll  equations  for  a  NPN  transistor 
in  a  common- emitter  connection.  The  Ebers-Moll  model  is  a  con* 
venient  total  model  of  the  transistor,  as  it  shows  the  two 
diodes  which  make  up  a  junction  transistor,  as  well  as  their 
associated  current  generators.  In  the  nonlinear  T  model  shown 


in  Fig.  5.20,  we  have  included  the  base  resistor  r.  which  is 

D 


omitted  from  the  Ebers-Moll  model.  Under  normal  operating 


conditions,  qV2Al»0  and  -q (V3-V2 ) /kT«  -1,  that  is,  the 


emitter  junction  is  forward  biased  and  the  collector  junction 
is  reverse-biased.  In  this  case,  reduces  to 
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or 
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The  additive  term  B  in  Sq.  (5.40)  is  normally  very  email  and  can 
be  neglected.  In  this  case.  Eg.  (5.40)  takes  the  same  form  as 
Eq.  (5.5),  and,  as  shown  in  Section  5.2,3  the  incremental  emitter 
current  can  be  written  as  a  power  series  in  the  incremental  volt¬ 
age  v2  to  give  the  nonlinear  incremental  current  model 
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Kxv2  +  K2v^  +  K3v^  + 
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In  Equation  (5.41),  the  positive  direction  for  ifl  is  defined  from 
the  reference  node  to  the  base  node.  If  B  is  not  small,  we  still 
get  the  same  result  for  K(v?)  since  B  is  independent  of  v2«  The 
coefficient  of  the  first  term,  K1#  is  the  linear  incremental  con¬ 
ductance  and  is  given  by 

qHjjl 

^1  **  kT  *  (5.42) 

Yhere  IE  is  the  emitter  bias  or  operating  point  current.  If 
Bq.  ./ere  truncated  after  the  linear  term,  k”1  would  be 

intc.pi:  ited  as  r_,  the  equivalent  incremental  resistance  of  the 
base-emittor  diode.  It  should  also  be  noted  that  K(v«)  is  de- 

M 

fined  as  the  incremental  current  associated  with  the  zero— memory 

exponential  nonlinearity,  and  does  not  include  the  incremental 

current  associated  with  C.“C^+C.  in  Fie*  5.17. 

z  d  je  ^ 
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A  diode  ideality  factor  should  also  be  introduced 
into  the  emitter  current  Eq»  (5*40)  to  account  for  imperfect 
junctions.  At  high  current  levels #  a  factor  n«*lj?n  Where  m  is 
of  the  order  of  0.4  can  occur.  The  plus  sign  applies  for  a 
pnp  while  tho  minus  sign  applies  to  npn  transistors.  Imperfect 
emitter  junctions  will  have  njrfl  even  at  lew  current  levels. 
Therefore#  the  Taylor  series  coefficients  for  the  emitter 
junction  current  I  are  operating  point  dependent  in  a  manner 
identical  with  the  semiconductor  diode  coefficients  as  given 
by  Eq. (5.13) #  or 


(5.43) 


where  the  emitter  bias  current  I  replaces  the  diode  Lias  current 

£1 

and  n  is  th<e  ideality  factor.  As  a  practical  matter  it  is  only 
necessary  to  obtain  the  ideality  factor  h  for  the  base-emitter 
junction  characteristics  to  employ  the  incremental  model*  The 
bias  current  I_  is  known  explicitly  from  a  given  collector  bias 

E  I  Q 

current  I„  and  the  DC  beta  given  by  h-®  —  since 
v*  FE  Ajj 


Measurements  of  the  base-emitter  static  I-V  characteristic 
should  be  made  at  zero  base  current  conditions  to  avoid  voltage 
drops  in  any  DC  base  resistance  that  may  be  present.  The  internal 
junction  emitter-base  voltage  is  the  desired  parameter.  The  base- 
emitter  junction  static  characteristic  measured  on  the  2N2950 
transistor  are  shown  in  Fig.  5.22.  Note  that  experimental  data 
points  lie  on  straight  lines  to  confirm  that  the  emitter  current 
is  exponentially  dependent  upon  the  base-emitter  voltage. 
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EMITTER  CURRENT, 


BASE -EMITTER  VOU>*OE,  VBE  (VOLTS) 

=.4 

I 

■? 

*• 

ig.  5.22.  Forward-Biased  Base-Emitter  Junction  i 

Characteristics  of  2N2950.  4 
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5 . 3 . 2 . 2  Avalanche  Nonlinearity 

The  first  nonlinear  mechanism  effecting  the  dependent 
current  source  9(v2'v3“vi)  in  Figure  5.20  is  avalanche  multi¬ 
plication  of  collector  current.  The  collector  characteristics  of 
a  transistor  are  modified  at  large  collector  voltages  by  avalanche 
multiplication  of  charge  carriers  in  the  collector  space-charge 
layer. 

In  the  common-base  connection,  the  pre-breakdown  avalanche 
process  is  usually  described  in  terms  of  a  collector-current 
multiplication  factor  M  given  by 

M 

where 

VCB  «*  DC  collector-to-base  voltage  *  V3~V^  for 
,c  the  common-emitter  connection, 

VCB0  “  avalanche  voltage  »  collector-to-base  breakdown 
voltage  for  aero  emitter  current. 

Figure  5.23  shows  simplified  common-emitter  and  common-base  total 
equivalent  circuits  for  the  NPN  transistor  avalanche  multiplication 
effect.  These  circuits  have  been  derived  from  the  Ebers-Moll  model 
of  Fig.  5.21  by  replacing  the  base-emitter  and  base-collector  diodes 
by  short-circuits  and  open-circuits  respectively,  which  are  active- 
quadrant  operating  point  idealizations.  The  multiplication  factor 
M  defined  by  Eq.  (5.45)  is  introduced  in  Fig.  5.23a  as  a  multiplier 
associated  with  the  dependent  total  current  generator  MO^I^  from  the 
Ebers-Moll  model  shown  in  Fig.  5.21.  The  factor  M  accounts  for  the 
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v  n ' 

CBO 


(5.45) 


i 


a.  Simplified  NPN  Common-Base^ifbAal  Circuit  with 
Avalanche  Multiplication. 


b.  Simplified  NPN  Common-Emitter  Total  Circuit  with 
Avalanche  Multiplication. 


Pig.  5,23.  Simplified  NPN  Total  Circuits  Including 
Avalanche  Multiplication. 


avalanche  multiplication  effect  of  V__  in  the  common-base  col- 
lector  family.  In  order  to  define  the  avalanche  nonlinearity  the 
exponent  r\  and  the  collector  avalanche  voltage  VCBQ  must  be  mea¬ 
sured.  The  most  direct  way  to  find  the  avalanche  voltage  is  to 
reverse-bias  the  base-collector  junction  (through  a  current- 
limiting  series  resistor)  and  increase  the  voltage  until  avalanche 
occurs;  this  defines  the  breakdown  voltage  vCBq* 

The  avalanche  voltage  may  also  be  found  from  measurements 
of  the  common-emitter  collector  I-V  family.  The  value  of  col- 
lector-to-emitter  voltage  for  which  the  CE  collector  family  ap¬ 
pears  to  have  a  "breakdown"  is  not  the  avalanche  voltage  (which 
is  defined  in  terms  of  a  CB  measurement)  but  is  called  the  sus¬ 
taining  voltage,  vcEO*  or  th®  value  of  collector-to-emitter 
voltage  for  which  the  common-emitter  incremental  forward-current- 
gain  at  zero  base  current  becomes  infinite. 

It  is  not  sufficient,  however,  to  know  only  vceq*  The  de¬ 
pendent  current  generator  to  be  utilized  in  the  nonlinear  incre¬ 
mental  equivalent  circuit  for  the  transistor  is  developed  in 
terms  of  the  avalanche  voltage  VCBQ  and  the  exponent  n#  90  we  must 
have  a  simple  relationship  between  data  obtained  from  the  com¬ 
mon-emitter  collector  family  and  the  avalanche  factor  M  defined 
by  Eq.  (5.45) . 

In  Fig.  5.23b  we  have  redrawn  the  total  equivalent  circuit 
with  avalanche  effect  included  in  a  common-emitter  configuration. 
From  the  simplified  Ebers-Moll  circuit  we  have 

*C  =  -  (IB  +  V  "  -MVe  • 

Eliminating  I  ,  we  have  for  the  total  collector  current 

hi 

MaN 

ZC  l-Mctjj  IB* 


(5.46) 


(5.47) 
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The  incremental  current  gain 


-C  JS«_ 

dIB  '  1-Ha* 


'becomes  very  large  when  Ma^  approaches  unity.  Thus 
it  is  sufficient  to  examine  the  current  ratio 


l 


a. 


N 


1— x 


X 


V.  . 


or 


I  a 
B  N 


1-a, 


N 


S\ 


1  - 


1-a, 


N 


(5.48) 


(5.49) 


(5.50) 


The  first  factor  inEq.  (5.50)  is  the  collector  current  in  the 
absence  of  avalanche  and  the  second  factor  represents  the  effect 
of  avalanche  multiplication  upon  collector  current  for  the 
common-emitter  connection.  The  current  gain  is  infinite  when 


r 


V 


CB 


V 


CBO 


*n 


=  1  -  a 


N 


(5.51) 


Since  V  »  V„_,  the  special  value  of  V  satisfying  Eq.  (5.51) 
CB  Lb  CE 

is  the  collector  sustaining  voltage  V  .  Solving  for 

CEO  CBO 

we  have  , 


V 


CBO 


CEO 


<l_V 


(5.52) 


The  exponent  r\  can  be  found  by  accurately  fitting  the  second  fac¬ 
tor  of  Eq.  (5.50)  to  a  set  of  experimental  collector  curves. 
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It  is  to  be  noted  that  the  transistor  is  actually  in 
avalanche  breakdown  when  the  common- emitter  collector  voltage 


is  V. 


CEO* 


Instead,  the  avalanche  multiplication  factor  is 


such  to  generate  an  infinite  incremental  current  gain  region  for 


moderately  low  V 


CE 


The  measured  common-emitter  collector  family  for  the 
2N2950  in  the  avalanche  multiplication  region  is  shown  in  Fig. 
5.24.  A  curve  fit  is  shown  near  the  Ifi  -  1.0  mA  curve.  We 
obtain  the  parameters  Vcbq  «  140  V  and  n  “  4.6  trotn  this  fit. 


5. 3. 2. 3  hFE  Nonlinearity 

The  9  (v2'v3“vi)  nonlinearity  in  Fig.  5.20  also  includes  the 
hpE  nonlinearity, which  is  a  relationship  between  IcP  the  collector 
current,  and  IR,  the  base  current  for  low  collector  voltage  in  a 
region  free  of  avalanche  effects.  The  ratio  of  these  two  quanti¬ 
ties  is 


(5.53) 


The  Ebers-Moll  model  for  very  small  collector  voltage  predicts 

that  hFS  is  a  constant  since  is  a  constant.  (See  Eq.  5.4?  for 

M*=l.)  Experimentally  it  has  been  observed  that  h_,_  is  not  con- 

F£! 

stant  and  can  be  approximated  by 


FE 


max 


1  +  a  1°92(t— ^ — ) 
c 

max 
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(5.54) 


COLLECTOR  CURRENT,  Ic  (MILLI AMPERES) 


COLLECTOR-EMITTER  VOLTAGE,  VCE  (VOLTS) 

Pig.  5.24.  Common-Emitter  Collector  Characteristics  of 
2N2950  in  Avalanche  Multiplication  Region. 
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Consequently,  is  dependent  upon  collector  current  lc.  From 
this  relationship,  hpg  peaks  at  Ic  equal  to  1^^,  and  decreases 
for  larger  and  smaller  values  of  Ig. 

The  small-signal  common-emitter  current  gain,  h-e  is  given 
by 


1  +  a  1°92(^H “ — )  +  2a  log  e  log 


.  (5.55) 


Equation  (5.55)  shows  that,  while  h  equals  h__  at  X 

£e  FEmax  c 

equal  to  I  ,  in  general  h  is  not  equal  to  h__.  The 
Hxiax  £e  FE 

maximum  of  h__  generally  occurs  at  a  value  of  I_  at  which 

r  £#  C 

high-level  injection  becomes  important,  e.g.,  when  the  m  discussed 
in  relation  to  the  exponential  nonlinearity  assumes  a  nonzero 
value.  The'  current  ratio  h„„  can  be  measured  in  at  least 
two  ways.  The  first  technique  is  to  simply  measure  the  static 
common-emitter  characteristics  on  a  transistor  curve  tracer, 
and  then  plot  h__  (or  I_/l_)  from  these  measured  characteristics. 

r  £i  u  rJ 

The  measurement  of  hFE  must  be  made  at  a  sufficiently  low  voltage 
for  avalanche  effects  to  be  negligible.  The  second  technique  is 

to  make  a  pulsed  measurement  of  h__.  This  has  the  advantage  that 

F  E 

higher  peak  currents  can  be  measured,  which  may  be  necessary  to 
find  while  keeping  the  temperature  etfects  to  a  minimum. 

Again,  the  measurement  should  be  made  at  a  low  collector  voltage. 
The  temperature  sensitivity  of  h__  should  be  considered  in  de- 
fining  receiver  experiments.  Measured  data  from  the  2N2950  are 
shown  in  Fig.  5.25.  Observe  that  several  points  obtained  by 
fitting  the  algebraic  expression  for  h__  to  the  data  are  shown. 

FE 
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The  parameters  h„„  ®  8.2,  I„  *  150  m A,  and  a  ®  0.125 

FEmax  Cmax 

provide  an  accurate  fit  except  at  very  large  collector  current 
values. 


5. 3. 2. 4  Nonlitfear  Incremental  Current 
Generator  g^v2'v3"vl^ 

The  discussion  of  the  h  nonlinearity  in  Section  5. 3. 2. 3 

Fl2* 

and  avalanche  multiplication  factor  M  in  Section  5. 3. 2. 2  has 
introduced  the  constants  associated  with  the  h  and  M  expressions 
given  by  Equations  (5.45)  and  (5.54).  The  dependent  current  genera¬ 
tor  g(v  ,v  -v  )  contains  both  the  h  and  avalanche  nonlinear 
2  J  X  FE 

effects  directly  and  the  K(v2)  nonlinearity  indirectly  through 
the  dependence  upon  the  emitter  current.  The  method  of  combining 
these  three  nonlinearities  to  give  the  multi-variable  Taylor 
series  expansion  and,  thus,  the  incremental  nonlinear  current 
generator  9(v2,v3“vi^  from  the 


!c  -  VE  ' 


(5.56) 


total  dependent  current  generator  in  the  modified  Ebers-Moll 
model  is  outlined  in  this  section.  The  Ebers-Moll  generator 
(See  Fig.  5.21  and  5.23b)  has  been  modified  by  introducing  the 
avalanche  multiplication  factor  M  which  ie  a  nonlinear  function 
of  V3  -  V^,  the  DC  collector- to-base  voltage.  It  has  also  been 
modified  by  recognizing  that 


„  hF »(1c> 

l+hFE(Ic)' 


(5.57) 
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is  not  a  constant,  but  is  non 1 inear ly  -  dependent  upon  the  collector 
current  Xg.  Our  objective  is  to  determine  ,  the  incremental 
component  of  .  The  dependent  generator  g  is  simply  the  in¬ 
cremental  component  ic  which  we  shall  show  can  be  expressed  in 
terms  of  the  incremental  node  voltages  v2  and  v3**v^» 

First,  we  recognize  that  we  can  re-arrange  Eg.  (5.56)  by 
making  use  of  Eq.  (5.57)to  obtain 


1+hFE(I0* 

hFE(1C} 


*  -MI 


E 


(5.58) 


The  left  hand  side  of  this  equation  is  dependent  upon  Ig  and  can 
be  expanded  in  a  Taylor  series  about  the  DC  operating  bias 
to  obtain 


where 


1+h 


FE 


C  h 


FE 


CO 


^FE^CO^ 


CO 

+  2 
n=l 


.  n 

a  1  . 
n  c  * 


(5.59) 
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a  I 
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C  *“ 


1+h 


FE 


C  h 


FE  J 


(5.60) 


CO 


The  total  emitter  current  can  also  be  decomposed  into  its 
operating  point  value  and  the  incremental  component  i&,  or 


E 


1EO  +  ie  ' 


(5.61) 
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and,  similarly, 


M  »  M  +  m. 
o 


(5.62) 


where  Mq  is  the  operating-bias  value  of  W,  and  m  is  the  incre¬ 
mental  variation  in  H  caused  by  variation  in  the  collector-to- 
base  Operating-point  voltage  V^-V^.  It  follows  that 


"  n 

T  ■■■■■  ■■■■  ' ■■— 4-  y  a 

00  hFE<ICO»  n-l  »  «= 


■H0  1  EO  -  [mI  EO  +  Hiel 


(5.63) 


Equating  incremental  terms,  we  obtain 


E  a  in  -  z  , 
n-l  n  c 


(5.64) 


where 


2  *  -  t^EO  +  Mie3  ' 


(5.65) 


Also, 


IE0  “  IE 


X  *  I 
C  CO 


V  -  V 
V3  V1 


(5.66) 


where 


E  M,  (v  -v.)  , 
i*l  1  J  A 


1  OI 


il 


*VV1 


(5.67) 


(5.68) 
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The  Taylor  series  expansion  in  Eq.  (5.64)  can  now  be  rewritten 
as  a  power  series  in  current  (Abramowitz  and  Stegun,  1964,  p.16) 
to  get  a  series  for  the  incremental  current  generator 


i  -  £  o  zq4  g(v  ,v  -  v.), 

c  q=1  q  =  2  3  1 


(5.69) 


SSi' 


Where  the  first-three  coefficients  a  are 

<1 


*  “1 
~a2 

a2  • 
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a3  * 


2a  -axa3 


(5.70) 


The  a  coefficients  are  given  by  Eq.  (5.60).  The  first  three 
terms  of  the  expansion  are  of  the  form 


g(x,y)  »  g(v2,v3  -  vx)  -  +  g2  +  g3  » 


Where 


Wv3  -  V  *  Y2  +  3y(v3  -  vl>- 


(5.71) 


(5.72) 
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5. 3. 2. 5  Collector-Capacitance  Nonlinearity 

The  other  nonlinear  incremental  current  generator  in  the 
collector  circuit  is  the  collector  capacitance  current  source 


Yc(v3“v2)  "  Y1  dt  <V3“V2>  +  Y2  3t  (v3"v2)2+  ***' 


(5.75) 


The  first  coefficient  is  the  first  derivative  of  the  nonlinear 
charge  characteristic  of  the  reverse-biased  collector  junction  at 
the  operating  point  and  is,  therefore,  the  collector- junction 


capacitance,  C  . 

c 

In  Section  5.2.3,  Eq.  (5.14)  for  the  voltage-variable  junc¬ 
tion  capacitance  of  a  reverse-biased  junction  diode  was  given. 

In  the  normal  reversed-bias  mode  of  collector  operation,  the 
magnitude  of  the  junction  voltage  jv  |  is  much  greater  than  the 
barrier  voltage  Eq.  (5.14)  then  becomes 


(5.76) 

(5.77) 


where  k  *  C(0)  ^  «  C  [  jv  \  ■  1].  It  follows  that  the  collector- 
base  junction  capacitance  for  the  bipolar  transistor  is  given  by 

Cc  “  Y1  “  klv3-v2l  U;  I v 3 —v 2 (5.78) 


where  V3  -  V2  is  the  reverse-bias  voltage  across  the  collector- 
to-base  junction.  This  will  be  very  nearly  VC£  at  the  operating 
point  bias.  An  incremental  measurement  of  the  linear  current 
through  the  base-collector  capacitor  will  determine  Cc.  To  re¬ 
late  this  to  conventional  transistor  measurements,  consider  the 

22 


h-parameter  set.  In  particular,  if  h 22b'  the  common-base  h 


is  measured,  it  will  be  approximately 


l22b 


+  j  2nf  (Cc  +  C3>* 


(5.79) 
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The  measurement  should  be  made  at  a  frequency  such  that  the 
impedance  of  Cc  is  of  the  same  order  as  rc.  Thus 


Cc  "  2nf  Im^22b^  “  C3*  (5.80) 

If  Im(h22]:))  is  measured  for  a  range  of  collector-base  voltages 
and  C  is  plotted  on  logarithmic  paper,  u  is  the  slope  of 

C 

the  graph  and  k  is  the  value  (extrapolated  if  necessary)  at  V 
equal  to  one  volt.  Experimental  data  for  the  collector-to-base 
capacitance  C_  nonlinearity  of  the  2N295Q  are  shown  in  Fig.  5.26. 
Also  shown  is  a  curve  fit  for  the  theoretical  functional  depend¬ 
ence  expected.  From  this  data  we  have  the  parameters  k  *  25.0  pF, 
fS  *  0.4  V,  and  ji  «  0.348.  The  value  of  f 6  is  seen  to  be  suffi¬ 
ciently  small  at  normal  operating  voltages  that  it  can  be  set 
equal  to  zero. 

5. 3. 2. 6  Emitter-Capacitance  Nonlinearity 

The  last  nonlinear-  parameter  to  be  evaluated  in  the  non¬ 
linear  incremental  equivalent  circuit  model  is  the  nonlinear 
base-emitter  capacitance  source  y  (v_).  The  base-emitter  capa- 

citance  is  the  parallel  combination  of  the  diffusion  capacitance 
and  the  space-charge  layer,  capacitance.  It  can  be  determined 
by  measuring  Sp,  the  frequency  at  Which  the  extrapolated  common- 
emitter  current  gain  goes  to  unity,  or  fa,  the  frequency  at 
Which  the  common-base  current  gain  goes  to  0.707.  The  two  cutoff 
frequencies  f^  and  fa  are  essentially  the  same.  The  frequency 
cutoff  mebhanism  in  the  model  is  the  re^2  product,  and  is 
given  by 


—1 _ 

2nf-r  ’ 
T  e 


(5.81) 
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Fig.  5.26.  Collector -Base  Reverse  Bias  Capacitance 
Cc  for  2N2950. 
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The  space-charge  layer  capacitance  is  a  function  of  the 
base-emitter  voltage.  In  forward  bias,  this  voltage  remains 
nearly  constant  over  a  wide  current  range.  Thus  the  space-charge 
layer  capacitance  is  nearly  a  constant.  At  low-to-moderate 
values  of  emitter  current,  the  diffusion  capacitance  varies  linearly 
with  the  emitter  current.  Since  r^  varies  inversely  with  the  eiuitter 
current,  as  long  as  the  diffusion  capacitance  is  much  greater  than 
the  space-charge  capacitance,  the  cutoff  frequency  will  be  constant 
independent  of  the  emitter  current.  At  sufficiently  low  currents, 
when  the  diffusion  capacitance  is  lass  than  the  space-charge 
capacitance,  the  cutoff  frequency  will  vary  linearly  v*ith  the 
emitter  current.  At  high  values  of  emitter  current  th  '  diffusion 
capacitance  can  increase  faster  than  the  emitter  current,  thus 
causing  the  cutoff  frequency  to  decrease.  The  cutoff  frequency 
i3  also  a  function  of  collector  bias,  which  is  not  included  in 
this  model , 

Figure  5.27  shows  the  measured  emitter  capacitance  of  the 
2N2950  transistor.  The  capacitance  of  the  forward-biased  emitter 
junction  is  seen  to  have  a  linear  slope  of  60  pF/mA  and  an  inter¬ 
cept  of  330  pF.  The  330  pF  represents  the  space-charge  capacitance. 
The  total  emitter  junction  capacitance  can  be  written  as 

C2  “  Cje  +  Cd  V  <5’82) 

where  C^e  is  the  space-charge  capacitance,  and  is  the  pro¬ 
portionality  factor  relating  diffusion  capacitance  to  emitter 
current. 


C2  IN  pF 


Figure  5.27.  Base-Emitter  Junction  Forward-Bias 
Capacitance.  2N2950 
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5.3. 2.7  Base  Resistance  rb 

The  remaining  two  resistive  elements  in  the  nonlinear 
incremental  model  are  essentially  independent  of  operating 
point  bias  values  and  will  be  limited  to  the  linear  term  in  the 
incremental  model. 

Resistance  r.  is  the  incremental  linear  base-spreading  re- 

D 

sistance  due  to  the  finite  resistivity  of  the  base  region,  and 
can  be  determined  from  h-parameter  measurements.  rfe  will  show 
a  slight  variation  with  collector  voltage  and  may  change  under 
high  injection  current  conditions  and  should  therefore  be  mea¬ 
sured  at  the  desired  operating  point.  Using  the  subscript  b 
to  represent  common  base: 

hllb  “  rel|c2  +  rb  !X'a)-  (5’83) 

where  re  =  ^ 


| |  »  means  "in  parallel  with", 

a  =  an/(l+jw/u>  )  . 
o  a 


Therefore,  rb  can  be  found  from  h^b  measured  at  a  sufficient¬ 
ly  high  frequency  that  r^d-a)  »  rQ||c2.  Since  h^  =  1/y.^,  a 
y-parameter  measurement  can  also  be  used  to  determine  r^.  Either 
technique  may  be  complicated  by  the  existance  of  parasitic  capa¬ 
citance.  For  the  2N2950,  r.  is  10.1  ohms. 

D 

High  frequency  transistors,  which  have  narrow  base  regions, 
tend  to  have  large  base  resistances,  and  the  accurate  determina¬ 
tion  of  rb  by  the  measurement  of  high  frequency  parameters  may 
be  difficult.  An  alternate  technique, which  has  been  used  with 
good  results  ,consists  of  inserting  the  transistor  into  a  test 
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amplifier  and  in  measuring  its  low-frequency  insertion  gain. 

If  all  circuit  parameters  except  r^  are  known ,  rfc  can  be  de¬ 
duced  from  the  circuit  model  and  the  measured  insertion  gain. 

5. 3. 2.8  Collector  Resistance  r 

c 

Resistance  rc  is  the  collector  resistance.  Physically  it 
arises  as  a  base-width  modulation  effect  produced  by  incremental 
collector  junction  bias.  It  is  a  large  resistance  which  gene¬ 
rally  is  important  only  at  high  frequencies  or  large  load  im¬ 
pedances.  rQ  can  be  determined  from  common-base  h-parameter 
measurements : 

rc  =  lAe(h22b)  .  (5.84) 

For  the  2N2950,  rc  is  635  kfl. 

5. 3. 2. 9  Capacitances  C.^  and  Cj 

C ^  is  the  header  capacitance  between  the  base  and  emitter 
terminals.  Iu  is  a  small  capacitance# of  the  order  of  several 
pF,  and  is  independent  of  the  transistor  operating  point.  Capa¬ 
citance  C3  is  physically  due  to  the  portion  of  the  collector 
which  "overlaps"  the  emitter,  hence  the  name  "overlap  capacitance" . 
C3  may  have  some  voltage  dependence,, 

C3  can  be  determined  by  measurement  of  the  common- emitter 
reverse  transfer  admittance  for  incrementally  short-circuited 
input,  Y]_2e*  BY  definition 

y12a  "  dvT  *  (5.85) 

vi  =  0 

At  a  sufficiently  high  frequency,  somewhat  above  the  f3  cutoff 
frequency,  the  transistor  is  shdrt-circuited  by  C3,  and 

y12e-“^c3*  (5.86) 
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This  region  can  be  found  by  plotting  |y12e  | 
frequency  and  examining  asymptotic  slopes. 


as  a  function  of 


Capacitance  can  be  determined  by  a  measurement  of  y^e, 
the  input  admittance  for  incrementally  short-circuited  output. 
The  measurement  should  be  made  at  the  desired  operating  point 
and  at  a  frequency  somewhat  higher  than  that  required  to  measure 


The  definition  of  y^e  is 


_  dl] 
ylle  dv. 


(5.87) 


and#  at  sufficiently  high  frequency, 


ylle  “  +  C3^  *  (5.88) 

As  with  C3,  the  asymptotic  region  can  be  found  by  plotting  y^e 
as  a  function  of  frequency.  ' 

For  the  -2N2950,  is  negligible  and  is  1.5  pF. 

5.3.2.10  Parasitic  Elements 

A  transietor  may  have  parasitic  elements,  e.g.  series  in¬ 
ductance  or  shunt  capacitance  depending  on  the  construction  of 
the  transistor.  The  2N2950  is  fabricated  in  a  TO-102  case,  has 
three  leads  and  a  stud  mounting.  The  collector  is  connected  to 
the  case?  the  mounting  stud  is  insulated  from  the  case.  This 
results  in  a  parasitic  capacitance  of  4.0  pF  between  the  collec¬ 
tor  and  the  stud. 

5.3.2.11  Summary  of  the  Bipolar  Transistor  Nonlinear  Incre¬ 
mental  Model 

In  summary,  the  nonlinear  T  incremental  model  for  the  bi¬ 
polar  transistor  has  five  sources  of  nonlinearities  which  are 
included  as  four  sets  of  incremental  controlled  current  gene¬ 
rators.  These  are: 
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Base-emitter  exponential  nonlinearity# 


K(v2)  : 

g(v2#v3-v^):  Avalanche  and  h^g  nonlinearity, 

Yc(v3-v2):  Collector  capacitance  nonlinearity, 

Ye(v2)j  Emitter  capacitance  nonlinearity. 

Each  of  these  can  be  e  pended  in  a  Taylor  series  in  an 
equivalent  circuit  forr  as  ,-hown  in  Fig.  5.2B.  Each  of  the 
current  generators  has  1  a.  n  decomposed  into  three  parallel  gen¬ 
erators  for  the  linear,  second-order,  and  third-order  current 
sources.  Higher  order  nonlinearities  may  be  included  as  fur¬ 
ther  generators.  The  circuit  model  emphasizes  the  fact  that  we 
are  concerned  with  the  normal  active  quadrant,  that  is,  neither 
in  cutoff  nor  in  saturation. 


The  linear  incremental  T  model  of  a  transistor  is  shown  in 
Fig.  5.29.  The  model  includes  the  case-stud  capacitance  CCG, 
found  in  the  2N2950.  A  comparison  of  Figs  5.28  and  5.29  shows 
that  the  linear  model  contains  only  the  first  term  of  the  ex¬ 
pansion  of  each  nonlinear  generator. 


A  summary  of  the  parameters  necessary  to  characterize  the 
nonlinear  and  linear  frequency  dependent  incremental  model  of 
the  bipolar  transistor  are  listed  in  various  categories  in 
Table  5.1.  Ihe  numerical  values  are  for  the  2N2950  sample 
evaluated  at  TA  =  25°C.  Linear  parameters  are  evaluated  at  the 
Vc  =  10  volts,  Ic  =  10  milliamperes  operating  point.  Note  that 
17  parameters  are  involved  in  the  nonlinear  model  while  9  are 
necessary  in  the  linear  model. 

It  is  also  sometimes  possible  to  characterize  the  nonlinear 
parameters  of  a  bipolar  transistor  from  manufacturer's  specifi¬ 
cation  data  sheets.  An  exampxe  is  worked  out  in  Appendix  B  for 
the  2N918  transistor. 
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Fig.  5.28.  Controlled-Current  Generator  Third-Order  Incremental 

Nonlinear-T  Equivalent  Circuit  of  a  Bipolar  Transistor 


Figure  5.29.  'Linear  Incremental  Equivalent 
Circuit  of  2N2950. 
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5.4  Nonlinear  Models  of  Field-Effect  Transistors 


The  state  of  the  art  in  modeling  field  effect  transistors, 
both  MOSFET  and  JFET,  is  less  advanced  than  is  bipolar  junction 
transistor  modeling.  This  is  due  to  several  factors: 

1)  Extensive  availability  and  use  of  FET's  is  a  relatively 
new  phenomenum; 

2)  The  first-order  theory  of  the  device  predicts  no  (or 
very  little)  important  distortion  effects  at  the  normal 
frequencies  of  use; 

3)  The  important  effects  (which  do  experimentally  show  up) 
therefore  arise  from  primarily  more  complicated  second- 
order  physical  factors  which  tend  to  be  structure- 
sensitive; 

4)  There  is  a  large  variety  of  physical  structure,  from 
JFETS  through  MOSFETS,  over  which  the  second -order 
parameters  vary  greatly; 

5)  It  may  not  be  possible  to  find  a  single  "generic 
model"  (like  the  Integral  Charge-Control  Model  of 
Gummel  and  Poon,  1970,  for  bipolar  transistors),  out 

of  which  all  the  important  cases  can  be  selected  merely 
by  measuring  a  limited  number  of  critical  parameters. 

As  a  consequence,  at  the  present  time  there  are  no  well-developed 
theoretical  nonlinear  FET  models  ready  for  immediate  use.  How¬ 
ever,  experimentally  developed  models  are  available.  Good  re¬ 
sults  in  distortion  prediction  have  been  achieved  in  the  VHF  and 
low  UHF  bands.  It  is  generally  agreed  that  the  first-order  large 
signal  theoretical  models  are  inadequate  for  the  prediction  of 
third-order  nonlinear  distortion. 


Miller  and  Meyer  (1971)  do,  however,  obtain  excellent  re¬ 
sults  for  the  prediction  of  crossmodulation  at  frequencies  up 
to  450  MHz  on  the  basis  of  a  30  poirt  measurement  of  incremental 

trans conductance  as  a  function  of  gate-to-source  voltage  V_e. 

th  Gb 

The  measured  data  was  fitted  by  an  0  -order  Taylor  series  and 
integrated  analytically  to  obtain  a  nonlinear  relationship  be¬ 
tween  the  static  drain  current  ID  and  gate  voltage  VQg.  Fifth 
order  terms  were  found  to  be  significant.  The  large  signal 
total  model  employed  by  Miller  and  Meyer  is  shown  in  Fig.  5.30 
Where  the  total  static  drain  current  ID  =  f(VQ) 
depends  nonl inear ly  upon  VQ.  The  gate-to  source  capacitance 
CGS was  found  to  ke  voltage  dependent  and  experimentally 
approximated  by 

CGF  “  CGS(0)  +  bV6^'  (5.89) 

where  CGg(0)  and  b  are  constants.  Both  Rg  and  CQD  were  observed 
to  be  nearly  constant. 

Miller  and  Meyer's  use  of  the  model  involved  Fourier  analy¬ 
sis  of  the  large-signal  time  domain  solution  for  a  resistive  em¬ 
bedding  of  the  model.  Application  of  the  Volterra  series  analy¬ 
sis  was  not  attempted  but  it  is  clear  that  straightforward  ap¬ 
plication  of  the  device  modeling  techniques  will  give  the  non¬ 
linear  incremental  equivalent  model.  Fair  (1972)  recently  in¬ 
vestigated  harmonic  distortion  in  JFET's  by  employing  a  power- 
series  equivalent  circuit  model.  Lindholm  (1971)  has  employed 
charge-control  theory  in  modeling  field-effect  transistors. 

5.5  Nonlinear  Charge-Control  Model  of  Bipolar  Transistors 

There  are  two  physical  phenomena  not  included  in  the  non¬ 
linear  T  bipolar  transistor  model  presented  in  Section  5.3  of  po¬ 
tential  importance  at  higher  power  levels  which  should  be  added 
to  the  model.  These  are: 
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Fig.  5.30.  FET  Large  Signal  Model 


1) 


At  large  collector  voltage  swings,  the  base  narrows 
as  the  collector  space  charge  layer  widens  toward  the 
emitter  junction  to  add  a  cur rent-dependence  to  both 
the  collector  resistance  and  the  collector  capacitance. 
Alternatively,  base  transit  time  decreases  with  in¬ 
creased  voltage.  This  effect  is  known  as  the  Early 
effect. 

2)  At  large  collector  currents  the  base  push-out  effect, 
which  effectively  widens  the  base  into  the  collector 
^bddy  region  (or,  alternatively  increases  base  transit 
time  with  increased  current) ,  is  a  result  of  the  in¬ 
creased  neutralizing  charge  of  minority  carriers  in¬ 
jected  into  the  collector  space-charge  layer. 

Both  of  these  effects  tend  to  produce,  on  one  hand,  a  curvature 
of  the  collector  characteristics  before  the  avalanche  multipli¬ 
cation  process  sets  in  to  produce  similar  variations  at  higher 
voltages;  and,  on  the  other  hand,  a  variation  of  output  capaci¬ 
tance  with  current  that  is  not  expected  from  the  previous  models. 

In  addition,  fT  is  made  voltage,  as  well  as  current  dependent.  Ac¬ 
cordingly  more  distortion  may  well  be  expected  from  these  processes 
at  lower  load  impedance  levels  than  would  be  anticipated  otherwise. 

In  order  to  include  these  effects  in  a  consistent  manner, 
it  is  also  expected  that  modification  should  be  made  of  some  of 
the  other  nonlinearities  presently  included  in  the  model.  Ac¬ 
cordingly  it  becomes  most  reasonable  to  adopt  a  rather  differ¬ 
ent  and  considerably  more  complete  model  of  the  transistor;  in 
particular  the  so-called  Integral  Charge-Control  Model  of 
Bipolar  Transistors,  described  by  Gummel  and  Poon  (1970).  The 
model  has  been  applied  very  successfully  to  the  calculation  of 
second  and  third  order  distortions  (including  intermodulation) 
at  output  frequencies  as  high  as  75  MHz  in  a  resistively  termi¬ 
nated  transistor  with  f T  «  2  GHz. 

The  essence  of  the  model  (which  is  analytical  rather  than 
topological)  is  the  recognition  that  in  the  modern  bipolar  junc¬ 
tion  transistor  the  dominant  "longitudinal''  current  Icc  from  emit¬ 
ter  body  to  collector  body,  composed  of  carriers  Which  are  minori¬ 
ties  in  the  base  region  (electrons  for  rn  NPN  transistor) ,  is 
practically  unaffected  by  the  slight  amount  of  recombination 
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involved  in  the  structure.  It  contains,  however,  many  of  the 
major  device  nonlinearities.  By  neglecting  recombination,  Gummel 
showed  for  a  one  dimensional  transistor  that  I  is  proportional 


to 


exp  (qV  '.bAT) 


'h 


exp(qV  ■cbAT) 


(5.90) 


Where  and  are  the  voltages  at  the  "internal"  emitter-base 
and  collector-base  contacts,  and  Qb  is  the  entire  base  charge 
given  by 


Qb  “  °bo  +  Qe  +  Qc  +  BTf  xf  +  Tr  sr-  (5*91) 

Qfeo  is  the  equilibrium  total  stored  charge  in  the  base,  Qe 
the  emitter  junction  stored  charge,  Qc  the  same  for  the  collector 
junction,  BTfIf  represents  a  forward  diffusion-capacitance  charge 
storage,  and  TrIr,  correspondingly,  an  inverse  storage.  The 
factor  B  describes  base  push  out.  Which  in  the  normal  active  re¬ 
gion  of  operation  increases  with  |lc|  and  decreases  with  |vcb  j. 

Equation  (5.90)  becomes  the  usual  Ebers-Moll  result  When 
Qb  -  Qbo'  but  otherwise  Qb  provides  the  mechanism  for  including 
many  of  the  important  nonlinearities  Which  are  less  violent  than 
the  exponentials. 

The  base  current  does  not  have  as  simple  a  form  as  Icc, 
and  is  much  more  structure-sensitives 


*b  m  ^ej^  +  *be2  +  *bc  “  *A*  *5,9 

The  various  components,  as  well  as  I  ,  are  shown  in  Pig.  5.31. 

Cw 

Generally, 
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(a)  1be1  ~  [exp(^bAT>  -1] 

(b)  *be  ~  t©xp(V^b/nekT)  -1]?  1  <  ng  <  2  >  , 

2 

(c)  ^ c  ~  [ exp (cfV £b/nckT )  -l'J;  1  <  nc  <  2  J 


(5.93) 


and  IA  is  based  on  analysis  of  the  avalanche  multiplication 
phenomenon . 

The  net  result  of  the  integral  charge  control  model  is  that 
equations  can  be  written  for  the  collector  current,  base  charge, 
and  base  current: 


*c  ■  £<v4v  vcb-  V  V 


ab  ■  9<v*'  vcb-  Ic>  ) 

rb  "  h(Veb''  Vcb'-  Io>  - 


(5.94) 


Unlike  our  previous  device  models,  the  equations  i  re  implicit 
and  cannot  be  used  to  represent  individual  elements  in  the  de¬ 
vice  model.  However,  the  transistor  can,  through  the  use  of 
Eq.  (5.94),  be  represented  as  a  nonlinear  two-port.  The  linear 
y-parameters  are,  as  usual,  the  first  derivative  terms.  The 
current  sources  in  the  higher-order  nonlinear  representation 
are  found  through  utilizing  higher-order  terms  of  the  Taylor's 
series  expansion  of  (5.94),  along  with  the  same  nonlinear  cir¬ 
cuit  analysis  techniques  outlined  in  Chapter  2.  The  integral 
charge-control  model  employed  by  Gummel  and  Poon  is,  as  might 
be  expected,  considerably  more  complex  than  the  nonlinear  T 
model  outlined  in  Section  5.3.  For  example,  some  31  parameters 
are  required  to  characterize  the  model  instead  of  the  17  for 
the  nonlinear  T. 
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5.6  Vacuum  Tube  Nonlinear  Models 


There  are  still  many  communication  systems  in  use  that  em¬ 
ploy  vacuum  tubes.  Our  model  of  such  devices  is  a  modified  form 
of  the  classical  space-charge  limited  3/2  power  law. 

The  3/2  power  law  model  states  that  the  current-voltage 
relation  for  a  vacuum  diode  is 

is  -  G  e3/2,  (5.95) 

where 

i_  »  total  space  current  (cathode  current) , 

G  =*  a  "constant"  called  the  perveance# 
e  »  plate-cathode  total  voltage. 

The  incremental  model  is  found  by  expanding  Eq.  (5.95)  in 
a  Taylor  series  around  the  operating  bias.  The  first  term  in 
the  series  represents  the  linear  model,  and  the  higher-order 
terms  represent  the  nonlinear  terms  of  the  model.  Multi-grid 
tubes  are  modeled  by  replacing  the  voltage  e  by  eart,  an  equiva- 
lent  diode  voltage.  Corrections  must  be  made  in  the  model  for 
the  space-charge  potential  and  the  operating-point  dependence 
of  some  of  the  so-called  constants  of  the  tube.  Good  supple¬ 
mentary  background  material  can  be  found  in  Spangenberg  (1948), 
and  M.I.T.  E.E.  Staff  (1943). 

5.6.1  Vacuum  Diodes 

The  instantaneous  total  plate  current  i^  of  a  vacuum  diode 
in  the  space-charge  limited  region  is  related  to  the  instantan¬ 
eous  total  plate-to-cathode  voltage  e^  by 

ib  “  S%3/2.  (5.9b) 
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Where  G,  a  constant  called  the  perveance,  is  dependent  upon  the 
tube  geometry.  If  the  diode  is  biased  at  the  operating  point 

(Ib0'  *1)0*'  we  have 

3/2 


So  + 


S  -  G<So  +  V 


(5.97) 


where  i  and  e  are  the  incremental  plate  current  and  plate  volt- 
P  P 

age  relative  to  the  operating  bias  point.  Expanding  in  a  Taylor 
series  about  the  operating  point  and  solving  for  the  incremental 
plate  current,  we  have 

ip  -  K^p  +  K2epa+  K3ep3  +  Vp4  +  •••  '  <5-981 

where 


K, 


2  (3  B  1/2 

2  G  Eb0 


K 


2  -  I  G  Eb0'V2 


K- 


16  G  SO 


K4  =  128  G  So 


-3/2 
-5/2  ^ 


(5.99) 


The  vacuum  diode  in  the  3/2  power-3 -v  space-charge  limited 
region  is  equivalent  to  a  nonlinear  .  asistor.  The  general  form 
of  the  coefficient  is 

Kn  -  n T  <f>  (l  "  -  (n-1)]GE<)0<3/2"n>-  (5-100> 


The  nonlinear  incremental  circuit  model  for  the  diode  is  shown 
in  Fig.  5.32.  A  plate-to-cathode  capacitance  C  ^  has  been  added 
to  model  the  high-frequency  vacuum  diode. 

A  triode,  with  the  signal  grid  connected  to  the  cathode, 
is  electrically  a  diode.  Similarly,  a  pentode,  with  the  sig¬ 
nal  grid  and  suppressor  connected  to  the  cathode,  and  the  screen 
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connected  to  the  plate,  is  a  diode.  Fig.  5.33  shows  the  meas¬ 
ured  diode-connected  plate  characteristics  of  a  12AT7  triode 
and  three  pentodes,  the  6DG6,  6AH6,  and  5763  with  the  current 
axis  being  the  two-thirds  power  of  current?  the  two-thirds  ex¬ 
ponent  serves  to  remove  the  curvature  caused  by  the  3/2  power 
law.  From  Fig.  5.33  it  is  seen  that  the  3/2  power  law 
is  valid.  Two  of  the  curves,  the  5763  and  the  12AT7,  go  through 
the  origin  of  the  graph.  The  6AH6  and  6DC6,  however,  have  zero 
current  intercepts  of  7.5  volts  and -7 .0  volts,  respectively. 

This  offset  is  due  to  the  effects  of  the  space-charge  of  the 
tube,  and  can  be  modeled  by  defining  a  potential  $  which  is 
added  to  the  diode  plate-cathode  voltage  or 

=  G(eb  +  j?03/2.  (5.101) 

The  potential  ^  is  referred  to  as  an  equivalent  diode 

voltage. 

5.6.2  Vacuum  Triode 
5 . 6 . 2 . 1  Vacuum  Triode  Theory 

The  total  space  current  of  an  ideal  vacuum  triode  (see  Fig. 
5.34)  operated  in  the  normal  space-charged  limited  region  is 
given  by 

i  -  G(e  +  e. /n)3/2,  (5.102) 

S  CD 

where  G  »  perveance,  a  parameter  dependent  upon  geometry, 

i  =  i  +  L  ®  total  space  current,  the  sum  of  grid 
8  c  current  and  plate  current., 

ec  =  total  grid-to-cathode  voltage  , 

=  total  plate-to -cathode  voltage, 

4  =  amplification  factor,  a  constant  dependent  upon 

geometry . 
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34.  Vacuun  Triode 


Normally,  the  triode  is  operated  in  the  negative  grid  region 
and  grid  current  is  negligible.  The  space  current  is  then  en¬ 
tirely  plate  current  and 


*b  =  G(ec  +  V’ 


e  s  o« 
c 


(5.103) 


If  | i  and  G  are  essentially  constant  in  the  normal  operating 
region,  the  primary  nonlinearity  is  the  3/2  power  law.  Since 
both  the  grid  voltage  and  plate  voltage  are  variable,  the  total 
plate  current  given  by  Eq.  (5.103)  must  be  expanded  in  a  two- 
variable  Taylor's  series  about  the  operating  bias  point  to  deter¬ 
mine  the  incremental  plate  current  i  dependence  upon  incremental 

P 

grid  voltage  e  and  incremental  plate  voltage  e  .  If  the  operat- 
9  P 

ing  point  plate  voltage  is  E^q  and  grid  voltage  Ecq,  then  the 

related  plate  bias  current  is  given  by 


GtEco+  -r]3/2- 


(5.104) 


The  incremental  plate  current  i  becomes 

tr 


»  i  r 

=2  G~ r  h 
n®l  n*  L 


a  a  ■ 

e  — r —  4  e  - — 
g  3ec  p  Sefe 


n 

;]  IvW 


.  (5.105) 


%  *  Ec0 
eb  =  ^0 

The  partial  derivative  operator  can  be  expanded  in  a  bi¬ 
nominal  series  to  give 


Ce  +  e  ^-]n  = 

g  ileo  p  8^ 


(5.106) 
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Using  Eq.  (5.106)  to  expand  Eq.  (5.105)  produces  a  general 
two-variable  Taylor  series  expansion  of  the  incremental  plate 
current.  The  nonlinear  as  well  as  linear  dependence 
upon  incremental  grid  and  plate  voltages  is  then  established. 
The  first  four  terms  of  the  triode  plate  current  expansion  are 
given  in  Table  5.2,  under  the  assumption  that  G  and  |i  are  con¬ 
stant. 


The  first  term  of  the  incremental  plate  current  is  given 


g  ® 
m  g 


where  the  transconductance  g  =  (3/2)G[E  „  + 

c0 


(5.107) 


\o,l/2 


and  plate 


resistance  r 


(5.107)  is  the  linear  incremental 


relationship  describing  the  triode  and  leads  directly  to  the 
familiar  linear  incremental  equivalent  circuits  illustrated 
in  Fig.  5.35.  if  we  add  the  interelectrode  capacitances  of  the 
triode  to  the  linear  low-frequency  equivalent  circuit  we  obtain 
the  familiar  high-frequency  equivalent  circuit  illustrated  in 
Fig.  5,36. 

The  nonlinear  incremental  equivalent  circuit  to  the  fourth 

order  for  the  ideal  vacuum  triode  is  illustrated  in  Fig.  5.37. 

The  low-frequency  nonlinear  model  is  represented  by  the  series 

of  controlled  current  sources  that  are  given  in  Table  5.2. 

These  sources  are  dependent  upon  the  incremental  grid  and  plate 

voltages  e  and  e  .  We  have  also  added  the  inter electrode 
g  p 

capacitances  to  the  model  to  obtain  the  high-frequency  form  of 
the  nonlinear  incremental  model.  The  nonlinear  incremental 
equivalent  circuit  has  three  nodes,  i.e.,  the  grid,  plate,  and 
cathode.  All  incremental  voltages  have  been  defined  with  re¬ 
spect  to  the  cathode. 
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TABLE  5.2 

First  Four  Terms  of  Meal  Triode  Expansion 
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5. 6. 2. 2  Vacuum  Triode  Measurements 

A  12AT7  triode  was  measured  in  the  laboratory  in  order  to 
examine  the  applicability  of  Eq.  (5.102).  The  measured  charc- 
teristic  curves  are  shown  in  Pig.  5.38  for  one  section  of  the 
tube.  An  inspection  of  the  curves  shows  that  they  are  relatively 
parallel  for  >  2.5  mA,  indicating  nearly  constant  parameters 
for  higher  currents.  However,  for  lower  currents  the  curves  be¬ 
come  non-parallel  and  increasingly  more  horizontal  as  the  grid 
voltage  becomes  more  negative.  Thus  the  tube  parameters  are 
changing  in  these  regions. 

As  a  further  investigation  of  the  triode,  one  can  plot 

2/3 

i^  as  a  function  of  e^.  Prom  Eq.  (5.102) 

i^2/3  =  G2//3^ec  +  .  (5.108) 

Therefore,  in  the  range  in  which  G,  and  \x  are  constant,  there 

2/3 

is  a  linear  relation  between  i_  and  e.  .  figure  5.39  shows 

2/3  ®  b 

the  (L^  ,  e^)  relation  for  one  section  of  the  12AT7. 

lines  for  i^  greater  than 

about  2.5  mA,  confirming  our  assumption  of  constant  parameters 

in  this  range.  However  the  curves  are  not  parallel;  they  seem 

to  have  a  decreasing  slope  as  e  decreases.  Since  tne  slope  is 

2/3  C 

G  /\x,  the  inference  is  that  either  G  decreases  with  e  ,  or 

c 

increases  with  ec.  The  data  of  Pig.  5.39  are  somewhat  coarse, 
as  the  grid  voltage  curves  are  taken  at  1  volt 
intervals.  One  can,  however,  estimate  the  perveance  from  the 
data  if  we  assume  that  G  and  y.  are  locally  constant.  Thus, 


e^  curves  are  straight 
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12  AT  7 
Sec.  2 


Grid  Voltage  ec  =0 


Fig.  5.38.  Triode  Characteristic  Cruves. 
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from  Eq.  (5 .,102),  G  can  be  estimated  in  two  ways  or 


A  (if3)  \3/2 


e^  =  constant  # 


(5.109a) 


/Mi2/3>  \3'2 

s“(  4%  7 


e  =  constant, 
c 


(5.109b) 


G,  evaluated  through  the  use  of  both  techniques  for  the  data  shown  in 
Fig.  5.38  is  shown  on  Fig.  5.40.  It  is  seen  that  the  perveance 
is,  indeed,  1 inear ly-dependent  on  the  grid  voltage,  and  takes  the 
form 


G  S  3.35  x  10  1  -  e  /E  ), 

\  c  cma  x/ 


(5.110) 


where  Ec  “  -  6.2V. 


This  result  shows  that  there  is  another  nonlinearity 
to  be  considered  in  triode  analysis  over  and  above  the  3/2  power 
nonlinearity;  that  is,  G  must  be  considered  as  a  variable  in 
lsquation  (5.105). 

Returning  now  to  Fig.  5.39,  we  note  a  second  point  of 

interest,  namely  that  the  e  =0  curve  does  not  go  through  the 

c 

point  e^  =  i^  =  0,  as  required  by  Eq.  (5.103).  Instead,  it  is 
offset  by  approximately  5  volts.  This  is  due  to  the  space-charge 
voltage  of  the  tube.  In  Equation  (5.103)  it  is  assumed  that  the 
emitted  electrons  start  with  zero  velocity  from  a  point  of  zero 


potential.  In  space-charge  limited  operation  the  electrons 
leave  the  cathode  with  a  Maxwellian  distribution  of  velocity 
and,  near  the  actual  cathode,  a  virtual  cathode  is  formed  Which 
acts  like  an  ideal  cathode.  The  effects  of  this  can  be  added 
to  Eq.  (5.103)  by  defining  a  potential,  f6 ,  Which  is  added  to 
the  grid  voltage,  resulting  in 


ib  =  G(ec  +  f6  +  ej/4) 


3/2 


(5.111) 


Given  a  consistent  set  of  (i^e^e^),  Eq*  (5.111)  contains 
three  unknows,  G,  jrf,  and  \jl.  Thus,  if  (Ib,Ec,Eb)  are  measured  at 
three  reasonably  close  points,  we  might  make  the  assumption  that 
G,  fi,  and  u  are  locally  constant  and  solve  the  set  of  simultan¬ 
eous  equations.  If  we  denote  the  measured  points  by  a  subscript 
i,  i=l,2,3,  the  solution  for  G,  f6,  u  is  given  by: 


1 


2/3  2/3 

p!  “  b3,  > 

2/3  .2/3  Dl  d2 

bl  ”  b2 


!”(E 


cl 


-  E 


c2 


'  <®bl  "  SJ\ 

2/3  2/3 

3>1_ IJ b3 

2/3  2/3+'  cl  c3  * 

*bl  "  b2 

(5.112a) 


(Ebl  I  Bb2)/^  1  (Ecl  ~  Ec2}. 
<*&’  - 


(5.112b) 


fiat 


hi'» +  <Wa)2/3- 


(5.112c) 
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Equations  (5. 112a-c)were  solved  for  several  operating  regions 
of  the  12AT7.  The  resulting  values  of  u ,G,f6  are  shown  in  Fig. 5.38 
in  the  triangle  formed  by  the  3  points  used  to  solve  Eq.  (5.112-c), 

It  is  seen  that  at  higher  currents,  |i  is  indeed  nearly  constant, 
while  G  is  less  so.  The  value  of  fi  varies,  but  is  small.  For  the 
lower  current  ranges,  G,^,  and  |i  vary  considerably.  Thus,  the  re¬ 
quired  triode  model  nonlinearities  are  the  3/2  power  law,  the  vary¬ 
ing  perveance,  and  a  nonzero  potential  based  on  the  operating  point. 

5.6.3  Vacuum  Pentode 

5. 6. 3.1  Vacuum  Pentode  Theory 

The  schematic  symbol  for  a  vacuum  pentode  is  illustrated  in 
Fig.  5.41.  Electrode  total  voltages  and  currents  are  defined  in 
the  diagram.  The  suppressor  is  normally  tied  to  the  cathode.  The 
screen  grid  is  normally  biased  positively  while  the  control  grid  is 
negative  with  respect  to  the  cathode.  The  generalized  3/2  power 
law  relationship  is 

J-B  -  G  (eeq>3/2>  (5.113) 

Where 

ig  *  total  space  current  =  ^Cl+ic2+ic3+ib ^  (5.114) 


G  =  a  parameter  called  the  perveance. 


eq 


equivalent  diode  voltage  for  a  pentode, 

®b 


fc2  fc3 
6cl  **12  **13 


lb 


(5.115) 


The  several  n's  are  ideally  constants.  In  particular 

|i.  .  =  voltage  gain  between  grids  1  and  j, 

^lb  =  vo^ta9e  9ai-n  between* grid  1  and  plate. 

Since  the  screen  grid  is  positive  with  respect  to  grid  1, 
part  of  the  space-curja*Dt  is  intercepted  by  the  screen. 
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SCREEN  GRID 


Pig.  5.41.  Vacuum  Pentode 


The  ratio  of  the  plats  to  screen  grid  current,  i^/i ^ ,  is 
empirically  given  by 


(5.116) 


where  D  and  m  are  parameters  of  the  tube. 

Note  that  icl  =  i c3  =  0  when  the  control  grid  voltage  is 
negative  and  the  suppressor  voltage  is  less  positive  than  the 
screen  voltage.  Combining  the  pentode  equations  we  find  that 
the  total  plate  current  i^  is  given  by 

T  3/2 


S'0 


e  ,  +^£2  +  !s3+3>- 

cl  u12  ki13  Hlb 


.ec2. 


m 


_  ..m 

eb 

D  -hL- 
®c2. 


(5.117) 


1  + 


If  we  connect  the  suppressor  grid  to  the  cathode, then  ec3  =0. 
Note  that  the  physical  effect  of  the  screen  grid  is  to  make  the 
plate  current  nearly  independent  of  plate  voltage  since 

ec2/ti12  S>  %/ulb'  Therefore 


(5.118) 


in  the  negative  grid  region  of  a  pentode  whose 

suppressor  grid  is  connected  to  the  cathode.  Total  plate 

current  is  a  function  of  three  voltage  variables,  e  ,,  e  _,  and 

Cl  cz 

e^.The  parameters  are  G,  D'  and  m* 
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If  we  now  assume  that  each  total  voltage  is  given  by 


e  n  ~  E  .  +  e 
cl  10  gl 


e  a  E  +  e 

ec2  20  g2' 


(5.119) 

(5.120) 


6b  = 


^0  +  ®p' 


(5.121) 


where  e  , ,  e  and  e  are  incremental  voltages  and  E„_,  E„_, 
gl  g2  p  *  10  20 

E^  are  bias  voltages,  the  total  plate  current  now  becomes 


where 


and 


*  *b0  +  XP  # 


(5.122) 


I,  „  =  plate  bias  current 
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(5.123) 


1  + 


i  *  ;  « i.  plate  current 
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(5.124) 
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Normally^  the  screen  grid  of  the  pentode  is  well  by-passed 
at  desired  responses  so  that  the  incremental  voltage  e^2  is 
zero.  However,  if  the  screen  should  not  be  adequately  by¬ 
passed  at  a  frequency  generated  by  nonlinear  interaction,  or 
the  screen  is  utilized  as  a  local-oscillator  input  in  a  mixer 
application,  we  should  retain  the  effects  of  incremental  varia¬ 
tion  in  screen  voltage. 

An  additional  factor  which  must  be  considered  occurs  in 
the  so-called  variable  \i  pentode.  In  this  case,  the  control 
grid  is  deliberately  constructed  so  that  instead  of  be¬ 

ing  a  constant,  is  a  function  of  e^.  This  is  a  possible 
source  of  distortion. 

These  considerations  lead  to  Eq.  (5.124)  as  a  representa¬ 
tion  of  the  pentode  incremental  nonlinear  plate  current. 
Equation  (5.124)  is  complicated  by  two  factors  -  namely, 

the  appearance  of  ep  and  e^2  in  both  factors  of  the  operand, 

and  the  occurrence  of  _  (e  , )  in  the  denominator  of  the  first 

12  cl 

factor.  Symbolically,  they  are  control lad-current  sources,  that 
is. 


i  =  g. (e  . ,  e  e  )  +  g_  (e  . ,  e  _,  e  )  + 
p  31  gl  g2  p  2  gl  g2  p 


+  W'  eg2'  V' 


where 


(5.125) 
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c2  E20 

%  =  Eb0‘ 

(5.126) 

The  first  term  represents  the  linear  incremental  current 
source  and  the  plate  resistance  while  the  higher-order  terms 
contribute  nonlinear  responses. 

Typically,  m  «  1,  so  that  the  plate  and  screen  currents 
have  only  a  slight  dependence  on  the  plate  voltage.  This  accounts 
for  the  nearly  infinite  plate  resistance  of  a  pentode.  The  de¬ 
pendence  of  the  current  division  on  the  total  plate  and  screen 
voltages  is,  however,  a  source  of  nonlinear  distortion  which 
must  be  considered  in  pentode  analysis. 

The  screen  current  similarly  has  the  incremental  non¬ 
linear  representation: 


-  [ 


ja js _ a' 

gl  3eol  eg2  3e=2  ap  ^ 


e  .  + 
cl  g.. 


(5.127) 


1  +  D 


ecl  =  E10 
°c2  "  E20 
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The  nonlinear  incremental  equivalent  circuit  to  third  order 

for  the  pentode  as  impli&f  by  Bq.  (5.125)  and  (5.127)  is 

illustrated  in  Fig.  5.42.  The  series  of  current  sources  gn 

are  in  the  plate  circuit.  They  are  dependent  upon  the  control 

grid  voltage  e  .  and  screen  grid  voltage  e  _  when  the  screen 
gi  g2 

is  inadequately  by- passed.  The  series  of  current  sources 
are  in  the  ecreen  circuit.  They  are  dependent  upon  the  control 
grid  voltage  e^  and  the  incremental  screen  voltage  e^2* 

In  Fig.  5.43  we  illustrate  the  pentode  linear  incremental 
equivalent  circuit  with  tiW  un-bypassed  screen.  Interelectrode 
capacitances  may  be  added  to  the  equivalent  circuit  to  create 
a  uaeful  high  frequency  model. 

5. 6. 3. 2  Vacuum  Pentode  Measurements 

As  with  the  vacuum  triode,  Equation  (5.113)  is  an  approxi¬ 
mation  to  the  actual  pentode  characteristic.  Experimental  data, 
which  we  shall  show  in  this  section,  indicates  both  that  the 
perveance  depends  on  the  screen  voltage  and  that  there  is  a 
non-zero  space-charge  voltage.  Thus,  for  the  pentode,  one  can 
write i 


ia  «  0oCl  -  ec/Ec  1C ff  +  ec  +  e2/U]3/2.  (5.128) 

max 

where  ec  is  grid  1  voltage  and  e2  18  screen  voltage. 

Laboratory  measurements  were  performed  on  a  number  of  pen¬ 
todes  in  order  to  test  the  validity  of  Equation  (5.128).  In 
this  section  we  will  examine  in  detail  the  results  of  the  meas¬ 
urements  rn  one  pentode,  a  6AH6.  and  summarize  the  results  of 
measurements  on  two  other  types,  the  6DC6  and  the  5763. 

The  6AH6  is  a  sharp-cutoff  pentode.  The  measured  plate 
characteristics  of  a  6AH6  are  shown  in  Fig.  5.44,  for  a  screen 
voltage  of  100  volts.  Note  the  almost  horizontal  curves  for 
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Fig.  5.44.  Pentode  Characteristic  6AH6 


constant  grid  voltage,  indicative  of  a  very  high  plate  resistance. 

The  triode-connected  characteristics  of  this  tube,  that  is,  screen 

connected  to  plate,  are  shown  in  Fig.  5.45.  As  a  further  investi- 

2/3 

gation  of  the  pentode,  one  can  plot  as  a  function  of  e^, 

as  shown  in  Fig.  5.46.  It  is  seen  that  the  3/2  power  law  holds 
down  to  1  mA,  well  into  the  curved  regions  of  the  triode  curves. 

The  zero  bias  curve  does  not  go  through  the  origin,  indicating  a 
need  to  add  a  correction  for  the  effect  of  space-charge  potential. 
The  variation  of  perveance  with  control  grid  voltage  is  shown  in 
Fig.  5.47.  This  variation  is  seen  to  be  linear,  with  cutoff  at 
about  -5  volts.  The  current  division  between  screen  and  plate  cur¬ 
rents  in  the  triode  connection  is  plotted  in  Fig.  5.48.  The  divi¬ 
sion  of  currents  is  seen  to  be  nearly  independent  of  grid  voltage. 
The  current  division  in  the  pentode  connection  is  shown  in  Fig. 
5.49;  a  slight  dependence  is  seen  on  the  grid  voltage  and  the  ratio 
of  the  plate-to-screen  voltage. 

Figures  5.44  -  5.49  show  that  the  three-halves  power  law 
model,  when  modified  for  the  non-constant  perveance  and  the  effects 
of  space-charge  potential,  is  a  good  model  for  the  6AH6  pentode. 

The  results  found  in  modeling  the  5763  and  6DC6  were  similar. 

Table  5.3  summarizes  the  parameters  measured  for  these  three  tube 
types.  The  operating  points  at  which  these  were  modeled  are  also 
shown.  In  the  electrode  capacitance  values  are  also  included. 
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Table  5.3 


Pentode  Model  Parameters 


Parameter 

6AH6 

6DC6 

5763 

Units 

Operating  Points 

Ec0 

-2.0 

-1.0 

-6.0 

V 

V 

129.6 

91.2 

187 

V 

E20 

135.8 

84.0 

203 

V 

*b0 

5.7 

8.9 

3.9 

mA 

O 

CN 

H 

0.15 

3.1 

0.47 

mA 

Model  Parameters 

Go 

6.85  x  10~3 

3.95  xlO"3 

2.0  x  10”3 

-3/2 
AV  ' 

u 

38.5 

39.4 

13.8 

D 

4.0 

2.8 

9.0 

m 

0.088 

0.11 

2.0 

E 

cO 

-2.0 

-1.0 

-6.0 

V 

E 

-5.0 

-7.6 

”48.0 

V 

max 

4 

-0.04 

0.98 

0.6 

V 

E20 

135.8 

84.0 

203 

V 

*b0 

129.6 

91.2 

187 

V 

Cgk 

12 

6.5 

'9.5 

pF 

<W 

0.02 

0.02 

0.3 

pF 

CP* 

4.7 

2.0 

4.5 

pF 
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CHAPTER  6 


MULTIPLE -TONE  INPUT  APPLICATIONS 
6.1  Introduction 

One  of  the  most  important  applications  of  the  nonlinear 
transfer  function  is  the  prediction  of  the  nonlinear  distortion 
responjes  of  a  quasi-linear  system  that  has  been  excited  by 
multiple  unmodulated  input  tones.  By  far  the  most  commonly  em¬ 
ployed  method  of  investigating  and  evaluating  a  quasi-linear 
system  involves  excitation  of  the  system  by  two  equal  amplitude 
tones.  In  this  chapter  we  shall  concentrate  upon  a  fairly  com¬ 
plete  study  of  multiple-tone  excitation  analysis  with  particular 
attention  focused  upon  formulating  the  problem  in  terms  of 
practical  engineering  quantities.  We  shall  be  most  concerned 
about  decibel  power  relationships  and  the  practical  prediction 
and  interpretation  of  a  nonlinear  system  output  as  measured 
by  a  spectrum  analyzer.  Various  simple  examples  have  been  worked 
out  with  the  theoretical  predictions  compared  with  laboratory 
measurements  from  the  actual  modeled  circuit.  Emphasis  is 
placed  upon  simple  circuits  so  that  confidence  in  the  methods 
and  the  validity  and  limitations  of  the  electronic  device 
models  introduced  in  Chapter  5  can  be  obtained.  Most  of  our 
concern  will  be  with  intermodulation  distortion  nonlinear  re¬ 
sponses  although  gain  compression#  desensitization,  and  spurious 
responses  for  unmodulated  tonal  inputs  are  relevant.  Matters 
concerned  with  modulation  distortion  and  the  transfer  of  modula¬ 
tion  to  other  tones  (cross-modulation)  are  more  properly  studied 
in  association  with  nonlinear  canonic  model  applications. 

Although  most  of  this  chapter  is  devoted  to  small-signal 
excitation,  we  also  describe  in  some  detail  the  results  of  a 
large-signal  time-domain  analysis  of  a  simple  test  amplifier 
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circuit  and  compare  the  time-domain  analysis  results  with  both 
measurements  and  predictions  based  upon  the  nonlinear  transfer 
function  determined  from  a  model  analysis  using  SIGNCAP. 


6 , 2  Power  Relationships  for  Multi-Tone  Input  Applications 

In  this  section  we  shall  examine  the  intermodulation  distor¬ 
tion  power  relationships  describing  the  output  power  from  a  quasi- 
linear  system  characterized  by  nonlinear  transfer  functions.  Th& 
formulation  will  be  for  multitone  small-signal  excitation  with 
particular  emphasis  placed  upon  the  important  two  and  three  tone 
input  cases.  The  special  case  of  equal-power  two-tone  inputs 
will  be  of  particular  practical  interest. 

In  Pig.  G.1  we  list  several  responses  for  a  nonlinear  am¬ 
plifier  excited  by  two  tones  in  terms  of  nonlinear  transfer  func¬ 
tions.  Observe  that  the  input  is  the  open-circuit  voltage 
source  vs(t)  behind  the  source  impedance  Zg.  The  output  is  vQ(t) 
across  the  load  impedance  Z^.  It  is  assumed  that  the  source  and 
load  impedances  are  linear.  The  source  and  load  impedances  must 
be  used  to  determine  the  nonlinear  transfer  functions.. 

6.2.1  First-Order  Response 


The  first-order  output  voltage  for  a  sinusoidal  open-circuit 
excitation  voltes  amplitude  V'1  is  V^H.^  where  H^(f)  is  the  first- 
order  transfer  function.  It  is  readily  demonstrated  Ithat  the 
power  p.  delivered  to  load  impedance  Z_  is  given  bv 

X  ■  L 


pi 


gTPa' 


(6.1) 


where 


1 

4 


_1 

4 


Z+Z* 

L  L 

Ki2 

|Vj|2 

VV 


Kl\ 


source  available  power. 


transducer  gain 


(Z  +Z*)  (Zg+Zg) 
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delivered  power 
available  power 


(6.?) 


6.1.  Examples  of  Nonlinear  Amplifier  Responses  in 
Terms  of  Nonlinear  Transfer  Fractions . 


It  is  frequently  desired  to  express  power  in  decibels  relative 

to  a  reference  power  p^ .  if  the  reference  power  is  1  milliwatt, 

** 

then  the  decibel  power  unit  is  dBm.  Thus,  defining 

£  10  log  jji,  (6.3) 

A  P 

z  10  log  (6.4) 

-3 

where  pr  *  10  watts,  results  in 


P1  a  Pa  +  °T  <dBm)#  (6,S) 

where 

Gt  A  l r  loglQ  gT  (dB) 


=  20  log  |HX j 


+  ioiogl0' 


(Zj+Z^W* 


(6.6) 


The  special  case  ZL  =  Zg  =  50  ohms  is  commonly  encountered 
in  practical  measurements.  Under  these  circumstances  trans¬ 
ducer  gain  GT  reduces  to  insertion  gain  Gj  and  we  have  the  useful 

result 


P  =  P  +  Gt  (dBm),  (6.7) 

1  cl  X 

where 

Gx  *  20  loglQ  +  6  dB.  (6.8) 

Identical  relationships  apply  to  each  output  linear  response 
for  multiple  tone  inputs. 
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6.2.2  Second-Order  Response 

The  amplitude  of  a  typical  second-order  response  at  f^+f2 

in  terms  of  the  second-order  nonlinear  transfer  function  is 

It  is  readily  demonstrated  that  p^#  the  second-order 

response  power  delivered  to  the  output  load  Z  at  f_+f  is 

L  12 

given  by 


P2  =  m2  Pal  Pa2  * 


(6.9) 


where 


p  =  available  power  (watts)  from 
al  source  at  frequency  f. , 

p  y  ~  available  power  (watts)  from 
d<t  source  at  frequency  f2. 


.2  -  4|h2|*(z.*V,|  (Vzs.,|Ma  ^1  ^ 


(watts) 


(6.10) 


Our  objective  now  is  to  cast  Eq.  (6.9)  in  a  decibel 
form  with  the  reference  power  pr  set  equal  to  one  milliwatt 
so  that  the  result  will  be  a  suitable  expression  with  power 
expressed  in  dBm.  Special  care  must  be  exercised  to  properly 
interpret  such  a  form.  We  begin  by  defining 


P„  ®  10  log 


£2 

10  Pr' 


i  1°  lo%0  -J1' 

r 


(6  .22) 


(6.12) 


Pa2  4  10  logl0 


(6.13) 
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M2  4  10  logl0  ^.m2 


(6.14) 


and  note  that  Eq.  (6.9)  can  be  written  in  the  form 


ir  ■  (V“2>  (%■)  (^)- 


(6.15) 


where  p  is  the  reference  power  level.  It  follows  from  the 
definitions  that 


P  =  p  +  P  +  M 
2  al  a  2  "2  * 


(6.16) 


Let  us  now  further  note  that  we  may  write 

u.  1 2 


pr  "  Z  +Z  *  ' 

r  r 


(6.17) 


where  V  is  a  reference  voltage  and  Z  a  reference  impedance. 

r  r  -3 

For  example,  let  us  select  the  reference  power  level  p^  at  10 

watts  and  the  reference  voltage  level  at  1  volt.  The  reference 

^  2  3 

irapsdance  term  Zr+Zr  is  then  jvr[  /pr  *  10  ohms. 

Utilizing  Eqs.  (6.10)  and  (6.17),  we  have 


M2  =  20  log10|vr|  |H2|  +  6.02 


(W1  <VV)  (ZL+ZL*) 


+1°  logJ(J 


f  1  '*• f  2 


(zr+zr*)  fzL|2 


<3B  .  (6.18) 


fl  +  f2 


Note  that  the  logarithmic  operations  are  upon  dimensionless 
quantities  by  virtue  of  defining  the  reference  voltage  Vr  and  im¬ 
pedance  Z£.  For  chosen  as  1  raw. 
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P,  =  ?al  +  Pa2  +  20  logl0(l)|H,l  +  6.02 


10' 


<W>L  <W>L  (zl+zl*)|.  . 

+  1°  1O9!0 - ,.  ,2l~ - ^ 


10* 


dBm.  (6.19) 


fl+f2 


This  form  is  valid  for  power  expressed  in  decibels  relative 
to  one  milliwatt  (dBm) . 

If  we  specialize  now  to  Zg  »  ZL  =  50  ohms,  we  note  that 

M2  -  20  log10(l)|H2|  +  2.04,  (6.20) 

and 

P2  =  Pal  +  Pa2  +  20  log1Q  |H2|  +  2.04  dBm.  (.6.21) 

The  notation  (1)|h2(  has  been  dropped  and  replaced  by  |f2|  but 
a  2£§.  volt  reference  is  implied. 

One  further  comment  is  appropriate.  When  H2  is  evaluated 

using  the  nonlinear  circuit  analysis  software,  the  quantity  (l)2!^ 

volts  has  been  evaluated  since  unit  voltage  exponentials  are  the 

o 

assumed  excitation.  The  (1)  factor  has  been  surpressed.  If  we 
refer  to  1h2|  in  decibels,  we  mean  20  log^Q  |h2|. 

6.2.3  Third-Order  Response  for  Two-Tone  Input 

We  have  from  Pig.  6.1  the  voltage  amplitude  3/4  vi^v2*H3 
for  the  third-order  intermodulation  response  with  two-tone  excita¬ 
tion.  In  a  manner  similar  to  that  for  second-order  delivered 
output  power,  we  find  that  the  third-order  output  power  p3  de¬ 
livered  to  load  ZL  at  frequency  2f^-f2  can  be  written  in  the  form 

P3  “  m3pal  pa2  *  (6.22) 
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where 


_  power 


in  watts  from  the 


*al  source  at  frequency  f^, 

_  power  available  in  watts  from  the 
*a2  “  source  at  frequency  f2. 


3  =  32|H3|  2(Zs+Zs*)2|  (Zg+Zg* ) 


9.  ,  (Zr+Z  *) 

2  /  rr  ,r»  4.  \  I  -U  *■> 


f2  lzL|-  '?fx-f2 


(watts)”2. 


(6.23) 


If  we  now  introduce  the  reference  power  p  a(z+z~*) •  Eq.  (6*22) 

'  r  t  * 

can  be  written  in  the  form 


£3  2  (fk  [E al 

Pr  r  3\pr/  lpr 


(6.24) 


Defining 


p3  4  10  l°9l0  jT  • 


(6.25) 


paI  4 10  10%o  -£ 


(6.26) 


A  pa2 

pa2  ■  10  10*io  -f*  • 


(6.27) 


M3  £  10  loglQ  pr2  m3, 


(6.28) 


we  have,  from  Eq.  (6.22) 


P3  ■  2  P„1  *  Pa2  +  M3' 


(6.29) 


where 


^r^.WMir?^  •  vi  *r™Tl^r,'w,*gVT~  m-i-.-jm--"’, -.■'**  \*  vunnxnt- »-,yv*»-  ~t,"r? 


:\PAV»t5lt?^  M7- * ..  .. 

^  ^  ^  . 


M,  -  20  log1()  |VrJ2  |H,|  +  9.54 


+10  loglQ 


<w>2L  <w>|  <w> 

r« 


(VV'!  | zl| 2 1  _f 

*  l  2 


=- rr^-v. 


?£-f„ 


(6.30) 


Eqs.  (6.29)  and  (6.30)  can  now  be  specialized  to  give  dBm 
by  letting  p  =  10~3  watts,  setting  |v  |  «  1  volt,  and  again 
noting  that  \+Zr*  =  10J  ohms  for  these  references. 

For  the  special  case  Zg  =  ZL  82  50  ohms,  we  finally 
obtain 


P3  =  2Pal  +  Pa2  +  20  lo*lo'H3'  "  4*44  dBra . 


(6.31) 


where  the  reference  voltage  =  l  volt  is  suppressed  in  the 
notation  and  all  powers  are  expressed  in  decibels  relative  to 
one  milliwatt,  or  dBm. 

6.2.4  Fourth-Order  Response  for  Three-Tone  Input 

The  procedure  for  expressing  the  output  delivered  power 
in  decibels  relative  to  one  milliwatt  is  now  clear.  The  final 
situation  of  interest  at  this  time  is  ths  fourth-order  response 
for  three-tone  inputs  at  frequencies  f f2  and  f^.  Three-tone 
inputs  are  shown  in  Fig.  6,2.  The  response  at  f^- Uf^-fj)  is 
the  equivalent  third-order  intermodulation  response  term  for  a 

small-signal  mixer  with  the  local  oscillator  at  frequency  fQ. 
Fran  Fig.  6.2,  the  voltage  amplitude  of  such  a  response  is 
3/2  V0(V*)2V2H4. 

By  inspection  we  can  write  for  the  power  p4  delivered  to 
an  output  load  impedance  ZL, 


p4  =  m4  Pal  Pa  2  PaO' 


(6.32) 


where 


_  power  in  watts  available  from  source 
al  “  at  frequency  f  ^ , 


. ”-  ”W  *- 


Mfc.  . 

™W  " 

p  „  -  Pfvwr  in  watte  jmAiiMft  £*<**  «ource 
*a2  at  frequency  t 2 , 

i)  .  m  Power  in  watt i  jaaOlafejil  frc«i  eource 
1  &0  at  frequency  fQ  # 


Afe 


i«|h4|  s(  VV'i  'VV^fAVV* 

“o  fi 


•2  "L 


(watte)”3 

*o-(5V%>- 

(6*33) 


Introducing  the 

reference  power  pr  *  |  V^.  |  y 

V^r0  obtaln 

f*A  a 
fcu 

2Pal  +  Pa2  +  Pa0  +  V 

(6.34) 

where 

P4 

p  ®  1 0  i  ''s  ^  * 

'««§►  pr 

(6.35) 

Pal  *  10  los10  ?p^‘ 

(6.36) 

Pa2  *  10  lo*t0  pf> 

(6.37) 

pa0  ‘  t0  lo*10  -ff-  * 

(6.38) 

mv  *v  ’ 


H 


"'Vs w  -  ■'*-'■  sMs-mv}'  ..vst  v--:s-wsj 


»vi- 

% 

i 

i 

W  •. 

R‘, 


m4  -  io  iogl0  pr3  »4  *  ao  iog10  (vr|3  |h4|  -f  ai.sa 


*  10  log 


10 


*,2 


W  .  <VV 


<vv3 

k 

(2Sa+z!)|  (8.+SL) 

8  8  k  *  *  ly<n,-«.) 

kp] 

IV,,fi'V 

*##»• 


(6.39) 


Specializing  for  reference  powar  level  pr  ■  ,i  milliwatt  at  ref- 
arenae  voltage  level  V,  *  l  volt  and  terminating  impedance 
Zg“  ZL»  50  ohma,  wo  obtain 

P<  •  2Pai  *  Pa2  +  pa0  +  20  log10{ “4!  -2-«°  dBra- 

(6.40) 

Each  power  ia  now  in  dBm  wo  again  have  suppressed  the 
1  volt  factor  in  the^lrm  involving  |hJ  . 


.  '%«b' 
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6.2.5 


It  i«  useful  to  further  simplify  the  rosulfcs  of  the  pre¬ 
vious  sections  to  specialise  them  for  equal  power  two-tone 
testing  of  an  amplifier  and  for  two-tone  testing  of  a  mixer 
whei'e  the  local  oscillator  plays  the  role  of  the  third  tone. 
The  following  results  are  valid  for  50  ohm  source  and  load 
impedance  only. 

6.2.5. 1  Two-Tone  Teat  of  an  Amplifier 

It  will  be  assumed  that  the  input  tones  have  equal  avail¬ 
able  power  Pft. 


From  Eq.  (6.7)  and  (6.0), 

P1  °  pa  +  20  lo^ioIHll  +  6  d3m 


(6.41) 


From  Eq.  (6.21) , 


P2  “  2Pa  +  20  loglolH2l  +  2,04  dBm* 


Third-Order 


From  Eq.  (6.31) , 

P3  =  3Pa  +  20  loglolH3l  ”  4,44  dBm* 


(6.45) 


(6.43) 


These  equations  are  shown  graphically  in  Fig.  6.3  Which  shows 
the  delivered  output  power  for  a  nonlinear  system  excited  by 
the  sura  of  equal  power  tones  as  a  function  of  the  available 
input  power  in  each  tone.  When  plotted  on  a  dB  scale,  the 
separate  order  outputs  will  have  slopes  equal  to  their  orders, 
e.g.,  a  third-order  output  will  have  a  slope  of  three  up 
to  a  certain  input  power,  called  J?^m.  Above  higher- 

order  effects  will  cause  the  response  to  deviate  from  this 
line. 
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If  the  straight  lines  are  extended,  the  higher-order  terms 

will  intercept  the  first-order  term.  The  output  power  at  which 

til 

the  (extended)  n  -order  term  intercepts  the  (extended)  first- 

til 

order  is  called  the  n  -order  intercept,  In.  The  intercept  is 
based  on  an  extrapolation  of  the  well-behaved  small-signal  re¬ 
gion  into  the  large-signal  effects  region.  Also  shewn  in  Pig. 

6.3  are  levels  P®,  P°,  Pg?  these  are  the  output  powers  for  0  dBm 
input  power.  Specific  values  for  these  intercepts  and  0  dBm  ordi¬ 
nates  are  given  in  Table  6.1  for  50  ohm  source  and  load  impedances. 


1 

I 


Tabla  6.1 

Significant  Parameters  of  Two-Tone 
Intermodulation  Nonlinear  Responses 
for  a  50  Ohm  System 

Zero  dBm  Input  Ordinates 


a) 

First  Order 

P°  *  20  log10 

Ki 

+  6  dBm 

b) 

Second  Order 

P°  =  20  log10 

Kl 

+  2  dBm 

d) 

Third  Order 

p3  *  20  lo*10 

|H3I 

-  4.4  dBm 

Intercepts 

a)  Second  Order 

1 2  =  40  log^Q  iHj.  | 

-  20  log1Q  +  10  dBm 

b)  Third  Order 

2I3  »  60  log1Q  iHjJ 

-20  log10  |h3|  +  22.4  dBm 
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It  will  be  assumed  that  each  of  the  two-tone  input  signals 
have  equal  available  power  P  ,  that  the  local  oscillator  available 

ci 

power  is  P a{J,  and  that  zg  “  ZL  "  50  ohms. 

Equivalent  First-Order  (Seeofid- Order) 

Prom  Eq.  (6.21)  for  each  input  tone, 

Px  «  Pa  +  PaQ  +  20  log1Q  |h2|  +  2.04  dBm.  (6.44) 


The  mixer  conversion  (transducer)  gain  is  the  Pa 

Cl 

intercept . 


i i va lent  Third-Order  (Fourth-Order) 


0  dBm  input 


Prom  Eq.  (6.40)  with  two-tone  excitation, 

P3  =  3Pa  +  PaQ  +  20  log1Q  |H41  -  2.40  dBm.  (6.45) 


These  equations  are  illustrated  graphically  in  Pig.  6.4.  The 
"0  dBm  input"  output  power  levels  are  noted.  They  are  linearly 
dependent  upon  the  available  local-oscillator  power  for  a  small- 
local  oscillator  mixer.  Finally,  note  again  that  these  simple 
results  are  valid  for  source  and  load  impedances  equal  to  50  ohms. 


6. 2. 5. 3  General  Case  for  n  “-Order  Output 


In  the  general  case  for  an  n  -order  output  with  multi- 
tone  excitation  one  can  writes 


Pn  =  ill  Pai  +  pn  dBm'  (6.46) 

A.  -  < 

where 

Pn  “  20  lo9l0lHJ  +  °n' 

and  C  is  a  constant  which  depends  on  the  source  and  load  ira- 
n 

pedance  and  the  frequency  combination.  Tawle  6.2  shows  Cn  (for 
a  50  ohm  system)  computed  for  commonly  found  frequency  combina¬ 
tions. 
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AVAILABLE  INPUT  POWER  FOR  EACH  TONE  (dBm) 


Fig.  6.4.  Graphical  Presentation  of  Equal-Power 
Two-Tone  Testing  Output  Response  for  a 
Small  Local-Oscillator  Mixer* 
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Soma  Common 


Order 

1 

2 

2 

3 

3 

3 

4 
4 
4 
4 


4 


Table  6.2 

Coefficients  Cn  for  a  50  Ohm  System 
Frequency  Combination  Cn(dQ) 


1  "mm?* 

+  6.0 

£l+f2 

+  2.0 

“l 

-  4.0 

£l+£2+f3 

+  1.6 

2£i+f2 

-  4.4 

3«1 

-14.0 

fl+Wf4 

+  3.6 

2fl+f2+f3 

-  2.4 

2fl+2f2 

-  8.4 

3f.  +  f„ 

-18.0 

4f, 

-24.0 
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6.2.6  Output  Powers  for  High  Input  Impedance  Nonlinear  Amplifiers 
For  practical  purposes  the  input  impedance  of  certain  elec¬ 
tronic  circuits  is  so  high  that  it  may  be  assumed  infinite.  In 
addition,  such  circuits  have  nonlinear  transfer  functions  that 
are  independent  of  the  source  impedance.  Vacuum  tube  and  field- 
effect  transistor  amplifiers  are  examples.  It  is,  therefore,  of 
interest  to  express  the  power  delivered  to  a  load  at  the  various 
order  nonlinear  responses  in  termKof  the  input  RMS  voltage 

The  system  under  study  is  shown  in  Fig.  6.5.  It  is  readily 
demonstrated  that  the  output  powers  at  f^,  an<^  2£^f2,  re¬ 

spectively,  are  given  for  a  50  ohm  load,  by 

First  Order  at  f  ■  f^ 

^1  =  ^  l°9^o  ^1^1^  I  l°9io  i^iu  i  +  ^ 

(6.47) 

Second  Order  at  f^-f2 

P2  =  20  log10  |H2(f1,^-  i2)  |  +  40  log10|EIN|  +  16  dBm, 


'  > 


<s*>.4e) 


Third  Order  at  2f^-f2 

P3  =  20  log1Q  jH3 (f1,f1,-f2) |  +  60  log10|EIN|  +  16.5  dBm. 

(6.49) 
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6.3  Small-Signal  Input  Limit 


In  conjunction  with  Pig.  6.3  we  have  referred  to  a  small- 

signal  input  pcwer  E^im  ^elow  which  the  small-signal  quasi-linear 

system  theory  is  an  accurate  representation  of  the  physical  system. 

At  input  signal  levels  greater  than  ,  higher-order  terms  are 

needed.  For  example,  third-order  and  higher  odd-order  terms 

are  needed  to  correct  the  linear  response.  This  leads  to  the 

introduction  of  desensitisation  and  compression  effects.  Similarily, 

third-^HCSPjar  intermodulation  components  need  to  be  corrected  with 

fifth  and  higher  odd-order  terms.  Second-order  effects  need  to 

be  corrected  with  fourth  and  higher  even-order  terms.  There  are 

at  least  two  distinct  methods  of  establishing  an  approximate 

value  for  First, the  model  for  the  physical  nonlinearity 

can  be  examined  to  determine  an  approximate  value  for  the  signal 

level  above  which  the  Taylor  series  expansion  can  not  be  expected 

to  converge  rapidly.  If  such  a  level  can  be  found  the  input  power 

generating  the  level  can  be  established  from  the  first-order  linear 

model.  We  'ihall  examine  such  an  approach  in  this  section.  An 

alternative  approach  is  to  evaluate  the  correction  term  in  terms 

of  the  higher-order  nonlinear  transfer  function  by  an  analysis 

of  the  complete  system  nonlinear  incremental  model.  For  example, 

one  might  establish  that  the  input  signal  power  for  Which  0.5  dB 

of  gain  compression  is  incurred  is  a  suitable  measure  fat  P,  .  . 

ixm 

We  shall  also  examine  this  possibility  later  in  this  chapter. 


The  small-signal  nonlinear  transfer  function  analysis  is 
based  on  two  assumptions.  The  first  is  that  the  input  excitation 
is  sufficiently  small  that  the  number  of  terms  used  in  the  Volterra 
series  j^SRSnsion  is  adequate  to  characterize  the  system^  Phe 
second  assumption  is  that  the  nature  of  the  nonlinearity  remains 
constant  over  its  entire  operating  range.  We  will  examine  these 
assumptions  separately.  i 


First,  consider  the  assumption  that  the  number  of  terras  is 
sufficient  to  characterize  the  system.  We  will  not  consider  the 
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convergence  properties  of  the  Volterra  series.  Instead,  we  con¬ 
sider  the  Taylor's  series  expansion  of  a  nonlinear  device  used 
in  the  circuit  analysis  by  noting  that  an  ntla-order  Volterra 
series  expansion  requires  that  all  nonlinearities  be  expanded  to 
n^-or  r.  For  bipolar  transistor  circuits  the  resistive  non¬ 
linearity  of  the  base-emitter  junction  is  the  dominant  nonlinearity. 
Thus,  the  junction  voltage  can  be  used  as  a  measure  of  the  small- 
signal  limit.  From  Chapter  5,  (5.41)  we  have  the  Taylor  series 

expansion  of  the  emitter  junction  incremental  current  in  terms  of 
the  junction  incremental  voltage  v2  given  by 


If  the  series  is  truncated  after  the  nth  term  the  error  in  the 
approximation  to  K(v2)  becomes  of  interest.  The  normalized 
truncation  error  is  defined  as  the  remainder  of  the  series 
divided  by  the  value  of  the  function  being  expanded.  The  K (v2/ 
nonlinearity  is  a  function  of  qv2/kT,  where  kT/q  is  approximately 
25  mV  at  room  temperature  and  v2  is  the  junction  voltage.  Curves 
of  normalized  truncation  error  are  shown  in  Fig.  6.6  for  trunca¬ 
tion  after  three  and  four  terms.  Note  that  the  error  at  25  mil¬ 
livolts  is  approximately  10  percent,  for  three  terms  end  about 
1  percent  for  four  terms.  Normalized  truncation  errcr  is  quite 
sensitive  to  qv2AT.  It  provides  a  positive  measure  of  the  maxi¬ 
mum  levels  of  emitter -junction  voltage  permissible  for  a  reason¬ 
able  expectation  that  a  given  order  of  approximation  can  ade¬ 
quately  account  for  a  component  nonlinearity  when  small-signal 
distortion  estimates  are  of  interest.  One  would  expect  that, 
at  v2  «=  kT/q  ®  25  millivolts,  the  Volterra  series  representation 
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would  begin  to  require  the  inclusion  of  terms  of  higher-order  than 
the  third  or  fourth.  Experimental  data  supports  this  expectation. 
The  normalized  truncation  errors  for  other  nonlJ.nearitieE  in  the 
device  nonlinear  incremental  model  could  also  be  determined  in 
a  similar  manner. 

Next  consider  the  second  assumption,  namely,  that  the  nature 
of  the  nonlinearity  remains  constant  over  the  entire^*$3srating 
range.  If  a  circuit  is  driven  into  cutoff  or  saturation,  this 
assumption  is  violated  unless  outoff  or  saturation  is  part  of  the 
device  model.  In  order  to  incluif#  sucht  effects  the  Taylor  aeries 
expansion  must  include  an  impractically  large  number  of  terms. 
There  is  no  reason  to  expect  satisfactory  results  wi bboard  non- 
linearities,  or  with  piecewise -linear  circuit  models.  Instead, 
an  alternate  analysis  technique  must  be  used. 


The  one  technique  which  can  be  used  for  both  small-signal 
and  large-signal  analysis  and  allows  for  even  the  most  violent 
of  nonjte^arities  is  the  large  signal  time-domain  solution  out¬ 
lined  in  Chapter  4.  Time-domain  solutions  involve  the  numerical 
integration  of  state-variable  di^^^tial  equations.  A  compari¬ 
son  of  such  an  approach  with  the  steal 1-signal  quasi- linear  ap¬ 
proach  will  be  presented  later  in  this  chapter. 
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6.4  Single-Stage  Untuned  Translator  Amplifier 


In  Chapter  5  the  parameters  characterising  the  nonlinear 
T  model  of  a  particular  bipolar  transistor#  the  2N2950,  vwro 
developed  from  theoretical  models  of  individual  nonlinear  physi¬ 
cal  processes.  Specific  values  v**  the  17  needed  parameters,  de¬ 
termined  from  measurements  oft'1  a'^AT29S0  sample,  have  been  listed 
in  Table  5.1,  In  this  and  subsequent  sections  we  shall  use  the 
2N295Q., bipolar  transistor  that  has  been  modeled  in  a  variety  of 
circuit  applications  to  illustrate  how  the  nonlinear  transfer 
functions  are  used  to  determine  nonlinear  responses  of  a  physical 
circuit.  In  particular,  we  shall  show  in  detail  how  to  determine 
the  small-signal  quasi-linear  responses  of  a  single-stapa^un- 
tuned  amplifier  used  both  as  an  amplifier  and  as  a  small-local 
oscillator  mixer.  A  detailed  ^j||^^ison  of  predicted  responses 
based  upon  the  theory  will  be  made  with  actual  values  determined 
from  laboratory  measurements*  A  fairly  extensive  two  and  three- 
tone  excitation  analysis  of  the  amplifier  will  also  be  presented 
for  large  signal  excitation.  Figure  6.7  shows  the  test  circuit 
for  which  the  analysis  and  measurements  to  be  described  were  made. 
The  operating-point  collector  voltage  is  10  V,  collector  cu.Tc.xent 
is  10  mA,  and  the  2N2950  model  parameters  are  those  giv^ft  in 
Table  5.1.  The  source  and  load  impedances  are  50  ohms.  Other 
linear  elements  are  noted  in  tlft^S^duit  diagram.  The  incremental 
circuit  model  for  the  amplifier  is  shown  in  Fig.  6.3.  Element 
values  and  node  numbering  for  a  computer-aided  analysis  using 
SIGNCAP  I  for  tone  inputs  at  2.5  and  3.0  MHz  are  given  in 
Table  6.3.  Further  details  regarding  SIGNCAP  are  included  in 

Appendix  A.  Transfer  functions  for  a  third-order  nonlinear 
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I  Bipolar  Transistor 
S  Model 


Table  6.3. 

SIGNCAP  1  Coding  for  Single-Stage 
Amplifier.  (f^  <=  -2.5  MHz,  f2  <= 

3.0  MHz,  f3  =  3.0  MHz) * 


C  4  4.E-12 

♦TRANSISTOR 

NODE  2 


4.6  9.2? 

.0100  .150 

25.0E-12  1.03 

10.1  635. E3 

0 . 

♦END  SEGMENT 
♦END 


-2.5E6 

3.0E6 

3.0E6 


140.  .348 

.125  8.2 

330.E-12  60.E-09 

1.5E-12 
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analysis  are  listed  in  Table  6.4.  The  linear  responses  and 
second-order  difference  term  as  well  as  a  third-order  intermod 
and  gain  compression  term  are  included  in  the  table.  Similar 
results  for  a  third-order  analysis  with  two-tone  inputs  at  30 
and  51.4  MHz  are  given  in  Table  6.5. 

6.4.1  First-Order  Linear  Response 

The  first  test  of  a  circuit  model  is  the  small-signal 
single-tone  frequency  response.  This  can  be  most  conveniently 
examined  by  comparing  the  predicted  and  measured  insertion  gain 
of  the  amplifier.  From  Eqf  (6.8)  and  the  value  for  tabulated 
in  Tables  6.4  and  6.5,  we  have 


G 


I 


r  12.7  +  6  =  18.7  dBf  f  ■  2.5  MHz, 
12.4  +  6  =  18.4  dBf  f  *  3.0  MHz, 

1.6  +  6  =  /  .6  ®;  f  e  3G  MHz, 
s.  -2.6  +  6  =  3.4  dBf  f  ■  51.4  MHz  . 


(6.51) 


These  values  together  with  other  predicted  values  based  upon  the 
linear  model  can  be  compared  with  experimentally  measured  values 
of  insertion  gain  as  presented  in  Fig.  6.9.  The  linear  frequency 
response  is  fairly  broadband  with  a  low-frequency  3  dB  cut-off  at 
about  300  kHz  and  a  high-frequency  cut-off  near  9  MHz.  There  is 
excellent  agreement  between  measured  and  predicted  insertion  loss 
from  below  100  kHz  to  over .  The  linear  frequency  response 
could  also  be  predicted  from  any  linear  circuit  analysis  program 
capable  of  analyzing  the  linear  equivalent  circuit  the  ampli¬ 
fier.  A  manual  calculation  is,  of  course,  also  possible. 
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Note  that  f,  is  negative.  For  f,  =  2.5  MHz,  phase  is  -1871 


Single-Stage  Untuned  Amplifier  Nonlinear  Transfer  Functions  at 
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Fig.  6.9.  Insertion  Gain  2N2950  Common- Emitter  Amplifier 


6.4.2  Second  and  Third-Order  Intermodulation  Distortion  for 


Two-Tone  Excitations 
6 . 4 . 2 . 1  Amplitude  Dependence 

The  second  and  third-order  intermodulation  distortion  non¬ 
linear  transfer  functions  are  listed  in  Table  6.4  for  excitation 
at  -2. 5 and  3.0  ME z.  If  we  assume  equal  strength  two- tone  excita¬ 
tion  we  have, from  Eq.  (6.42) cthe  second-order  power  at  0.5  MHz 
given  by 


P-  »  2P  +  15.5  +  ■  2.0 

2  a 

=  2P  +  17.3  dBm  ,  (6.52) 

a 

and  the  third -order  at  3.5  MHz,  from  Eq.  (6.43),  given  by 

P-  =  3P  +  27.8  -  4.4 

3  a 

=  3Pa  +  23.5  dBm  .  (6.53) 

Eq.  (6.52)  and  (6.53)  together  with  the  linear  response  power 
at  -2.5  MH;z,  given  by 


P  =  P  +  12.7  +  6 
1  a 

«  P  +18.7  dBm  , 
3 


(6.54) 


are  shown  in  Pig.  6.10  as  theoretical  results.  Also  plotted  in 
the  figure  are  measured  values  of  the  delivered  output  power  for 
the  linear,  second,  and  third-order  intermodulation  components. 

The  second  and  third-order  intercept  values  are  noted  in 
Fig.  6.10.  Equations  for  predicting  intercept  have  been  given 
in  Table  6.1.  For  the  second-order  intercept 
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I2  «  2  (12.7) 


15.5  +  10 


(6.55) 


»  19.9  dBm  * 
and  third-order  intercept 

I3  s  2  jj3  (12,7)  “  27*8  +  22*4 

=  16.4  dBm.  (6.56) 

Similar  theoretical  predictions  and  measured  data  for  two-tone 
excitations  at  -30  and  51.4  MHz  are  presented  in  Fig.  6.11. 

The  theoretical  curves  shown  in  the  figures  are  not  straight 
line  fits  to  the  experimental  data  hut  are  mathematical  predic¬ 
tions  based  upon  nonlinear  circuit  model  analysis  of  the  actual 
power  output  at  the  particular  frequencies  of  interest.  The  pre¬ 
dictions  we re  made  by  direct  analysis  of  the  nonlinear  incre¬ 
mental  circuit  model  of  the  nonlinear  amplifier.  Nonlinearities 
to  third-order  were  included  in  the  prediction.  The  agreement 
between  measurement  and  prediction  is  excellent  over  the  range 
of  model  validity.  For  the  mid-band  data  shown  in  Fig.  6.10,  the 
model  ceases  to  make  accurate  predictions  at  inputs  above  about 
-16  dBm,  while  for  the  data  in  Fig.  6.11  the  model  ceases  to 
make  accurate  predictions  above  inputs  at  about  -5  dBm.  We  have 
previously  noted  in  Section  6.3  that  a  reasonable  criteria  for 
validity  range  is  the  input  signal  level  for  which  the  base- 
emitter  junction  incremental  voltage  exceeds  kT/q  or  about  25 
millivolts  at  room  temperature.  Figure  6.12  presents  a  set  of 
curves  showing  the  peak  value  of  the  first-order  or  linear  terms 
for  a  single- tone  input  at  the  several  frequencies  of  interest. 
Observe  that  the  25  millivolt  level  is  reached  at  -16  dBm  input 
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OUTPUT  POWER  (dBm) 


2N  2950  CE  AMP 


Fig.  6.11.  Comparison  of  Predicted  and  Measured 
Two -Tone  Distortion  Products  for 
2N2950  Common-Emitter  Amplifier. 

(f,  =  30  MHz  ,  f  -  =  51.4  MHz) 


25  mV  at  30  MHz 


at  3  MHz.  This  value  is  noted  in  Fig.  6.10.  Also  shown  on 
Figure  6.10  is  the  measured  single-tone  input  power  at  which 
0.2  dB  compression  occurs  in  the  amplifier.  It  is  quite  close 
to  the  pcwer  corresponding  to  the  2  5^^  criterion.  Ah  ova  these 
input  levels  the  experimental  data  deviates  significantly  from 
the  sraalbrsignal  prediction.  A  similar  conclusion  can  be  reached 
for  two-tone  excitations  at  30  and  51.4  MHz.  The  30  MHz  tone 
reaches  the  25  millivolt  level  at  -5  dBm  input.  The  data  pre¬ 
sented  in  Fig.  6.11  ceases  to  follow  the  small-signal  theory 
prediction  above  about  such  an  input  level. 

6.4. 2. 2  Frequency  Dependence 

The  dependence  of  second  and  third-order  responses  upon 
the  input  available  power  has  been  examined  and  compared  with 
measurement  in  the  previous  section.  It  is  also  important  to 
determine  the  frequency-dependence  of  the  intermodulation  as  the 
input  tones  are  moved  about  in  frequency.  One  simple  way  to 
explore  this  is  to  measure  the  output  intermodulation  power  in 
the  small-signal  region  as  the  frequencies  f ^  and  f2  are  changed, 
and  deduce  from  the  measured  output  power  what  the  appropriate 
nonlinear  transfer  function  must  have  been.  For  example,  if  we 
write  Eq.  (6.42)  for  second-order  intermod  in  the  form 

20  log10  |H2|  »  P2  -  2Pa  -  2.0  dB,  (6.57) 

an  experimental  estimate  of  \h2 |  (in  dB)  can  be  found  by  utiliz¬ 
ing  measured  values  of  P2  (dBm)  obtained  from  the  small-signal 
region  for  Known  values  of  available  input  power  P&  (dBm) .  A 
comparison  of  measured  and  predicted  values  of  the  second-crder 
nonlinear  transfer  function  |h2 |  obtained  by  this  method  is 
shown  in  Fig.  6.13.  The  two-tones  exciting  the  single-stage 
untuned  amplifier  were  separated  by  0.5  MHz  as  they  moved  across 
the  range  of  f2. 


428 


2N2950  CE  AMP 


Second-Order  Nonlinear  Transfer  Function 
for  the  CE  2N2950  Amplifier. 
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The  third-order  intermod  transfer  function  |H3  |  (dB^etan 
similarly  he  estimated  from  experimental  measurements  by  putting 
Eq.  (6,43)  in  the  form  i,i 

20  log1(JlH3l  =  P3  -  3Pa  +  4.4  dB#  (6.58) 

and  measuring  P3  in  the  small-signal  region  for  known  values  of 
input  P&.  The  results  for  such  an  experiment  on  the  untuned 
single-stage  amplifier  are  shown  in  Pig.  6.14.  Both  the  third 
and  second-order  transfer  functions  are  in  good  agreement  with 
predictions  based  upon  the  circuit  incremental  model. 

6.4.3  Excitation  of  the  Untuned  Amplifier  as  a  Small-Local 
Oscillator  Mixer 

Amplifier  stages  can  frequently  be  used  as  frequency  con¬ 
verters,  or  mixers,  by  adding  the  local-oscillator  waveform 
to  the  input  signal  and  utilizing  the  inherent  nonlinearities 
in  the  stage  to  generate  desired  conversion  products.  If  the 
local-oscillator  drive  level  as  well  as  the  input  signal  level 
are  confined  to  the  small-signal  excitation  region  the  output 
nonlinear  responses  will  be  predictable  from  the  small-signal 
nonlinear  transfer  functions.  In  particular,  if  f^  is  the 
local-oscillator  frequency  at  51.4  MHz,  and  f^  and  f2  are  in¬ 
put  signal  frequencies  at  30.0  and  29.8  MHz,  respectively,  the 
second-order  responses  at  f^  -  f^  =  21.4  MHz  and  fQ  -  f2  - 
21.6  MHz  are  desired  mixer  responses  while  fourth-order  responses 
at  fQ  -  (2f1  -  f2)  =  21.2  MHz  and  fQ  -  (2f2  -  f  )  =  21.8  MHz 
are  undesired  intermodulation  distortion  terms. 

The  second-order  response  is  given  by  Eq.  (6.44)  and  the  in¬ 
termodulation  term  is  given  by  Eq.  (6.45).  A  comparison  be¬ 
tween  predicted  and  measured  responses  for  the  untuned  2N2950 
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Fig.  6.14.  Third-Order  Nonlinear  Transfer  Function 
for  the  CE  2N2950  Amplifier. 


singla-stage  circuit  is  shown  in  Fig.  6.15.  The  locals  oscil¬ 
lator  available  power  at  51.4  MHz  was  held  constant  at 
-5  dBm  to  insure  small-signal  level  excitation  which,  from 
Fig.  6.12,  can  be  expected  to  be  exceeded  at  about  0  dBm  for 

51.4  MHz.  The  prediction  is  seen  to  be  in  good  argument  with 
measurement. 

6.4.4  Emitter  Capacitance  Nonlinearity 

In  Chapter  5,  Section  5. 3. 2. 6,  the  emitter  junction  capa¬ 
citance  of  the  bipolar  junction  was  noted  to  be  primarily  a  dif¬ 
fusion  capacitance  nonlinearity  dependent  upon  emitter  junction 
current.  The  nonlinear  distortion  predictions  for  the  untuned 
amplifier  have  been  made  with  this  nonlinearity  part  of  the 
device  model.  It  is  interesting  to  examine  the  specific  effects 
of  this  particular  nonlinearity  by  predicting  the  nonlinear  trans¬ 
fer  functions  of  the  untuned  2N2950  amplifier  in  its  absence, 
and  comparing  the  results  to  those  obtained  including  it.  Below 
the  3  dB  high-frequency  cut-off  region  its  effects  are  small 
since  the  diffusion  current  is  very  small.  Above  the  3  dB  cut-off 
frequency  its  effects  are  significant,  particularly  with  respect  to 
even-order  nonlinear  effects  of  importance  in  mixer  applications. 

A  list  of  transfer  function  magnitudes,  expressed  in  dB,  is  presented 
in  Table  6.5.  The  first  three  entries  are  values  of  the  first-order, 
or  linear  transfer  functions.  The  linear  responses  are,  of  course, 
not  dependent  upon  the  nonlinear  model.  The  second  and  fourth- 
order  transfer  functions  H2  and  H are  significantly  influenced 
by  the  diffusion  capacitance  nonlinearity  while  the  third-order 
transfer  function  H^  is  only  influenced  in  a  minor  manner. 

Since  the  small  local-oscillator  mixer  output  and  third-order 
intermodulation  distortion  are  directly  dependent,  respectively. 
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Pig.  6*15.  Comparison  of  Predicted  and  Measured 
Two-Tone  Distortion  Products  for 
Common-Emitter  Mixer.  L.O.  »  -5  dBm 
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NONLINEAR  TRANSFER  FUNCTION  MAGNITUDES  (IN  dB)  FOR 
OUT-OF-BAND  EXCITATION.  (2N2950  CE.  AMP.) 
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upon  and  H^,  the  nonlinear  diffusion  capacitance  is  of  spe¬ 
cial  importance  in  transisfcpj  mixer  circuits.  It  is  interest¬ 
ing  to  note  that  adding  the  diffusion  capacitance  nonlinearity 
to  the  circuit  model  results  in  a  decrease  in  the  eve»-tfrder 

transfer  functions  H_  and  H. . 

2  4 


Gain  compression  or  expansion  is  an  effect  Which  may  be 
observed  in  amplifiers.  It  is  possible  to  predict  this 

phenomenon  using  small-signal  theory  involving  third-order 
nonlinear  transfer  function^;'  We  first  review  the  relevant 
theory  and  then  compare  prediction  with  measurement  for  the 
2N2950  single-stage  amplifier. 


According  to  the  small-signal  nonlinear  theory  outlined 
in  Section  1.8,  the  complex  amplitude  of  the  output  signal  of 
a  system  excited  by  a  single  tore  of  amplitude  A  at  frequency 
f  is 


•>  o 

A  H^(f)  +  —  a|a|  Hg  (f  #  S,j-£)  +  •••(higher  order  terms). 

(6.59) 


The  observed  gain  is  the  ratio  of  output  amplitude  to  input 
amplitude.  From  Eq.  (6.59)  the  magnitude  of  this  ratio  is 


(6.60) 

Gain  compression  or  expansion  appears  as  the  second  factor  in 
Eq.  (6.60) .  In  many  cases  H3  is  real  and  it  will  be  possible 
to  drop  the  last  term  of  the  second  factor  so  that  the  gain 
"compression*'  factor  becomes 
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(6.61) 


i  +  f  Ia!2 


Re 


h‘(£T 


The  initial  effect  observed  as  signal  level  is  increased  will 
bo  expansion  if  the  sign  of  Re }  is  positive  and  compres¬ 
sion  if  the  sign  is  negative.  The  cases  in  which  the  approxi¬ 
mation  involved  in  (6.61)  is  inaccurate  are  those  where  H3(f,f,-f) 
and  H^(£)  are  nearly  in  quadrature. 

Equation  (6,61)  permits  calculation  of  predicted  compres¬ 
sion/expansion  for  small-signal  levels. 


The  gain  compression/expansion  factor  in  dB,  x,  is 

H 

*  "  20  lo«i0  [x-+  i  1*1  Mif]' 


(6.62) 


where  the  arguments  of  «3  are  f,  f,  -f,  and  of  is  f.  Equation 
(6.62)  can  be  expressed  as  a  natural  logarithm,  and  then  expanded 
under  the  assumption  that  x  is  small.  Thus; 


H  H 

*  “  e-68  H1  +  4  I*1  2  Re{?}]  ~  8-68  [I  l*lMi?}]-  <6.63) 


The  factor  A  in  Equation  (6.63)  is  the  peak  voltage  amplitude  of 
the  open-circuit  source,  i.e.,  the  Thevenin  source  voltage  driving 
the  nonlinear  circuit.  The  available  power  from  that  generator, 
assuming  a  50  ohm  source  impedance,  is  then 


P 


a 


watts  • 


(6.64) 


Inserting  Equation  (6.64)  into  Equation  (6.63),  and  solving  for 

p  in. terms  of  x  results  in 
a 
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X 


mW 


(6.65) 


P 


a 


2.604  Re 


Expressing  p  in  dBm, 

3. 


P  =  10  log10  Pa , 


.H,  (f) 


10  [x  Re  {H\f,f,.f)}]  -  4.2  dBm.  (6.66) 


The  error  in  calculating  P  from  Equation  (6.66)  is  about  1/4  dB 
for  1  dB  compression  or  expansion. 

The  gain  compression  characteristics  of  the  single-stage 
untuned  amplifier  example  have  been  measured  and  compared  with 
prediction  for  both  in-band  and  out-of-band  excitation.  The 
results  for  in-band  at  3  MHz  are  shown  in  Fig.  6.16.  The  theo¬ 
retical  curve  was  calculated  using  the  nonlinear  transfer  func¬ 
tion  data  from  Table  6.4.  Compression  characteristics  for  the 
amplifier  at  51.4  MHz  are  shown  in  Fig.  6.17.  The  theoretical 
curve  was  calculated  using  the  nonlinear  transfer  function 
values  from  Table  6.5.  The  theoretical  results  predict  reason¬ 
ably  well  the  actual  compression  values  for  small  amounts  of 
compression. 
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GAIN  COMPRESSION  IN  dB 


AVAILABLE  INPUT  POWER  IN  dBm 


Fig.  6.16.  Gain  Compression  Curve  for  2N2950 
Test  Amp.  f  =  3.0  MHz. 
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AVAILABLE  INPUT  POWER  IN  dBm 


Fig.  6.17.  Gain  Compression  Curve  for  2N2950 
Test  Amp.  f  =  51.4  MHz. 


6.5  Two-Stage  Tuned  Amplifier 


6.5.1  Description  of  the  Two-Stage  Amplifier 

The  single-stage  untuned  amplifier  example  of  multi-tone 
testing  described  in  detail  in  Section  6.4  illustrates  the 
basic  application  of  two  and  three-tone  testing  to  sraall-si<£»i£?^ 
nonlinear  amplifiers.  The  untuned  amplifier  is  an  example  of 
a  nonlinear  device  imbedded  in  a  network  in  which  only  a  minor 
frequency-dependent  interaction  occurs  with  the  imbedding  net¬ 
work.  In  this  section  we  examine  in  some  detail  a  two-stage 
tuned  amplifier  where  the  interaction  with  the  frequency-de- 
pendent  networks  is  strong.  The  circuit  for  the  amplifier  is 
shown  in  Fig.  6.18.  The  first  stage  is "'S  2N2950  common- emit  ter 
amplifier  driving  a  low-pass  interstage  network.  The  second 
stage  is  a  SA395  common-base  amplifier  driving  a  tuned  load. 

The  insertion  gain  of  the  amplifier  is  shown  in  Fig.  6.19.  The 
bandwidth  is  about  2  MHz.  Both  measured  data  and  theoretical 
predictions  from  the  linear  circuit  model  of  the  amplifier  are 
in  good  agreement.  Model  parameters  for  the  two  transistors 
at  their  DC  operating  points  are  given  in  Tables  6.6  and  6.7. 
Observe  that  the  2N2950  operating  poiiVt.x’a  different  from  that 
employed  in  the  single  stage  amplifier.  Other  circuit  values 
needed  in  the  analysis  are  given  in  the  schematic.  The  source 
and  load  impedances  were  50  ohm.  SIGNCAP  I  coding  for  linear 
as  well  as  nonlinear  analysis  to  determine  the  nonlinear 
transfer  functions  will  not  be  given  here  but  sufficient  in¬ 
formation  is  given  in  Fig.  6.18  and  Tables  6.6  and  6.7  for  the 
analysis  to  be  accomplished.  Selected  results  from  such  an 
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Pig.  6.19.  Comparison  of  Two-Stage  Tuned  Amplifier 
Measured  and  Calculated  Insertion  Gain. 
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analysis  are  listed  in  'fable  6.8.  For  example,  the  midland 
insertion  gain  from  Eq.  (6.8)  and  Table  6.8  is 

Gz  =  28.0  +  6.0  =  34.0  dB  •  (6j67) 

6.5.2  Second  and  Third-Order  Intermodulation  Distortion 

The  frequency  dependence  of  the  second  and  third-order 
intermodulation  distortion  nonlinear  transfer  functions  for  the 
two-stage  tuned  amplifier  is  quite  different  from  the  uWcaned 
amplifier  example  discussed  in  Section  6.4.  The  theoretical 
values  of  H2  and  for  several  different  two-tone  input  fre¬ 
quency  combinations  are  given  in  Table  6.8.  These  values  to¬ 
gether  with  additional  values  calculated  by  SIGNCAP  can  be 
compared  with  experimental  estimates  of  H2  and  H3.  The  experi¬ 
mental  estimates  were  obtained  from  distortion  measurements 
and  reduced  as  previously  described  in  conjunction  with  Eq. 

(6.57)  and  (6.58). 

The  second-order  nonlinear  transfer  function  is  most  con¬ 
veniently  determined  by  a  two-tone  test  in  which  tones  of  fre¬ 
quencies  f^  and  f2  are  used  to  drive  the  amplifier,  and  the 
response  at  f.j±f2  measurec*»  Figure  6.20  shows  the  second- 
order  nonlinear  transfer  function  of  the  two-stage  tuned  ampli¬ 
fier  under  the  condition  that  f^+f 2  was  ecIual  to  19*75  MHz, 
the  center  frequency  of  the  amplifier.  The  transfer  function 
varies  by  some  35  dB  over  the  750  KHz  to  80  MHz  range,  peaking 
at  10,  30,  and  55  MHz,  and  having  minima  at  about  20  and  42  MHz. 
At  low-frequency,  the  transfer  function  has  a  20  dB/decade  slope. 
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The  points  plotted  below  19.75  MHz  are  associated  with  sum 
frequency  terms,  i.e.,  +  f2.  Since  the  designations  and 

f2  are  arbitrary  for  a  sum  frequency,  the  value  of  the  second- 
order  nonlinear  transfer  function  will  be  symmetrical  about 
19.75/2  =  9.975  »  10  MHz. 

The  null  at  19.75  MHz  has  a  simple  explanation.  Since  the 
f.  input  tone  is  19.75  MHz  at  this  frequency,  f2  must  be  zero 
and  the  lack  of  a  DC  response  causes  the  null.  The  null  near 
f^  =  42  MHz  is  caused  by  an  internal  resonance  associated  with 
the  interstage  network. 

The  third-order  nonlinear  transfer  function  is  also  con¬ 
veniently  determined  by  a  two- tone  test,  in  Which  tones  at 
frequencies  and  f2  are  used  as  inputs,  and  the  nonlinear 
response  at  frequency  2f2  +  f^  is  measured. 

The  measured  and  predicted  third-order  nonlinear  transfer 
functions  for  the  two-stage  tuned  amplifier  are  shown  on  Fig. 
6.21.  The  transfer  function  covers  a  50  dB  interval  with  good 
agreement  between  measured  and  predicted  values  throughout  the 
range.  The  measurement  was  made  by  varying  f^  and  f2  so  that 
2f2  ±  f^  »  19.75  MHz.  For  frequencies  below  19.75/2  MHz,  the 
response  is  a  sum  response,  that  is,  2f2  +  f^  =  19.75  MHz.  At 
f2  =  19.75/2  MHz  f3  is  again  zero  and  the  null  occurs  because 
of  the  lack  of  a  DC  response  in  the  linear  transmission.  The 
null  at  about  28  MHz  is  caused  by  the  internal  resonance  asso¬ 
ciated  with  the  interstage  network. 

The  conclusion  one  can  reach  is  that  the  model  does 
successfully  predict  the  rather  complicated  frequency  dependence 
of  both  second  and  third  order  interraodulation  distortion.  Al¬ 
though  we  have  not  presented  here  curves  similar  to  Fig.  6.10 
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for  input  amplitude  dependence  such  results  have  boon  found  to 
be  in  good  agreement  w,U;Vi  prediction  and  are,  in  fact,  the 
source  of  data  unod  to  experimentally  estimate  U2  and  H 3. 


6.5.3 


Baaed  on  the  success  in  predicting  the  third-order  inter- 
modulation  distortion  of  the  two-stage  ampl’fier,  one  would 
expect  that  deaenaitiaatlon,  also  a  third-order  affect,  can 
b«  predicted  with  good  accuracy.  In  thia  section  we  examine 
the  measured  and  predicted  values  of  deaonaitiaation,  and  dis- 
uuss  the  results  anc  wu  implication. 


If  the  input  to  a  nonlinear  system  be  the  sum  of  a  desired 
signal  of  frequency  f^  and  complex  envelope  8,,  and  an  undosired 
signal  of  frequency  fr,  and  complex  envelope  I2,  then  VQ,  the 
complex  envelope  of  the  output  of  the  system  at  frequency  f^, 
ia,  from  Section  1.8, 


V0  “  Wl^fl^l  +  2  W3  ^1*  S1^2^  * 


(6.68) 


where  H3  ia  the  third-order  doaenaitiaation  term. 

If  ia  180°  out  cf  phase  with  VQ  will  decrease  with 
increasing  I2.  This  ia  the  deaonaitiaation  effect,  whereby  the 
response  of  a  system  at  the  desired  frequency  fj^  is  decreased 
by  the  component  at  S^»  It  is  a  third-order  effect,  but  it  is 

<fci 

also  sensitive  to  the  phase  of  K,  relative  to  11^,  If  H3  and 
are  in  phase,  then  there  will  be  expansion  instead  of  a  deaenai- 
tiaation, 

hn  experiment  was  run  using  the  two-stago  tuned  amplifier 
with  the  ie^ired  signal  an  unmodulated  tone  at  -55  dBm  at  the 


450 


cantor  tunad  frequency  19. 7 S  MHz,  and  the  second  input  also  an 
unmodulated  tone  varied  in  both  power  and  frequency.  Figure 
6.22  shows  the  desensitization  of  the  amplifier  at  19.75  MHz 
for  inputs  at  frequencies  of  24.75,  29.75,  34.75,  39.75,  and 
49.75  MHz.  Both  measured  (solid  curve)  and  predicted  desonai- 
tization  data  are  shown.  It  is  seen  that  the  onset  of  desensi¬ 
tization  is  well  predicted  for  the  24.75,  29.75  and  34.75  MB's 
cases.  It  is  further  seen  that  at  39.75  MHz,  an  expansion,  not 
a  desensitization,  in  predicted*/  a  desensitization  is,  however, 
measured.  The  predictions  were  made  using  the  transfer  function 
from  Table  6.8.  Four  vertical  lines  are  shown  on  Fig.  6.22, 
corresponding  to  the  input  power  at  which  the  base-emitte*. 
voltage  of  the  second  stage  transistor  (SA395)  is  25  mV  at  the 
second  input,  frequency.  This  represents  the  boundary  between 
small  and  large-signal  effects.  For  powers  somewhat  lower  than 
that  which  produces  25  mV,  small-signal  theory  is  applicablo 
while  large  signal  analysis  is  required  for  higher  power.  The 
onset  of  desensitization  is  in  the  small-signal  region  and  is 
predicted  well.  For  24.75,  29.75,  and  34.75  MHz,  predicted 
desensitization  of  1  dfl  corresponds  approximately  to  the  25  mV 
boundary.  Thus,  the  desensitization  predictions  above  this 
region  are  not  expected  to  be  valid.  This  example  shows  the 
interaction  between  small  and  large  signal  effects,  as  well  as 
showing  the  applicability  of  the  simple  25  mV  criterion.  It 
also  illustrates  that  prediction  of  desensitization  must  be 
undertaken  with  care.  The  onset  of  the  effect  is  predicted 
but  the  amount  of  dosonritizatior^When  significant, may  bo  a 
large  signal  nonlinear  effect. 
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6.6  Intermodulatlon  Distortion  in  Vacuum  Tubes 


6.6.1  Untuned  Triode  Amplifier 

Two-tone  testing  of  a  triode  Js  a  useful  technique  for 
establishing  the  validity  of  triode  model  parameters  in  addi¬ 
tion  to  providing  a  technique  for  measurement  of  intermodulation 
distortion.  The  triode  test  circuit  is  shown  in  Fig.  6.23. 

One  half  of  a  12AT7  triode  was  utilised  in  the  measurements  in 
a  relatively  broadband  untuned  test  circuit.  Model  predictions 
and  laboratory  measurements  were  made  with  50  ohm  sources  and 
loads.  The  nonlinear  incremental  circuit  model  is  shown  in 
Fig.  6.24.  The  triode  nonlinear  model  was  developed  in 
Section  5.6.2. 1.  Parameters  for  the  12AT7  as  well  as  the 
operating  point  are  listed  in  Table  6r9.  The  triode  is  the 
same  unit  whose  static  characteristics  were  previously  des¬ 
cribed  in  Section  5. 6. 2. 2. 

The  linear  voltage  gain,  or  |H^(f)|,  the  first-order  transfer 
function  magnitude,  is  shown  in  Fig.  6.25  together  with  measured 
data  at  selected  frequencies.  Model  prediction  and  measurement 
are  seen  to  be  in  good  agreement. 

A  comparison  of  predicted  and  measured  intermodulation 
distortion  output  power  for  two-tone  excitation  at  100  and  330  kHz 
is  shown  in  Fig.  6.26.  The  predictions  are  seen  to  be  in  rela¬ 
tively  good  agreement  with  measurements.  Note  that  the  input 
tone  level  is  expressed  in  RMS  voltage  rather  than  available 
source  power.  The  RMS  voltage  ETN  is  noted  in  Fig.  6.24  as 
the  incremental  RMS  grid  voltage.  For  practical  purposes  EIN 
is  the  open-circuit  Theveniu  source  voltage  at  100  and  300  kHz 
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Fig.  6.23.  Triode  Test  Circuit. 


TABLE  6.9 


12AT7  Triode  Model  Parameters 


Operating  Point 
Ec0  =  -i.O  V 

^0  =  136 


bO 


V 

4.43  mA 


Model  Paramet ers 


Go 

— 

3.35 

X 

u 

= 

53.4 

Ec 

‘'max 

-6.2 

V 

o 

o 

ss 

i 

h* 

• 

o 

V 

6,0 

ex 

136 

V 

0 

02 

i 

o 

. 

o 

KO 

V 

Cgk 

SS 

2.2 

pE 

C 

pg 

1.5 

pF 

c  , 

pk 

- 

1.5 

pF 

,-3 


3/2 


Delivered  Power  (dBm) 


since  the  grid  input  impedance  is  so  high  for  the  triode.  Under 
these  circumstances  one  can  readily  relate  the  delivered  out¬ 
put  power  to  the  computed  nonlinear  transfer  function  H^, 
and  H3  and  the  RMS  input  voltage  through  Eq.  (6.47)  - 
(6.49)  which  have  been  developed  specifically  for  this  purpose. 
Application  of  the  triode  model  in  other  circuits  is  straight¬ 
forward.  Transfer  functions  are  readily  determined  by  employing 
SIGNCAP  as  outlined  in  Appendix  A. 

6.6.2  Untuned  Pentode  Amplifier 

In  this  section  we  shall  briefly  review  the  results  of 
a  prediction  and  comparison  with  measurement  of  intermodulation 
distortion  for  three  different  vacuum  pentodes.  A  relatively 
broadband  untuned  test  amplifier  circuit  was  employed  to  reveal 
the  device  nonlinear  characteristics  without  the  masking  effects 
of  tuned  loads.  Results  for  tuned  load,  situations  will  be  im¬ 
plicit  in  a  later  chapter  devoted  to  modeling  of  vacuum  tube 
receivers.  The  test  circuit  used  for  the  untuned  amplifier 
is  shown  in  Fig.  6.27.  Circuit  element  values  for  the  three 
different  pentodes  that  were  modeled  are  noted  in  Table  6.10. 

We  have  previously  given  in  Table  5.3  the  model  parameters  and 
operating-bias  points  utilized  in  the  study. 

The  measured  and  predicted  in  ermodulation  output  power 
for  the  first  three  nonlinear  responses  of  the  three  pentodes 
are  shown  in  Figs.  6.28  through  6.30.  All  measurements  were 
made  with  two  equal- power  input  tones,  one  at  100  kHz  and  the 
other  at  330  kHz.  It  is  seen  that  the  predictions  are  in  fair 
agreement  with  the  measurements  for  the  6AH6  and  5763,  as  well 
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Pig.  6.27  Pentode  Test  Circuit 
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TABLE  6.10 


Pentode  Test  Circuit  Element  Values 


Type 

Component 

6DC6 

5763 

6AH6 

Ri 

102.6 

kn 

103.5 

kn 

100 

kn 

R2 

9.99 

kO 

1.61 

kn 

9.85 

kn 

R3 

31.1 

kn 

9.94 

kn 

30.1 

kn 

R4 

9.84 

kn 

9.69 

kn 

10.04 

kn 

R5 

50 

n 

50 

n 

50 

n 

C1 

0.95 

u? 

0.96 

UF 

0.99 

pF 

C2 

o.o4e 

pF 

0.0406 

pF 

0.0581pF 

C3 

0.0113pF 

0.0098 

pF 

0.01205pF 

Cw 

5 

pF 

5 

PF 

5 

pF 

6 


Delivered  Power  (dBm) 


Fig.  6.28  Comparison  of  Predicted  and  Measured  6AH6 
Pentode  Intermodulation  Distortion. 
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Pig.  6.29.  Comparison  of  Predicted  and  Measured  5763 
Pentode  Intarmodulation  Distortion. 
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Pig.  6.30  comparison  of  Predicted  and  measured  6DC6 
Pentode  Intermodulation  Distortion. 
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as  for  the  first  and  second-order  responses  of  the  6DC6,  but 
are  unsatisfactory  for  the  third-order  response  of  the  6DC6. 

The  reason  for  this  is  uncertain.  It  is  interesting  to  note 
that  the  first  and  second-order  responses  of  the  6DC6  are 
essentially  independent  of  the  current-division  parameter  m, 
while  the  third-order  response  depends  strongly  upon  m. 

This  is  shown  in  Table  6.11  where  the  experimentally  determined 
values  of  H^,  and  and  H3  are  compared  with  predictions  for 
several  values  of  m,  the  exponential  factor  in  the  current 
division  nonlinearity.  It  is  evident  that  near  m  =  0.11,  the 
value  of  m  fotmd  in  the  analysis  of  the  6DC6  characteristics 
(see  Table  5.3,  Chapter  5),  the  third-order  response  is  pre¬ 
dicted  to  have  a  null.  For  smaller  values  of  m,  e.g.  m=0,  and 
larger  values,  e.g.  0.2  or  0.5,  the  agreement  between  the 
measured  and  predicted  third-order  nonlinear  transfer  function 
is  much  better.  This  result  illustrates  the  fact  that  caution 
should  be  employed  when  using  the  pentode  model  in  tne  vicinity 
of  a  distortion  null  region. 

6.7  Large-Signal  Multi-Tone  Input  Time-Domain  Analysis 

In  Section  6.4  we  illustrated  the  application  of  small-signal 
analysis  methods  to  determine  the  nonlinear  transfer  functions  of  a 
single-stage  bipolar  transistor  (2N2950)  amplifier.  We  found  that 
model  predictions  agreed  well  with  experimental  predictions  over  a 
wide  range  of  frequencies  provided  the  input  tones  exciting  the  net¬ 
work  were  not  too  strong.  The  circuit  studied  was  shown  in  Fig.  6.7. 
Typical  mid-band  intermodulation  distortion  levels  were  compared  with 
prediction  in  Fig.  6.10.  In  this  section  we  present  further  results 
complementing  the  small-signal  modeling  and  analysis  by  extending  the 
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model  to  large  signals  and  describing  the  results  of  a  large-signal 
time-domain  analysis.  Both  two  and  three-tone  excitation  examples 
have  been  investigated.  The  two-tone  results  presented  in  Section 
6.7.1  extend  the  small-signal  results  of  Section  6.4.2  while  the 
three-tone  results  presented  in  Section  6.7.2  extend  the  results  of 
Section  6.4.3  to  include  a  mixer  with  a  large  local-oscillator. 

6.7.1  Two  -Tone  Time-Domain  Analysis 

The  two-tone  intermodulation  distortion  products  for  the  2N2950 
untuned  test  circuit  {Fig.  6.7)  have  been  presented  earlier  in  this 
chapter  in  Figs.  6.10  and  6.11.  The  distortion  products  were  found 
to  be  predicted  accurately  by  small-signal  nonlinear  theory  in  the 
small-signal  range.  Predictions  based  upon  small-signal  analysis 
in  the  large-signal  region  were  found  to  be  poor.  In  Chapter  4  we 
examined  several  large-signal  analysis  methods  and,  particularly,, 
noted  that  the  nonlinear  state  equations  for  a  system  could  be  numer¬ 
ically  integrated  and  large-signal  performance  predicted  provided 
effective  numerical  integration  techniques  were  used.  This  time-domain 
method  has  been  used  to  predict  the  large-signal  performance  of  the 
2N2950  test  circuit.  Figure  6.31  shows  the  nonlinear  total  circuit 
model  used  in  the  analysis.  The  two  inductors  were  included  to  model 
the  test  fixture  parasitic  inductance.  The  four  nonlinearities  in¬ 
cluded  in  the  analysis  were  the  base-emitter  resistive  nonlinearity 
h(v2),  the  base-emitter  diffusion  capacitance  C2(v2),  the  collector 
current  generator  nonlinearity  g(v2),  and  the  nonlinear  collector 
capacitance  CY(v3).  The  avalanche  effect  was  not  included  in  the 
model.  The  h^  nonlinearity , included  in  Fig.  6.31  by  the  dependent 
current  generator  g(v2),  is  given  in  the  implicit  form 


g(v2)  =  k(v2) 


9.2 


9-2  +  i  1O910 


g(v2) 


(6.69) 
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After  some  experience  with  the  computational  results,  it  was  observed 
that  there'Was  no  significant  effect  on  the  predicted  distortion 
levels  when  a  constant  h„ _  was  used.  Accordingly,  all  results  to  be 
reported  were  obtained  with 

h__  =  0.882  ,  (6.70) 

FE 

and 

g(v2)  =  0.882  Ck(v2)].  (6.71) 

Figure  6.32  shows  the  measured  and  predicted  results  for  two  equal 
tones  at  2.5  and  3.0  MHz,  while  Fig.  6.33  shows  the  results  for  two 
equal  tones  at  30.0  and  51.4  MHz.  To  obtain  the  results,  the  state 
equations  were  integrated  for  2  |isec  after  the  driving  voltage  was 
applied  in  order  to  allow  the  transients  to  settle,  and  then  inte-. 
grated  for  an  additional  time  to  achieve  the  desired  spectral  resolu¬ 
tion.  Because  the  numerical  integration  technique  used  a  nonuniform 
time  step,  the  set  of  time  samples  obtained  was  converted  by  inter¬ 
polation  i.nto  a  set  of  uniformly  spaced  samples  before  the  spectral 
analysis  was  performed. 

The  data  shown  in  the  figures  illustrate  the  results  which 
careful  modeling  and  numerically-accurate  large-signal  analysis 
can  achieve.  Three  sets  of  data  are  shown  on  each  figure.  The  solid 
lines  are  the  theoretical  results  predicted  by  small-signal  theory. 
The  measured  output  powers  (shown  by  the  circles)  and  the  predicted 
output  power  using  the  large-signal  theory  (triangles)  are  shown  in 
the  figures.  It  is  seen  that  the  agreement  between  the  measurements 
and  both  small  and  large-signal  predictions  is  quite  good  in  the 
small-signal  region.  In  the  large-signal  region,  the  large  signal 
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predicted  output  power  tracks  the  measured  output  power  well.  One 
should  not  jump  to  the  conclusion  that  small  signal  methods  are  not 
needed,  however.  The  small-signal  accuracy  and  computer  solution 
time  as  well  as  ease  in  formulating  the  problem  and  obtaining  a 
solution  are  far  more  attractive. 

6.7.2  Three-Tone  Time-Domain  Analysis 

The  results  presented  next  apply  to  three-tone  test  conditions 
identical  to  the  situation  described  in  Section  6.4.3  for  mixer 
operation  but  now  for  a  large  local  oscillator  at  51.4  MHz.  Two 
tones  at  29  and  30  MHz  were  maintained  at  the  same  input  level,  while 
a  third-tone,  the  local  oscillator  was  varied  in  level.  Because 
numerical  computation  of  spectral  information  is  accomplished  by 
a  Fourier  series  analysis,  all  output  products  will  be  harmonics  of 
some  fundamental  frequency  whose  period  determines  the  duration  of 
the  computed  time-domain  waveform.  To  keep  computation  time  to  a 
reasonable  value,  1.0  MHz  was  selected  as  the  fundamental.  With  an 
allowance  of  2.0  of  steady-state  behavior  to  be  analyzed,  a 

single  run  of  i. ,  r ignal  time-domain  program  covered  3.0  nsec 

of  circuit  t:.r  To  s. of  i  not  the  frequency  range  of  interest,  and  to 

provide  the  1.0  MHz  fundamental,  the  two  signal  tones  were  set  at 
29  MHz  and  30  KHz,  respectively,  and  the  local  oscillator  was  set  at 
50  MHz. 

Time-domain  predictions  of  output  power  from  the  model  as  well 
as  measured  values  from  the  test' circuit  are  tabulated  in  Table  6.12. 
Included  in  the  table  are  first-order  responses  at  29,  30  and  50  MHz, 
second-order  responses  at  1,  20,  and  21  MHz,  and  a  third-order  term 
at  2 (50) -30  =  70  MHz.  Various  combinations  of  input  levels  ara  in¬ 
cluded.  Levels  span  the  range  from  large  to  small  signal  excitation 
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tcy  the  top  row  is  measured  value  and  the 
me-domain  prediction.* 


at  50  MHz  while  the  excitation  at  29  and  30  MHz  was  maintained  below 
the  large  signal  region.  Inspection  of  the  tabulated  data  suggests 
good  agreement  over  most  of  the  table  entries.  For  example,  in  Fig. 
6.34  the  output  at  29  MHz  is  plotted  as  a  function  of  input  50  MHz 
power.  There  is  good  agreement  between  measured  and  the  time-domain 
prediction.  Observe  the  gain  reduction  (desensitization)  at  29  MHz 
caused  by  increasing  the  50  MHz  drive.  Also  showr  n  the  figure  is 
the  small-signal  prediction  using  SIGNCAP  with  the  third-order  desen¬ 
sitization  correction  included. 

In  Fig.  6.35  the  output  at  50  MHz  is  shown  as  a  function  of  50 
MHz  input  drive.  Again  measurement  and  time-domain  prediction  are 
in  good  agreement.  Note  the  gain-compression  onset  occurring  at 
about  -5  dBm  input  that  is  well  predicted  by  the  time-domain  analysis 
but  not  well  predicted  in  the  large  signal  region  by  the  small  signal 
result.  Similar  observations  are  noted  for  the  second-order 
output  at  21  MHz  shown  in  Fig.  6.36  and  third-order  output  at 
70  MHz  shown  in  Fig.  6.37. 


6.7.3  Comparison  of  Small-Signal  Time-Domain  Solution  Prediction 

with  Nonlinear  Transfer  Function  Prediction  and  Experimental 
Measurements 

A  suitable  basis  fer  comparing  small-signal  predicted  and  meas¬ 
ured  distortion  products  for  a  nonlinear  system  for  relatively  large 
quantities  of  data  can  be  based  upon  the  general  n-tone  result  given 
earlier  in  this  chapter  in  Eq.  (6.46),  or 
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Fig.  6.34.  Predicted  and  Measured  First-Order  Response  at  29  MHz 
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P  is  the  n  -order  output  power  in  dBm,  HP  .  is  the  sum  of  the  input 
powers  contributing  to  the  n  order  output  and  P°  is  the  "0  dBm" - 
input  output  power  characterizing  the  nonlinear  system  for  the  small- 
signal  region.  For  both  experimental  data  and  time-domain  solutions 
for  particular  output  spectral  responses,  P°  can  be  estimated  from 
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P 


n 


as. 


(6.73) 


While  for  predictions  of  P°  from  the  small- signal  nonlinear  transfer 
function  analysis  we  have  the  theoretical  relationship 


P°  »  20  log10|Hn|  +  Cn  dB,  (6.74) 

Where  H  is  the  nonlinear  transfer  function  for  the  spectral  compo- 
n 

nent  in  question  and  is  given  in  Table  6.2. 

For  three-tone  excitation  at  29,  30,  and  50  MHz,  there  are  a 
great  many  output  products  from  the  2N2950  test  circuit. 

The  raw  data  for  the  time-domain  derived  values  P°  are  given  in 

n 

Table  6.13.  The  0.00  entries  in  the  table  represent  points  Which 
were  edited  out  as  being  in  error,  primarily  due  to  background  noise 
in  the  computed  spectrum  of  the  time-domain  waveform.  In  addition, 
if  was  determined  frow  the  computed  results,  all  of  Which  are  not 
included  in  Table  6.13,  that  a  50  MHz  local-oscillator  level  of 
-5  dBm  with  both  signals  at  -10  dBm  represents  the  limit  of  the 
mild  excitation  regime?  stronger  local-oscillator  drives  cause 
the  transistor  to  be  in  a  large-signal  state. 
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Table  6.13 

Time-Domain  Predicted  P°  Used  to  Obtain  Results  of  Table  6.15 


Input 

Freq. 

Input  Available  P 

ower  (dBm) 

50  MHz 

-5 

o 

«-< 

i 

-20 

30  mz 

-20 

-10 

-20 

-10 

■  “20  ! 

Output  Freq. 
(MHz) 

P° 

n 

(dBm) 

1 

0.00 

-4.70 

-3.22 

-4.98 

-6.66 

8 

-14*21 

-15.08 

-13.82 

-15.11 

-14.83 

9 

-8*32 

-9.17 

-8.45 

-9.25 

0.00 

10 

0.00 

-15.44 

-15.23 

-15.47 

-15.  15 

19 

-16*51 

-16.  13 

0.00 

-14.69 

0.00 

20 

-8*00 

-8.  15 

-8.46 

-8.26 

0.00 

21 

-7.72 

-7.87 

-8.17 

-7.99 

0.00 

22 

-15*30 

-15.31 

-13.29 

-14. 16 

0.00 

28 

0.00 

-9.34 

-9.45 

-9.35 

-9.27 

29 

8*24 

8.  13 

8.44 

8.22 

8.59 

30 

7*97 

7.85 

8.  17 

7.94 

8.32 

31 

•9*66 

-9.64 

-9.76 

-9.66 

0.00 

38 

-16.80 

-15.99 

-14.75 

-15.56 

0.00 

39 

-14.20 

-16.77 

-13.03 

-15.77 

0.00 

40 

-24.78 

-24.  04 

-20.41 

0.00 

0.00 

41 

-19.78 

-21.37 

-20.91 

-20.38 

0.00 

49 

-8  .11 

-8.  15 

-8*25 

-8.  16 

-8.59 

50 

3.86 

3.59 

3.97 

3.64 

4.10 

51 

-8.21 

-8.18 

-8.52 

-8.  14 

0.00 

58 

•8*41 

-8.78 

-9.20 

-9.02 

0.00 

59 

-2.74 

-3.27 

-3.46 

-3.54 

-4.72 

60 

-9.06 

-9.28 

-9.67 

-9.51 

0.00 

70 

-18.54 

-19.07 

-18.68 

-18.48 

-18.88 

71 

-18.36 

-18.86 

-18.52 

-18.11 

-18.93 

78 

-14.68 

-15.02 

-14.87 

-14.11 

0.00 

79 

-7.36 

-7.29 

-7.82 

-7.42 

0.00 

80 

-7 .65 

-7.51 

-8.09 

-7.65 

0.00 

81 

0.00 

-14.85 

-14.57 

-14.11 

0.00 

87 

-18.85 

-18.75 

-17.82 

-18.59 

-18.83 

88 

0.00 

-9.43 

-8.59 

-9.48 

-10.32 

89 

•8.43 

-9.73 

-9  •  2 1 

-9.73 

-10.40 

90 

-18.02 

-19.65 

-19.84 

-19.35 

-19.99 

100 

-18.03 

-17.57 

-18.43 

-17.61 

-19.39 

108 

-13.20 

-13.55 

0.00 

-13.56 

-14.05 

109 

-7.  16 

-7.88 

0.00 

-7.89 

-8.70 

110 

0.00 

-14.  18 

0.00 

-14.01 

-14.49 
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I*..  Table  6.14  we  list  in  detail  the  calculation  of  P°  for  each 

n 

of  the  many  output  frequencies  When  Eq.  (6.74)  is  utilized  to  deter¬ 
mine  P°  from  an  analysis  using  SIGNCAP  to  calculate  the  nonlinear 

transfer  functions  H  .  The  component  frequencies  as  well  as  the 

n 

order  of  the  product  are  noted  in  the  table  listings. 

Finally*  in  Table  6.15  we  bring  together  the  results  in  Table 
6.13  and  6.14  to  obtain  a  comparison  of  P°  for  each  output  product 
obtained  by  the  time-domain  solution  and  the  nonlinear  transfer  func¬ 
tion  method. 

The  time-domain  results  were  analyzed  to  obtain  P°  for  several 

n 

different  input  power  levels.  Because  the  large  number  (five)  of 
mild  excitation  conditions  for  Which  time-domain  computation  was 
performed,  the  mean  and  standard  deviation  cr  of  the  resulting  P° 
were  computed.  The  results  are  displayed  in  Table  6.15  Where  the 
one-sigma  interval  is  bounded  by  mean-plus-sigma  and  mean-minus- 
sigma  values.  The  maximum  discrepancy  between  SIGNCAP  predicted  P° 
and  time-domain  mean  values  is  2  dB,  with  many  predictions  agreeing 
to  within  less  than  0.5  dB. 

The  laboratory  measurement  results  were  processed  in  the  seune 
fashion  as  the  time-domain  predictions  to  produce  mean  values  for 
the  nonlinear  response  P°.  The  results  are  displayed  in  Table  6.16. 

6.7.4  Distortion  Dependence  Upon  Local  Oscillator  Level 

We  turn  now  from  comparisons  of  small  signal  results  to  an  in¬ 
terpretation  of  the  data  supplied  by  the  time-domain  solutions# 
particularly#  for  large  L0  drives.  From  e  many  time-domain  computer 
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Table  6.14 

'0  dBm'  Input  Distortion  Power  P°  from  SIGNCAP 


PRODUCT 

COMPONENT 

H's  FROM 
SIGNCAP 

CONSTANT 

C  + 

P° 

n 

ORDER 

FREQ. 

FREQUENCIES 

ANALYSIS 

n 

OF 

(MHz) 

(MHz) 

(dB) 

(dB) 

(dB) 

PRODUCT 

1 

30-29 

-5.92 

+2.04 

•>3.88 

2 

8 

29+29-50 

-10.17 

-4  .44 

-14.61 

3 

9 

29+30-50 

-10.49 

+1.58 

-8.91 

3 

10 

30+30-50 

-10.49 

-4  ,44 

-14.93 

3 

19 

29-30-30+50 

-12.07 

-2.38 

-14.45 

4 

20 

50-30 

-11.13 

+2.04 

-9.09 

2 

21 

50-29 

-10.88 

+2.04 

-8.84 

2 

22 

50+30-29-29 

-11.87 

-2.38 

-14.25 

4 

28 

29+29-30 

-0.55 

-4  .44 

-10.99 

3 

29 

29 

2.22 

+6. 

+8.22 

1 

30 

30 

1.94 

+6. 

+7.94 

1 

31 

30+30-29 

-6.86 

-4.44 

-11.30 

3 

38 

29+29+30-50 

-11.76 

-2.38 

-14.14 

4 

39 

30+30+29-50 

-12.02 

-2.38 

-14.40 

4 

40 

50+50-30-30 

-16.47 

-8.4 

-24.9 

4 

41 

50+50-29-30 

-16.22 

-2.38 

-18.60 

4 

49 

29+50-30 

-11.06 

+1.58 

-9.48 

3 

50 

50 

-2.38 

+6 . 

+3.62 

1 

51 

30+50-29 

-11.08 

+1.58 

-9.50 

3 

58 

29+29 

-6.85 

-4. 

-10.85 

2 

59 

29+30 

-7.13 

+2.04 

-5.09 

2 

60 

30+30 

-7.41 

-4. 

-11.41 

2 

70 

50+50-30  . 

-15.58 

-4.44 

-20.02 

3 

71 

50+50-29 

-15.32 

-4,44 

-19.76 

3 

78 

50+29+29-30 

-12.18 

-2.38 

-14.56 

4 

79 

50+29 

-11.52 

+2.04 

-9.48 

2 

80 

50+30 

-11.80 

+2.04 

-9.76 

2 

81 

50+30+30-29 

-12.45 

-2.38 

-14.83 

4 

87 

29+29+29 

-6.52 

-14. 

-20.52 

3 

88 

29+29+30 

-6.81 

-4.44 

-11.25 

3 

89 

30+30+29 

-7.09 

-4.44 

-11.53 

3 

90 

30+30+30 

-7.37 

-14. 

-21.37 

3 

100 

50+50 

-16.23 

-4. 

r20 .23 

2 

208 

29+29+50 

-11.24 

-4.44 

-15.68 

3 

109 

30+29+50 

-11.53 

+1,58 

-9.95 

3 

110 

30+30+50 

-11.81 

-4.44 

-16.25 

3 

139 

50+30+30+29 

-13.06 

-2.38 

-15.44 

4 

+ 

This  constant  modification  factor  (C  )  is  based  on  a  50  ohm 
system.  (See  Table  6.2).  n 
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Table  6.15 

Comparison  of  Time-Domain  and  SIGNCAP 
Predictions 

_o 

P°  from  Time  Domain  Analysis  n  PROM 

FREQUENCY  n  (dBm)  SIGNCAP  ANALYSIS 


(MHZ) 

0NE-SIOMA 

INTERVAL 

MEAN 

(dBm) 

I 

(  -6.11 

9 

-3.67 

) 

-4.39 

-3.88 

8 

<  -15.12 

9 

-14. 10 

) 

-14.61 

-14.61 

9 

i  -9.2 a 

9 

-8.38 

) 

-3.80 

-8.9  1 

10 

(  -15.46 

9 

-15.19 

) 

-15.32 

-14.93 

19 

(  *16.56 

9 

-14.99 

) 

-15.78 

- 14.45 

20 

(  -8.39 

9 

-8.05 

> 

-8.22 

-9.09 

21 

<  -8.10 

9 

-  7.77 

) 

-7.94 

-8.84 

22 

<  -15.36 

9 

-13.67 

> 

-14,51 

-14.2S 

28 

(  -9*42 

9 

-9.29 

> 

-9.35 

-10.99 

29 

(  8.16 

9 

8.49 

) 

8.32 

8.22 

30 

<  7.88 

9 

8.22 

> 

8.  OS 

7o94 

31 

<  -9.73 

9 

-9.63 

> 

-9.68 

-11.30 

38 

(  -16.52 

9 

-15.03 

) 

-15.77 

-14.14 

39 

<  -16.38 

9 

-13,51 

) 

-14.94 

-14.40 

40 

<  -24.99 

9 

-21.17 

) 

-23.08 

-24.90 

41 

(  -21.20 

9 

-20.02 

) 

-20.61 

-18.60 

49 

<  -8.43 

9 

-8.08 

) 

-8.25 

-9.48 

50 

(  3.64 

9 

4.03 

) 

3.83 

3.62 

51 

<  -8.41 

9 

-8.11 

) 

-8.26 

-9.50 

58 

<  -9.15 

9 

-8.56 

) 

-8.85 

-10.85 

59 

<  -4.20 

9 

-2.90 

> 

-3.55 

-5.09 

60 

<  -9.61 

9 

-9.15 

) 

-9.38 

-11.41 

70 

<  -18.95 

9 

"18.51 

) 

-18.73 

-20.02 

71 

(  -18.86 

9 

-18.25 

) 

-18.56 

-19.76 

78 

<  -15.02 

9 

•14.32 

) 

-14.67 

-14.56 

79 

<  -7.68 

9 

-7.27 

> 

-7.47 

-9.48 

80 

<  -7.94 

9 

-7.51 

> 

-7.73 

-9.76 

81 

(  -14.82 

9 

-14.20 

> 

•14.51 

-14.83 

87 

<  -18.95 

9 

-18. 18 

> 

-18.57 

-20.52 

88 

<  -10.07 

9 

-8.84 

> 

-9.45 

-11.25 

89 

<  -10.15 

9 

-3.85 

) 

-9.50 

-11.53 

90 

(  -20.08 

9 

-18.66 

) 

-19.37 

-21.37 

100 

<  -18.88 

9 

-17.54 

) 

-18.21 

-20.23 

108 

<  -13.89 

9 

-13.29 

> 

-13.59 

-15.68 

109 

(  -8.45 

9 

-7.36 

> 

-7.91 

-9.95 

110 

<  - ! 4. 43 

9 

-14.03 

) 

•14.23 

•16.25 
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Table  6.16 

Measured  P°  and  SIGNCAP  Predictions 
n 


OUTPUT 

MEASUREMENT  DERI  VED 

P° 

FREQUENCY 

fdBm1 

| 

n 

(MHZ) 

9NE-SIGMA  1 

INTERVAL 

MEAN 

1 

( 

-1.60  , 

-1.20  ) 

-  1  •  40 

20 

< 

-9.79  , 

-8.73  ) 

-9.26 

21 

( 

-9.79  , 

-8.73  > 

-9.26 

22 

< 

**21.50  , 

-£i«S0  ) 

-21.50 

29 

( 

7.60  , 

7.84  ) 

7.72 

30 

( 

7.33  ^ 

7.63  ) 

7.48 

50 

< 

2.75  , 

3.37  > 

3.06 

70 

( 

-23.63  » 

-22.37  > 

-23.00 

felGJCAP 

Derived  P° 
h 

(dDm) 

-3  •  88 
-9.09 
-8.84 
-14.25 
8.22 
7.94 
3.62 
-20.02 


runs  which  were  done#  twenty  cases  were  selected  for  analysis.  Be¬ 
cause  in  each  case  there  was  available  the  complete  output  spectrum 
(dc  to  512  MHz  in  steps  of  1  MHz)  it  was  possible  to  select  only 
those  distortion  products#  up  to  fourth-order#  which  were  present  to 
a  significant  degree  in  each  of  the  twenty  cases.  It  must  be  realized 
that  for  low  enough  levels  some  of  the  third  and  fourth-order  products 
were  swamped  by  the  background  computational  noise,  and  that  for  the 
higher  signal  levels  there  would  be  significant  fifth  and  higher-order 
products.  Nevertheless#  in  order  to  avoid  undue  complexity  it  was 
decided  to  consider  only  products  up  to  fourth-order#  and  limited  to 
110  MHz  (products  above  110  MHz  are  chiefly  related  to  harmonics  of 
the  50  MHz  LO  and  hence  appear  mostly  at  higher  LO  levels. 

The  raw  numbers#  culled  from  the  time-domain  computed  spectra# 
are  presented  in  Table  6.17.  Each  of  these  predictions  of  a  distor¬ 
tion  product  level  is  readily  converted  to  P°  with  the  result  given 
in  Table  6.18.  By  analysis  of  the  behavior  of  P°  we  can  appreciate 
the  role  of  the  LO  drive  level. 

In  order  to  better  display  the  results  listed  in  Table  6.18, 
they  have  been  grouped  according  to  the  order  of  the  distortion  pro¬ 
duct  and  plotted  as  a  function  of  LO  level.  We  have  selected  the 
results  for  29  and  30  MHz  at  -10  dBm,  used  Eq.  (6.73)  to  extra¬ 
polate  the  data  to  equivalent  0  dBm  input  signal  levels  for  com¬ 
puting  P°#  and  plotted  P°  as  a  function  of  the  50  MHz  level  in 
Figures  6.38#  6.39  and  6.40.  First  we  note  that  the  apparently 
anomalous  behavior  of  the  90  MHz  output  distortion  P°  in  Fig.  6.39 
is  due  to  a  strong  fifth-order  distortion  product  composed  as 
(50+50+50-30-30)  and  due  to  the  strong  LO  drive.  In  fact#  in 
the  computed  spectrum  for  50  MHz  at  +5  dBm,  and  29  and  30  MHz 
at  -10  dBm,  there  were  equally  strong  fifth-order  products  at 


Table  6.17 


Tima  Domain  Predictions  of  Output  Distortion  Power 


Input  Available  Power  (dBm) 


-20  -10  -20  -10  -20  -10  -20 


-10  -20 


Output  Delivered  Power  (dBm) 


1 

-26.61 

-42.21 

-21.97 

-43.21 

-24.11 

-24.98 

-46 

.65 

8 

-47.65 

-64.36 

-37.15 

-54.18 

-40.21 

E 

■•5.5.1) 

-74 

.83 

9 

-41.70 

-61.67 

-30.73 

-49.32 

-34.30 

-53.32 

25  If  1 

Elk  1 

-49.25 

-71 

.38 

10 

-48.82 

-62.49 

-32.12 

-54.77 

-40,84 

-59.25 

-45.44 

-65.23 

-55.47 

-75 

.15 

19 

-49,40 

-66.59 

-56.26 

-77.25 

-53.65 

-81.51 

-56.13 

-40.15 

-64.69 

-85 

.21 

20 

-11.62 

-21.31 

-16.66 

-27.74 

-22.86 

-33.00 

-28.15 

-38. 4n 

-38.26 

—49 

.74 

21 

-11.33 

-21.04 

-16.37 

-27.45 

-22.57 

-32.72 

-27.87 

-76.17 

-37.94 

-49 

.44 

22 

-48.60 

-71.49 

-59.21 

-73.90 

-52.40 

-80.30 

-55.31 

-83.29 

-64.16 

-82 

.68 

28 

-60,31 

-64.21 

-44.33 

-70.62 

-39.56 

-68.57 

-39.34 

-69.45 

-39.35 

-69 

.27 

29 

-4.94 

-14.85 

-2.' 

-12.36 

-2.08 

-11.76 

-1.87 

-11 .56 

-1.78 

-11 

.41 

30 

-5.21 

-15.12 

-3* 

-12.64 

-2.36 

-12.03 

-2.15 

-11 ,83 

-2.06 

-11 

.68 

31 

-59.83 

-79.22 

-45.06 

-71.00 

-39.95 

-69.66 

-39.64 

-69.76 

-39.66 

-70 

.53 

36 

-47.56 

-67.95 

-60.92 

-79.19 

-53.43 

-81,80 

-55,99 

-84.75 

-65.56 

-86 

.52 

39 

-48.57 

-66.46 

-56.38 

-86.38 

-54.68 

-79.20 

-56,71 

-83.03 

-65.77 

-90 

.65 

40 

-39.16 

-60.18 

-61.78 

-65.89 

-59.62 

-74.78 

-64.04 

-80.41 

-75.87 

-89 

.44 

41 

-32.91 

-62.60 

-60.51 

-60.99 

-53.30 

-69.78 

-61.37 

-80.91 

-80.38 

-84 

.78 

49 

-39. 4B 

-52.51 

-29.99 

-47.87 

-33.29 

-53.11 

-38.15 

-59.25 

-48.16 

-68 

.59 

50 

7.17 

7.41 

2.93 

3.54 

-1.54 

-1.14 

-6.41 

-6.03 

-16.36 

-15 

.90 

51 

-39.35 

-54.00 

-30.05 

-48.17 

-33.29 

-53.21 

-38.18 

-56.52 

-48.14 

-69 

.■?6 

58 

-31.25 

-51.23 

-27.53 

-47,49 

-28,34 

-48. 4t 

-28.78 

-49,20 

-29.02 

-50 

.46 

59 

-25.60 

-45.45 

-21.56 

-41 .69 

-22.71 

-42,74 

-9 3.27 

-43.46 

-23.54 

-44 

.7? 

60 

-31.62 

-52.47 

-28.10 

-48,20 

— ?8.87 

-49,06 

-29.25 

-49.67 

-29.51 

-51 

.01 

70 

-27,88 

-36.72 

-30.60 

-38.74 

-39,38 

-48.54 

-49,07 

-68.68 

-68.48 

-78 

.84 

71 

-27.61 

-35.5? 

-30.24 

-38.50 

-39.03 

-48,36 

-48.86 

-58,52 

-68,11 

-78 

.93 

78 

-47.82 

-87.44 

-57.50 

-85.57 

-52.04 

-79.68 

-55.02 

-04.87 

-66 . 1 1 

-89 

.51 

79 

-10,68 

-20.39 

-15.90 

— ?6,83 

-21.97 

-32,36 

-27.29 

37.82 

-37.4? 

-48 

.94 

80 

-10.95 

-20.65 

-16.16 

-27.11 

—??,?? 

-32.65 

-27.51 

-38.09 

-37.65 

-49 

.19 

81 

-47,77 

-78.89 

-60.51 

-7  7.7? 

-52,11 

-76,70 

-54,85 

-84,57 

-64.11 

-8>l 

.61 

87 

-68.02 

-76,27 

-54.86 

-79.05 

-49,63 

-78.85 

-48,75 

-77,82 

-48.59 

-78 

.83 

88 

-56.29 

-72.87 

-44 . 39 

-70.67 

-39,7  7 

-67.35 

-39.43 

-68.59 

-39.48 

-70 

.32 

89 

-59.78 

-72. P6 

-44.80 

-70.85 

-40.11 

-68.43 

-39.73 

-69.21 

-39.73 

-70 

.40 

90 

-43,84 

-69.02 

-56,33 

-84,60 

”50,92 

-78.02 

-49.65 

-79,84 

-49.35 

-79 

.99 

inn 

-4,36 

-3.83 

-16.41 

-17.68 

-27.36 

-28.03 

-37,57 

-38.43 

-57.61 

-59 

.39 

108 

-46.68 

-64.84 

-35,71 

-53.65 

-38.87 

-58, ?0 

-43,56 

NA 

-53.56 

-74 

.05 

109 

-40.09 

-62.21 

-29.31 

-47,75 

-32.95 

-5?, 16 

-37,8/1 

HA 

-47.89 

-68 

.70 

110 

-46,48 

-61 ,49 

-36.39 

-54,51 

-39,44 

-57,79 

-4'/.  18 

HA 

-54.01 

-74 

.49 

fntriea  in  table  are  output  level,  in  dBm,  for 
SO  KKc  L.0,  and  tones  at  29  and  30  NHc.  Input 
level*  ere  in  dBm  available.  Hot*  that  29  and 
30  NHc  are  always  at  the  earn*  level. 


Table  6.18 

Time  Domain  Prediction  of  PC 


Input  Available  Power  (dBm) 


SO  MHr. 
29  and 


-10  -2u  -10  -20  -10  -20  -10  -20 


Output 

Fraq. 

(MHs) 


P°  dB 
n 


-6.bl 
-33.65 
-27.70 
-34.82 
-25.40 
-7.62 
-7.33 
-24.60 
-30.31 
5.06 
4.79 
-29.83 
-23.56 
-24.57 
-31.16 
-24.91 
-25.48 
1.17 
-25.35 
-11.25 
-5,60 
-11.6? 
-29. 8« 
-29.63 
-23.82 
—6,66 
-6.95 
-23.77 
-35.02 
-26.29 
-29,78 
-13.84 
-16.36 
-31.68 
-26.09 
-31.48 


-2.21 

-30.36 

-27.67 

-28.49 

-12.59 

-7.31 

-7.04 

-17.49 

-4.21 

5.15 

4.88 

-19.22 

-13.95 

-12.46 

-32.18 

-24.60 

-18.51 

1.41 

-20.00 

-11.23 

-5.45 

-12.47 

-27.72 

-27.52 

-33.44 

-6,39 

-6.65 

-24.89 

-16.27 

-13.87 

-12.96 

0.98 

-15.83 

-30.84 

-28.21 

-27.49 


-1.97 
-17 .15 
-10.73 
-18.12 
-26.26 
“6.66 
-6.37 
-29,21 
"14.33 

7.16 

6.88 
-15.06 
-30.92 
-26.38 
-4 ..78 
-40.51 

-9.  nr) 

2.93 
-10.05 
-7.53 
-1.56 
-8.10 
-20.60 
-20.24 
-27.50 
-5.90 
-6,16 
-30.51 
-2'  .86 
-14.39 
-14,80 
-25,33 
-16. 4t 
-15.71 
“9,31 
-16.35 


-3.21 

-15.18 

-9.32 

-Ij.77 

-17.25 

-7.74 

-7.45 

-13.90 

-10.62 

7.64 

7.36 

-11.00 

-19.19 

-26,38 

-25.89 

-20.90 

-7.87 

3.54 

-8.17 

-7.49 

-1.69 

-8.20 

-18.74 

-t8.50 

-25.57 

-6.83 

-7.11 

-17.72 

-19,0* 

-10.67 

-10.85 

-24,60 

-17.68 

-13.65 

-7.75 

-14,51 


-4.11 
-15.21 
-9.30 
-15.84 
-18.65 
I  -7.86 
-7.57 
-17.40 
-9.56 
7.92 
7.64 
-9.95 
-18.43 
-19.68 
-29,62 
-23 . 30 
-8.29 
3.46 
-8.29 
-8.34 
-2.71 
•8.87 
-19.38 
-19.03 
-17.04 
-6.97 
-7.2? 
•17.11 
-19,63 
-9,77 
-10.11 
-20,92 
-17.36 
-13.87 
-7.95 
-14,44 


-2.69 
-14.21 
-8.32 
-14.25 
-16.51 
-8.00 
-7.72 
-15.30 
-8.57 
8.24 
7.97 
-9.66 
-16.80 
-14,20 
-24.78 
-19.78 
-8.1  1 
3.86 
-8.21 
-8.41 
-2.74 
-9.06 
-18.54 
-18.36 
-14.68 
-7.36 
-7.65 
-11.70 
-IB. 85 
-7.35 
-8.43 
-18,02 
-18,0.3 
-13.20 
-7.16 
-12.79 


-4.70 
-15.08 
-9.17 
-15.44 
-16.13 
-8.15 
-7,87 
-15.31 
-9,34 
8.13 
7,85 
-9.64 
-15.99 
-16.77 
-24.04 
-21.37 
-8.15 
3.59 
-8,18 
-8.78 
-3.27 
-9.28 
-19,07 
-18,86 
-15,02 
-7.29 
-7.51 
-14, P8 
-18.75 
-9,43 
-9,7.3 
-19,65 
-17.57 
-1  3.55 
-7,86 
-14,18 


-3.2? 

-13.82 

-8.45 

-15.23 

-20.15 

-8.46 

-8.17 

-13.29 

-9.45 

8.44 

8.17 

-9,76 

-14.75 

-13.03 

-20.41 

-20,91 

-8.25 

3,97 

-8.52 

-9.20 

-3,46 

-9,67 

-18.68  i 

-18.52 

-14.87 

-7.82 

-8.09 

-14,57 

-17.82 

-8,59 

-9.21 

-19,84 

-18.4,3 

NA 

NA 

NA 


-4.98 
-15.11 
-9.25 
-15.47 
-14.69 
-8.26 
-7.99 
-14.16 
-9.35 
8.22 
7.94 
-9.66 
-15.56 
-15.77 
-15,87 
-20,38 
-8.16 
3.64 
-8.14 
-9.02 
-3.54 
-9,51 
-18,4/) 
-18.11 
-14,11 
-7.42 
-7.65 
-14.1  I 
-18.59 
-9.48 
-9,73 
-19.35 
-17,61 
-13.56 
-7,89 
-14.01 


-6  »  66 
-14.83 
-I  1  .38 
“15.15 
-5.21 
-9.74 
-9.44 
-2.68 
-9.27 
8.59 
8.32 
-10.53 
-6.52 
-10.68 
-9,44 
-4.78 
-8.59 
4.10 
-9.26 
-10.46 
-4.72 
-tl  .01 
-18.8/1 
-18.03 
-9.51 
-8.94  , 
-9.19 
-8.61 
-18.83 
-10.32 
-10.40 
-19.99 
-19.39 
-14,05 
-8.70 
-14.49 
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Fig.  6.38.  First  and  Second-Order  Outputs  P^#  P° 
as  a  Function  of  L.O.  Level. 
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Pig.  6.39. 


Third-Order  Output  P3  as  a  Function 
of  L.O.  Level 
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9*  6.40.-  Fourth  Order  Output  P4  as  a  Function 

of  L.O.  Level 
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91  «  50+50+50-30-29  and  92  =  50+50+50-29-29  MHz.  Some  of  the  obser¬ 
vations  relative  to  Pigs.  6.38  to  6.40  as  the  local-oscillator  level 
is  increased  are: 

1.  There  is  an  expected  gain  compression  for  first  order. 

2.  The  second-order  curves  show  expansion  followed  by 
compression. 

3.  There  is  a  uniform  and  large  decrease  for  all  third-order 
products,  and  a  large  decrease  for  fourth-order  followed 
by  a  significant  increase. 

4.  The  grouping  of  products  is  related  to  the 
frequency  seta,  i.e.,  (f^  +  f 2)  and  (2f1  or  2f2), 
constituting  different  groups 
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CHAPTER  7 

COMMUNICATIONS  RECEIVER  APPLICATIONS 

The  nonlinear  transfer  function  theory  and  the  device 
modeling  of  the  preceding  chapters  allow  the  nonlinear  modeling 
of  complete  communications  receivers.  In  this  chapter  two  re¬ 
ceivers  are  modeled.  The  first  receiver  is  a  solid-state  single¬ 
conversion  VHP  receiver.  The  second  receiver  is  a  triple-conver¬ 
sion  vacuum  tube  HF  receiver. 

7.1  Solid-State  VHP  Receiver 

The  block  diagram  of  the  receiver  is  shown  in  Figure  7.1. 
Figure  7.2  shows  a  detailed  block  diagram  of  the  tuning  head, 
which  includes  the  RP  amplifier,  mixer,  local-oscillator,  and 
21.4  MHz  preamplifier.  The  nominal  tuning  head  characteristics 
are  listed  in  Table  7.1. 

In  signal- flow  order,  the  tuner  contains  four  transistors, 
i.e.,  Ql,  Q2,  Q4,  and  Q3.  Transistors  Q1  and  Q2  provide  RP 
amplification  while  Q4  and  Q3  form  a  cascode  mixer-amplifier. 

Q5  is  the  local  oscillator,  the  frequency  of  which  is  above  the 
signal  frequency.  Transistors  Q3  and  Q4  are  the  same  transistors 
used  in  the  two-stage  amplifier  of  Section  6.5.  The  schematic 
of  the  tuner  is  shown  in  Figure  7.3.  There  are  five  interstage 
networks  in  the  signal  path.  Interstage  network  1,  from  the 
RP  input  to  the  base  of  Ql,  is  a  mechanically  tunable  double- 
tuned  RP  preselector  network.  Interstage  network  2,  between  Ql 
and  Q2,  is  a  fixed  low-pass  network  which  cuts  off  at  about  100 
MHz.  It  serves  to  further  reject  high  frequency  interference. 
Interstage  network  3,  between  Q2  and  Q4,  is  again  a  mechanically 
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TABLE  7.1 

Solid  Stats  Receiver  Tuning  Hoad  Characteristics 


Frequency  Coverage  .......  30-100  No 

Noiaa  Figure . 4.3  dB  maximum  (30  to  90  Ha) 

S.5  dB  maximum  (90  to  100  Mo) 
Intermediate  Frequency  .  21.4  Ho 

IF  Rajaation  ..........  S6  dB  minimum  balaw  40  Ha 

60  dB  minimum  above  40  Ha 

Image  Rejection . 60  dB  minimum 


adjustable  double-tuned  RF  filter.  This  network,  along  with 
interstage  1,  provides  the  principal  tunable  selectivity  over 
the  30  to  100  MHs  band.  Since  mixing  is  aaaomplished  in  Q4, 
the  desired  output  of  04  ia  at  the  21.4  MHas  IF.  Thus  interstage 
network  4,  between  Q4  and  Q3,  is  a  low-pass  network  which  outs 
off  near  the  intermediate  frequency.  Since  the  local-oscillator 
is  21.4  MHz  above  the  desired  signal,  this  filter  also  decreases 
local-oscillator  feedthrough  into  subsequent  stages.  The  last 
network,  interstage  number  5,  is  between  the  output  of  Q3  and  the 
IF  output.  It  is  a  fixed- frequency  double- tuned  circuit  tuned  to 
the  21.4  MH2  IF. 

Tho  schematic  diagram  of  the  preamplifier  is  shown  in 
Fig*  7.4.  The  amplifier  contains  four  transistors.  The  in— 
pvt  network  provides  a  resistive  broadband  load  to  the  RF  tuner 
output.  Broadband  RC  networks  are  also  used  to  couple  the  CE 
and  C,B  stages  of  the  two  cascode  amplifiers,  involving  01,  Q2, 
and  Q3 ,  Q4.  Frequency  selectivity  is  provided  by  the  tuned 
circuits  between  Q2  and  03,  and  at  the  output  of  04. 
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Thera  are  two  diodes,  CR1  and  CR2,  in  the  collector  circuit 
of  Q4»  Theae  diodee  form  a  symmetric  clipper ,  and  prevent  over¬ 
driving  of  subsequent  stages  due  to  large  signals.  The  diodes 
are  unbiased  and  the  diode  current,  therefore,  is  extremely 
small.  Unless  the  voltage  across  the  diodes  is  many  times 
kT/q,  they  can  be  omitted.  This  has  been  confirmed  experimen¬ 
tally. 


aha  preamplifier  is  physically  located  on  the  RF  tuner 
chassis,  and  has,  as  an  input  signal,  the  output  of  the  mixer. 
Its  output,  in  turn,  is  the  input  to  the  IF  amplifier.  It  will 
be  seen  in  a  later  analysis  of  the  IF  amplifier  that  the  input 
network  to  the  IF  amplifier  is  a  resistive  network,  similar  to 
that  at  the  input^fo  the  preamplifier. 

The  preamplifier  has  AGC  applied  to  two  common-emitter  sta¬ 
ges,  Ql  and  Q3.  The  AGC  voltage  is  developed  from  the  AM  detec¬ 
tor  output,  and  is  increasingly  positive  for  a  signal  of  increa- 

« 

sing  power,  since  Ql  and  Q3  are  NFN  transistors,  the  AGO  is 
a  forward-acting  AGC.  The  AGC  is  not  applied  to  the  two  common 
base  stages,  Q2  and  Q4.  They  are  DC  decoupled  from  the  common- 
emitter  stages  by  capacitors  C3  and  Cll. 

The  IF  which  was  used  in  the  receiver  had  a 

500  KHs&  bandwidth  and  21.4  MHz  center  frequency.  A  block 
diagram  of  the  IF  amplifier  circuit  module  is  shown  in 
Fig.  7.5.  In  addition  to  the  two-stage  IF  amplifier,  the  AM 
detector  and  EM  limiter-discriminator  are  contained  on  the 
module.  The  schematic  of  the  amplifier  is  shown  in  Fig.  7.6. 

The  entire  IF  amplifier  is  fabricated  on  one  printed  circuit 
module.  The  module  contains  ten  transistors,  all  of  them  being 
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Fxg.  7.6  Schematic  diagram  of  the  IF  amplifier. 
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specially  designated  by  the  manufacturer  as  SP8675.  Measure¬ 
ments  indicate  them  to  be  medium-gain,  medium- frequency  tran¬ 
sistors  with  betas  of  about  40,  and  alpha-cutoff  frequencies 
of  about  100  MHz.  Transistors  Q1-Q2,  and  Q3-Q4  form  cascode 
pairs.  The  input  network  to  Ql  is  a  broadband  RC  network 
which  serves  as  a  constant  impedance  load  to  the  IP  preampli¬ 
fier.  Two  tuned  interstage  networks,  one  between  Q2  and  Q3 
and  the  other  at  the  output  of  Q4,  provide  the  IP  selectivity. 

The  AM  detector  is  composed  of  the  peak-detector  CRl  and  emitter- 
follower  Q5.  The  EM  detector  is  composed  of  two  stages  of  cas¬ 
code  limiting,  Q6-Q7  and  Q8-Q9,  a  discriminator  (the  network 
between  Q9  and  Q10)  and  an  emitter- follower 

7.2  Modeling  of  the  Solid-State  Receiver 

7.2.1  An  Overview  of  Experimental  Modeling 

In  this  section  we  outline  the  steps  involved  in  modeling 
the  receiver.  Bear  in  mind  that  the  information  about  the 
tuner  available  at  the  outset  is  normal  instruction  manual  data. 
The  tuner  is  also  available  for  physical  measurements. 

To  model  the  interstage  networks,  it  is  necessary  to 
establish  values  for  each  of  the  network  elements.  The  sche¬ 
matic  diagrams  give  the  nominal  values  of  the  components.  Tue 
values  of  the  tunable  elements  are  not  shown.  In  addition, 
parasitic  elements  that  may  be  present  are  not  shown.  Measure¬ 
ments  are  needed,  therefore,  to  permit  the  networks  to  be  para¬ 
meterized. 

There  are  a  number  of  ways  in  which  the  networks  could  be 
parameterized.  First,  each  element  could  bs  removed  from  the 
receiver  and  measured  on  an  appropriate  RP  bridge.  This  approach 


could  result  in  network  misalignment  and  possible  destruction  of 
the  components  being  measured.  It  was  not  attempted.  A  second 
approach  is  to  consider  each  interstage  network  as  an  entity, 
and  measure  its  transmission  parameters  Lx i  situ.  This  has  the 
distinct  advantage  that  the  networks  undergo  a  minimum  of 
dissection  in  their  analysis,  and  that  the  networks  can  be 
measured  by  familiar  techniques.  Some  of  the  measurements  which 
might  be  made  are: 

a.  insertion  gain 

b.  Y  or  Z  parameter 

c.  scattering  parameters. 

Insertion  gain  measurements  are  an  attractive  technique  since 
the  basic  network  structure  is  known.  If  insertion  gain  is 
measured  as  a  function  of  frequency,  the  unknown  elements  can  be 
determined  by  choosing  values  for  the  unknown  elements,  pre¬ 
dicting  the  network  insertion  gain  using  a  linear  network  ana¬ 
lysis  program,  and  refining  the  estimate  until  the  predicted  in¬ 
sertion  gain  is  sufficiently  close  to  the  measured.  The  Y  and 
Z  parameters  are  more  difficult  to  measure.  They  require  that 
short  and  open  circuits  be  established  at  the  network  ports. 
Scattering  parameters  may  also  be  used  to  characterize  lumped 
networks.  The  insertion  gain  technique  is  preferred,  at  least 
through  VHF.  The  measurement  is  made  in  two  steps.  First, 
the  generator  is  calibrated  by  measuring  P^,  the  delivered 
power  to  a  50  n  load  from  a  50  0  generator.  The  generator  is 
connected  to  the  load  through  a  50  0  cable,  so  the  load  need 
not  be  right  at  the  generator  terminals,  Next,  the  network  un¬ 
der  test  is  connected  to  the  generator,  and  its  output  brought 
through  a  50  Q  ccNaudal  cable  to  a  50  fl  termination,  J?2,  the 
power  delivered  to  the  load  by  the  network  is  then  measured. 
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The  insertion  gain  is  P2  -  P^  assuming  that  the  powers  are  in  a 
consistent  set  of  logarithmic  units  such  as  dBm's.  It  was 
found  that  the  network  topology  is  well  represented  by  the 
schematic  diagrams  in  the  design  range  of  the  network.  Out 
of  hand#  however#  responses  are  measured  which  require  the 
inclusion  of  parasitic  elements.  These  can  be  modeled  with 
reasonable  effectiveness  if  the  analyst  takes  sufficient  care. 

An  example  of  this  is  discussed  in  Section  7.2.2. 

Each  of  the  signal-processing  transistors  -  twelve  in  all  - 
was  unsoldered  and  removed  from  the  receiver,  and  its  parameters 
measured.  As  a  check  on  the  correctness  of  the  transistor  param¬ 
eterization#  two-tono  measurements  were  made  of  the  second  and 
third-order  nonlinear  transfer  functions  of  all  transistors,  as 
well  a3  their  insertion  gains.  All  of  the  measurements  were 
made  in  50  ohm  test  fixtures.  Predictions  of  the  nonlinear- 
transfer  functions  were  made  with  SIGNCAP.  Upon  confirmation 
of  the  modeling#  the  transistors  were  resoldered  into  their 
circuits.  The  removal  and  replacement  of  the  transistors  was 

non-destructive,  and  easily  accomplished  by  a  skilled  electronics 

»  , 

technician. 

With  the  interstage  networks  and  the  transistors  modeled, 
the  next  step  was  the  modeling  of  the  three  sections  of  the 
receiver.  Using  50  ohm  sources  and  loads#  insertion  gain  and 
swept  frequency  two-tone  nonlinear  transfer  function  measure¬ 
ments  were  made  of  the  tuner,  IF  preamplifier,  and  IF  amplifier. 
The  basic  instruments  used  to  measure  the  available  and  delivered 
powers  were  a  vector  voltmeter  and  a  spectrum  analyzer.  Input 
tones  were  combined  by  means  of  a  50  ohm  hybrid  junction. 

The  points  at  which  the  outputs  were  measured  were  the  C11-C12 
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junction  of  the  tuner , ,^3-?'Cl6  junction  of  the  preamplifier,  and 
the  input  to  Q6  of  the  IF  amplifier.  The  last  point  was  selected 
instead  of  the  more  obvious  selection  of  the  AM  detector  input, 
because  the  detector  input  is  a  high- impedance  point  which  does 
not  provide  a  convenient  monitoring  point  for  the  laboratory 
.measurements.  Predictions  of  the  various  nonlinear  transfer 
functions  were  made  using  SIGNCAP.  When  needed,  measurements 
and  predictions  were  also  made  at  interior  points  in  the  circuits 
It  was  generally  found  that  slight  adjustments  had  to  be  made 
to  the  previously  mod eil&d  network  parameters  in  order  to  match 
predicted  overall  responses  with  moasured  responses.  Transistor 
parameters,  however,  were  left  unchanged. 

When  the  modeling  of  the  tuner,  IF  preamplifier,  and  IF 
amplifier  was  completed,  the  three  units  were  connected  and 
measurements  made  on  the  overall  receiver.  Predictions  of  the 
overall  receiver  were  made  using  the  SIGNCAP  predictions*  of 
the  three  units,  combined  with  simple  cascading  theory. 

During  all  of  the  measurements,  the  receiver  was  tuned  to 
45  MHz  on  the  front  dial.  Since  the  intermediate  frequency  is 
21.4  MHz,  the  nominal  local-oscillator  frequency  is  66.4  MHz. 

The  sinusoidal  local  oscillator  amplitude  at  the  collector 
of  Q5  was  measured  to  be  2.9  volts  RMS.  Analysis  shows  that 
this  causes  the  mixer  to  operate  in  the  borderline  region  be¬ 
tween  small  and  large  local-oscillator  mixer  ftoffdry  since  the 
peak  local-oscillator  voltage  across  the  mixer  transistor 
internal  base-emitte'f^jtoyjction  is  computed  to  be  29.4  milli¬ 
volts.  All  measurements  were  made  with  the  AGC  grounded. 

•h 

Complete  SIGNCAP  coding  for  the  VHF  receiver  is  included  in 
Appendix  A. 
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7.2.2  Interstage  Network  Modeling 

The  purpose  of  this  section  is  to  describe  in  more  depth 
some  experimental  techniques  which  have  been  developed  in  model¬ 
ing  receiver  interstage  networks.  The  techniques  use  a  combina¬ 
tion  of  insight  and  experience,  and  allow  the  analyst,  to  achieve 
a  good  circuit  model  with  very  few  iterations  of  the  modeling 
process.  By  a  model  of  an  interstage  network  we  mean  a  circuit 
diagram,  with  explicit  component  values,  such  that  the  predicted 
effect  of  the  interstage  when  placed  in  the  remainder  of  the  cir¬ 
cuit  will  be  the  same  as  that  due  to  the  physical  circuit.  It  is 
thus  necessary  not  only  to  model  the  elements  which  have  been 
intentionally  designed  into  the  circuit,  but  also  the  parasitic 
elements,  primarily  series  inductance  and  shunt  capacitance, 
which  are  unintentionally  part  of  the  circuit. 

In  this  section  we  will  limit  the  discussion  to  two  port 
interstage  networks  such  as  illustrated  in  Fig.  7.7.  These 
networks  are  assumed  to  be  linear  passive  and  bilateral  and 
available  for  measurements  to  be  made  on.  Two  basic  techniques 
are  discussed  in  this  chapter  for  characterizing  the  interstage 
networks,  depending  on  their  intended  use.  For  networks  used 
to  couple  transistor  circuits,  where  the  source  and  load  impe¬ 
dances  are  typically  low,  the  only  measurements  which  were  made 
are  the  insertion  losses  in  a  50  ohm  system.  This  has  been  dis¬ 
cussed  in  the  previous  section.  For  networks  used  to  couple 
vacuum  tube  circuits,  where  the  source  and  load  impedances  are 
typically  high,  the  input  impedance  and  the  voltage  t  lesion 

ratio  between  a  50  ohm  generator  and  an  open-circuit  *^aci  can 
be  measured.  This  will  be  further  discussed  in  Section  7.9. 

In  both  cases,  the  measurements  are  made  over  the  entire  fre¬ 
quency  range  it  is  desired  to  characterize  the  network. 
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one©  the  measurements  ere  performed#  en  initial  circuit 
model  can  be  made  of  the  network  baaed  on  the  nominal  values  of 
the  network's  regie tori,  indue torn,  and  capacitors.  there  will 
be,  in  many  oaaea,  unknown  parameter a  due  to  variable  inductor a 
and  variable  capacitors,  initial  queasae  can  be  made  of  these 
component  value* ,  baaed  on  the  measured  frequency  response*, 
and  the  theoretical  relations  between  the  resonant  frequencies 
and  the  circuit  parameters* 

The  next  step  in  the  circuit  modeling  is  to  take  the  initial 
circuit  model  and,  using  a  linear  circuit  analysis  program,  pre- 
diet  the  same  parameters  as  were  measured*  The  input  impedance 
can  be  predicted  by  driving  the  network  with  a  one-ampere  cur¬ 
rent  sourae;  the  input  impedance  is  the  resulting  voltage  at  the 
input  terminals,  in  magnitude  and  phase.  The  insertion  loss  of 
the  network  in  a  SO  ohm  system  can  be  predicted  by  driving  the 
network  with  a  two-volt,  SO  ohm  generator,  and  terminating  the 
network  with  a  SO  ohm  load;  the  insertion  loss  in  dB  is  20  log^g 
times  the  voltage  across  the  50  ohm  load.  The  voltage  transmis¬ 
sion  ratio  between  a  J>b  .^hm  generator  and  an  open  circuit  load 
is  the  network's  predicted  output  voltage  when  driven  by  a  one- 
volt,  50  ohm  generator. 

The  predicted  and  measured  parameters  can  then  be  aompared 
over  the  entire  frequency  range.  Usually  several  iterations 
will  have  to  be  made  on  tuned  interstages  before  the  skirt  slopes 
and  major  resonant  frequencies  are  in  agreement.  At  this  point 
it  is  appropriate  to  insert  resistance  in  parallel  with  inductors 
so  that  the  resonant  circuits  will  have  the  proper  C#  as  indi¬ 
cated  by  correct  paxaraeter  values  in  the  vicinity  of  resonance; 
usually  the  Q  has  little  effect  away  from  resonance. 


At*  a  final  atop,  the  predicted  and  measured  parameters  can 
be  examined  for  the  effects  of  parasitic  elements,  Generally 
the  mo ut  important  para  attic#  are  aerie#  inductance  and  Nhunt 
capacitance!  although  one  may  alao  need  to  consider  series  re- 
•iatance  at  times,  live  effects  of  parasitica  are  usually  easy 
to  identify;  a  parasitic  inductance  in  aerie*  with  a  capacitor 
will  cause  an vitavaaae  in  transmission  if  the  capacitor  ia  in 
series  with  the  input~output  path#  or  a  decrease  in  transmission 
if  the  capacitor  ia  in  shunt  between  the  input-output  path  and 
ground.  Those  resonances  are  usually  high  Q,  and  the  value  of 
the  parasitic  can  be  initially  estimated  from  the  resonant  fre¬ 
quency  and  the  value  of  the  capacitance.  A  parasitic  aapacitana© 
in  parallel  with  on  inductance  will  cause  the  opposite  of  the 
above  effects,  i.o.,  a  parallel  resonance  in  series  with  an 
input-output  arm  will  cause  a  decrease  in  transmission,  and  an 
increase  in  tfUMsmission  when  in  a  shunt  arm. 

An  example  of  interstage  network  modeling  will  now  be  given 
to  illustrate  these  principles, 

7. 2. 2,1  Interstage  Network  Modeling  Example 

Figure  7.8  is  the  schematic  diagram  of  the  third  interstage 
network  in  the  tuner  of  the  VHP  receiver.  Inductor  L2C  and  L2D 
tune  the  stage  over  the  30-100  MHz  frequency  range.  Inductors 

L8  and  L9,  ancfeapacitors  C19  and  C22  are  trimmers  which  are  ,,, . ^ 

adjusted  by  the  manufacturer  so  that  the  tracking  of  the  tuner 
is  satisfactory  over  the  frequency  range.  The  primary  selectivi¬ 
ty  of  the  staga  is  due  to  the  parallel  resonances  of  C18,  C19, 

L8,  L2C,  and  C22,  C23,  L9,  L2D,  with  C20  and  C21  providing  the 
coupling  between  the  stages.  If  L3  and  L9  were,  in  fact,  zero, 
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the  interstage  would  be  a  class io  capacitance  coupled  double- 
tuned  interstage  network*  the  insertion  gain  of  which  decreases 
monotOnioally  towards  aero  at  low  frequencies*  and  tends  towards 
a  constant  value  above  resonance. 

Figure  7.9  shows  the  insertion  gain  measured  for  this 
network  in  a  50  ohm  systora,  when  the  receiver  was  tuned  to  45  i 

i 

on  the  front  panel.  The  low  frequency  slope  is  monotonic*  as 
expected*  and  the  network  peaks  at  47  MHz.  The  insertion  gain 
tends  towards  a  constant  value  of  -26  dB  in  the  60-100  MHz  region* 
but  then  has  an  unexpectedly  low  loss  at  245  MHz*  and  a  high  loss 
at  400  MHz. 

An  examination  of  the  schematic  shows  that  if  L8  and  L9  are 
much  smaller  than  L2C  and  L2D,  the  possibility  exists  of  a  higher- 
than-tuned-freque^S^.  Series  resonance  between  L8,  L9*  and  C21, 
which  would  account  for  the  lew  loss  at  245  MHz.  The  high  loss 
at  400  MHz  may  be  due  to  a  series  resonance  between  C18  and  a 
parasitic  series  inductance*  and  C23  and  a  parasitic  load  in¬ 
ductance.  With  those  clues*  the  first  step  in  the  modeling  is 
to  find  network  values  such  that  the  main  response  is  well 
modeled.  A  network  for  which  this  is  so  is  shown  in  Fig.  7.10, 
and  its  predicted  insertion  gain  is  shown  in  Fig.  7.11.  The 
network  is  seen  to  resonate  at  the  correct  frequency*  and  to 
have  a  reasonably  ^constant  insertion  gain  above  resonance.  ,• 

The  next  step  is  to  reapportion  the  total  inductance  of 
L8  and  L2C  (and  L9  and  L2D)  so  that  the  main  resonance  is  un¬ 
changed,  but  the  second  resonance  occurs  at  245  MHz.  It  is 
found  that  this  occurs  with  L8  equal  to  0.0565  |jh,  and  L2C  - 

equal  to  C.29  jjh.  The  series  resonance  at  400  MHz  can  be 
modeled  by  lumping  Cl8  and  Cl9  together,  and  C22  and  C23  together, 
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and  inserting  0.008  yji  in  series  with  each  of  them.  The  result¬ 
ing  circuit  model  is  shown  in  Fig.  7.12,  and  the  measured  and 
predicted  insertion  gains  are  shown  in  Fig.  7.13.  It  is  evident 
that  the  circuit  model  is  a  good  representation  of  the  network. 

A  close  look  at  Fig.  7.12  shows  that  Rll  was  changed  from  4.7K 
to  2K.  This  was  done  so  that  the  predicted  peak  insertion  gain 
is  the  same  as  the  measured  insertion  gain. 

As  a  final  point,  it  should  be  noted  that  there  is  a  slight 
detuning  between  the  prediction  and  measurement  in  the  400  MHz 
region.  If  necessary,  a  slightly  different  choice  of  the  para¬ 
sitic  inductor  values  would  improve  this  match.  It  was  not  felt 
necessary,  however,  for  this  application. 

In  Section  7.9  comparisons  are  shown  between  predicted  and 
measured  network  input  impedances  and  voltage  transfer  ratios 
for  vacuum-tube  interstage  networks.  The  network  models  were 
formed  using  the  same  techniques  as  described  here. 

7.3  Tuner  Modeling 

The  analysis  of  the  tuner  is  from  RF  inputs  at  J1  to  IF 
outputs  at  J2.  The  mixer  was  modeled  as  a  small  local-osci llatf&T 
mixer,  with  the  desired  difference  frequency  the  result  of  a 
second-order  mix.  The  local  oscillator  was  measured  to  have  an 
amplitude  of  2.9  volts  rms,  which  results  in  a  predicted  internal 
base-emitter  voltage  in  the  mixer  transistor  of  29  mV.  Thus,  the 
mixer  is  operating  slightly  above  the  25  mV  breakpoint  which  was 
taken  in  Section  6.3  to  be  the  transition  from  small  to  large 
local-oscillator  drives.  Three  nonlinear  transfer  functions  are 
considered  in  ^.is  section. 
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The  second-order  nonlinear  transfer  function  describes  the 
mixing  of  the  input  signal  and  the  local  oscillator  to  produce 
the  intermediate  frequency.  In  the  tuner,  the  local-oscillator 
is  nominally  21.4  MHz  higher  in  frequency  than  the  signal  to  give 
an  IF  of  21.4  MHz.  The  receiver  will  have  an  image  response 
21.4  MHz  above  the  local  oscillator  frequency,  or,  alternatively, 
42.8  MHz  above  the  desired  signal  frequency.  Measurements  and 
predictions  of  the  second-order  nonlinear  transfer  function  will 
be  presented.  The  second-order  nonlinear  transfer  function  is 
described  as  the  equivalent  first-order  nonlinear  transfer  function. 

The  third-order  and  fourth-order  nonlinear  transfer  func¬ 
tions  of  the  tuner  are  defined  with  one  frequency  equal  to  the 
local  oscillator  frequency,  and  the  remaining  two  and  three  fre¬ 
quencies,  respectively,  variable.  Thus,  the  third-order  and 
fourth-order  transfer  functions  can  be  measured  with  conventional 
two-tone  probing  signals  at  and  f^.  Measurements  and  predic¬ 
tions  will  be  shown  for  the  case  of  f^  ±  f 2  and  2f^  -  f 2  set 
equal  to  45  MHz,  the  tuned  frequency.  These  inputs  result  in 
intermodulation  products  at  the  intermediate  frequency.  The 
third  and  fourth-order  nonlinear  transfer  functions  are  inter¬ 
preted  as  the  ecru  1  valent  second  and  third-order  nonlinear  trans¬ 
fer  functions  for  the  tuner. 

7.3.1  Second-Order  Nonlinear  Transfer  Function  (Equivalent 
First-Order  Nonlinear  Tra nsfer  Function) 

The  second-order  response  of  the  tuner  is  its  desired  output 
frequency  response.  If  the  input  signal  is  at  a  frequency  f^, 
then  the  output  is  at  a  frequency  fLQ  -  f^,  which  is  a  second- 
order  mixer  response.  The  equ ivalent  first-order  transfer 
function  iss 
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(7.1) 


where 

=  signal  frequency, 
frr.  =  local-oscillator  frequency, 

IiU 

A  -  local-oscillator  amplitude  in  peak  volts, 

eq 

The  measurement  of  is  performed  by  a  single  tone  test. 

The  input  signal  available  power  and  the  difference  frequency 
delivered  power  are  measured.  The  difference,  in  dB,  between 
the  two  is  the  (equivalent)  insertion  conversion  gain  of  the 
tuner.  This  is  6  dB  higher  than  the  (equivalent)  first-order 
transfer  function.  Figure  7.14  shows  the  measured  and  predicted 
gains.  It  is  noted  that  they  are  in  excellent  agreement  over 
the  measured  range  30  to  100  MHz,  with  the  exception  of  a  slight¬ 
ly  low  prediction  at  44  MHz,  and  high  prediction  at  48  MHz. 

Several  points  should  be  noted  with  regard  to  the  predictions. 
They  cover  a  120  dB  range,  and  are  in  basically  good  agreement 
over  the  entire  range.  The  fourth-order  correction  term  was  not 
included  in  the  predictions.  The  secondary  peak  which  occurs  in 
the  neighborhood  of  88  MHz  is  the  image  response  of  the  receiver, 
which  occurs  when  the  input  signal  frequency  is  fJF  +  f LQ.  Since 
fIF  ®  21.4  MHz,  and  =  66.6  MHz,  the  image  frequency  should  be 
88  MHz,  The  prediction  of  the  image  response  is  quite  good.  The 
null  at  66.6  MHz  is  a  zero-beat,  which  occurs  when  the  signal 
frequency  is  the  same  as  the  local-oscillator  frequency. 
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Fig.  7.14. 


Measured  and  Predicted  Fixst- Order  Equivalent 
Insertion  Gain  for  the  VHF  Tuner. 


The  third-^Jfcte/  nonlinear  transfer  function  of  the  tuner  was 


measured  in  a  two-tone  test.  Two  tones,  at  frequencies  f^  and 
f2,  with  f^  ±  f2  equal  to  45  MHz,  were  inputs,  and  the  IF  output 
signal  at  i'L0  -  (f^fj)  was  measured.  Since  the  input  was  a 
two-tone,  with  the  third  frequency  being  the  local-oscillator, 
it  was  decided  to  characterize  the  third-order  nonlinear  transfer 


function  as  an  equivalent  second- order  nonlinear  transfer  func¬ 
tion,  H2eq,  given  by: 


H2q<~fl#:fcf2JfLO^  “2  H3  ^fl'±f2*fL0^  * 


(7.2) 


where  A  is  the  peak  amplitude  of  the  local-oscillator,  and 
(- f  1 ,  ±f2 ,  £lq)  *-s  t*ie  actual  third-order  nonlinear  transfer 
function  of  the  tuner  for  the  three  input  frequencies,  f^,  ±f2. 


The  equivalent  second-order  nonlinear  transfer  function 
was  measured  in  the  laboratory,  and  predicted  with  the  SIGNCAP 
software.  The  experimental  data  and  predictions  are  shown  in 
Fig.  7.15.  The  equivalent  second  nonlinear  transfer  function 
peaks  in  the  80  to  100  MHz  range.  Since  -f2  is  equal  to 
45  MHz,  f-  varies  from  35  to  55  MHz,  which  covers  a  range  of 
peak  insertion  gain,  and  causes  the  peaking  of  the  equivalent 
second-order  nonlinear  transfer  function.  Thus  f2  is  an  in- 
band  signal  over  the  significant  range  of  the  equivalent  second- 
order  response,  and  one  might  expect  the  co-channel  interference, 
which  is  a  linear  response,  to  be  more  significant  than  the  inter¬ 
ference  due  to  the  equivalent  second-order  response. 
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EQUIVALENT  SECOND-ORDER  NONUNEAR  TRANSFER  FUNCTION  fNdB 


Fig 


INPUT  FREQUENCY  f\  (IN  MHz) 


.  7.15  Measured  and  Predicted  Second-Order 
equivalent  Nonlinear  Transfer 
Function  for  the  VHP  Tuner. 
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It  is  soon  that  the  equivalent  second- order  nonlinear 
transfer  function  covers  a  rang  a  of  about  60  dB  for  the  fre¬ 
quency  range  of  60  to  100  MHa.  The  prediction  error  is  in  the 
order  of  4  to  6  dB  over  this  range* 
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7.3.3  Fourth-Order  Nonlinear  Transfer  Function  (Equivalent 
Third-Order  Nonllnonr  Transfer  Function) 

The  final  nonlinear  transfer  function  which  was  measured 
and  predicted  is  the  four-fh-order.  Tills  transfer  function  was 
measured  by  means  of  a  two-tone  test,  in  which  two  tones  at 
frequencies  f^  and  f^,  with  2f^  -  f2  “  45  MHz,  were  injected 
at  the  receiver  input,  and  the  fourth-order  intermodulation 
response  at  f^Q  -  (21!^— f0 )  was  measured  at  the  IF  output.  As 
with  the  other  transfer  functions,  it  is  convenient  to  consider 

JiSsv, . 

an  equivalent  third-order  nonlinear  transfer  function, 

~ # ^2 *  *  *nstea{*  of  the  fourth-order  transfer 

function,  (~f^,-f^,  f2#  fLQ)  ?  the  two  are  related  bys 

**3*  ^“fl,’“fl»  f2f  fLO^  “  “^**4  (7*3) 


The  measured  and  predicted  equivalent  third-order  nonlinear 
transfer  factions  are  shown  in  Fig.  7.16.  It  is  seen  that  the 
prediction  is  in  good  basic  agreement  with  the  measurement,  a»;M^ 
from  a  slight  frequency  shift  and  the  point  at  44  MHz.  It  should 
also  be  noted,  in  evaluating  Fig.  7.16,  that  the  frequency  of  the 
second  tone,  f2»  covers  a  wide  range,  as  2f^  -  f2  =  45  MHz.  Thus, 
for  the  range  35  MHz  <  f1  <  80  MHz,  we  find  25  MHz  <  f2  <  115  MHz* 
the  equivalent  third-order  nonlinear  transfer  function  exercises 
the  model  over  a  much  wider  range  than  does  the  equivalent  second- 
order  transfer  function. 
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7  «4  IF  Preamplifier  Modeling 

The  response  of  the  IF  preamplifier  was  also  measured  by 
means  of  one  and  two-tone  tests  in  a  50  ohm  system*  The  one- 
tone  test  was  used  to  measure  insertion  gain,  and  the  two-tone 
test  to  measure  the  second  and  third-order  nonlinear  transfer 
functions, 

7.4.1  First-Order  Transfer  Function  Measurement 
and  Prediction 

The  irsertion  gain  of  the  preamplifier  in  a  50  ohm  system 
is  6  dB  higher  than  the  first-order  nonlinear  transfer  function. 
The  measured  and  predicted  insertion  gains  are  shown  on  Fig. 

7.17.  Observe  that  the  preamplifier  has  a  maximum  response 
around  the  nominal  21.4  MHz  center  frequency,  and  a  bandwidth  ” 
of  the  order  of  2  MHz.  The  peak  insertion  gain  is  27  dB,  with 
the  gain  at  half  and  double  the  tuned  frequency  of  the  order  of 
-60  dB.  The  predicted  insertion  gain  is  in  good  agreement  in 
the  frequency  range  around  the  intermediate  frequency,  and 
somewhat  above  the  measured  insertion  gain  at  lower  and  higher 
frequencies. 

The  measurements  shown  in  Fig.  7.17  were  mad®  with  the 
limiter  diodes,  CR1  and  CR2  of  Figure  7.4,  removed  from  the 
circuit.  Measurements  made  with  the  diodes  in  the  circuit  show 
their  principal  effects  to  be  a  slight  decrease  in  the  resonant 
frequency  and  a  lowering  of  the  high-frequency  gain  by  a  few 
dB.  Thus  the  diodes  can  be  well  represented  simply  by  fixed  ca¬ 
pacitors  provided  they  are  not  being  driven  by  a  signal  large  with 
respect  to  kT/q  volts. 
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Fig^  7.17  Insertion  Gain  of  the  VHF  IF  Preamplifier 
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7.4.2  Second-Order  Nonlinear  Transfer  Function 

^cond-order  nonlinear  transfer  function  was  measured 
by  means  of  a  two- tone  test.  Two  tones  at  frequencies  f^  and 
f with  f j  i  fj  °  21.4  MHz  were  used  as  the  input  signal.  The 
output  at  21.4  MHz  was  measured. 

The  measured  and  predicted  second-order  nonlinear  transfer 
functions  are  shown  on  Fig.  7.18.  They  are  seen  to  be  in  excel¬ 
lent  agreement  over  the  range  3.4  MHz  <  f^  <  90  MHz.  The  trans¬ 
fer  function  is  relatively  flat  over  this  wide  frequency  range, 
except  for  the  null  at  the  tuned  frequency  of  21.4  MHz.  This 
response  quite  understandable.  The  input  network  to  Ql  is  a 
broadband  resistive  network,  with  a  DC  decoupling  capacitor  Cl. 

For  all  frequencies  between  the  cutoff  of  this  RC  network#  and 
the  high-frequency  limitations  of  Ql  itself,  the  distortion  pro¬ 
duced  by  Ql  should  be  relatively  constant.  Due  to  the  selectivity 
of  the  Q2-Q3  interstage#  Q3  should  generate  little  second-order 
distortion.  Thus#  the  main  contributor  to  the  second-order  non¬ 
linear  transfer  function  of  the  preamplifier  should  be  Ql,  which 
will  result  in  a  constant  second-order  transfer  function  except 
for  a  null  at  near  21.4  MHz#  for  which  f2  is  0  Hz#  and  a  grad¬ 
ual  roll-off  at  high-frequencies  due  to  the  cutoff  of  Ql. 


7.4.3  Third-Order  Nonlinear  Transfer  Function 

The  third-order  nonlinear  transfer  function  was  also  measured 
by  means  of  a  two-tone  test.  Two  tones  of  frequency  f^  and  f2# 
with  2f^  ±  f2  =  21.4  MHz,  were  used  as  the  input  signal  and  the 
output  at  21.4  MHz  was  measured.  The  third-order  nonlinear  trans¬ 
fer  fu&^tion  was  then  computed  from  the  measured  output  power 
at  21.4  MHz  and  the  known  input  powers  at  f^  and  fg. 
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Results  and  theoretical  predictions  are  shown  on  Fig.  7.19. 
In  contrast  to  the  second-order  transfer  function,  the 
order  is  extremely  frequency  sensitive.  It  peaks  at  the  tuned 
frequency,  and  drops  sharply  on  either  side.  This  behavior 
shows  that  the  second  stage,  Q3-Q4,  is  the  source  of  the  third- 
order  nonlinear  distortion  for  signals  close  to  the  intermediate 
frequency.  The  explanation  of  this  is  that  when  the  tones  are 
near  the  center  frequency  of  the  preamplifier,  they  are  ampli¬ 
fied  by  the  first  stage,  Q1-Q2.  The  resulting  stronger  signals 
then  cause  significant  third-order  intermodulation  to  be  pro¬ 
duced  in  Q3-Q4.  When  the  tones  are  away  from  the  center  Frequen¬ 
cy,  the  selectivity  of  the  first  stage  attenuates  the  signals 
applied  to  the  second  stage,  and  thus  only  the  first  stage  inter¬ 
modulation  is  then  significant.  The  agreement  between  the  pre¬ 
dicted  and  measured  third-order  transfer  functions  is  again  good 
for  both  in-band  and  out-of-band  interference. 

7.o  IF  Amplifier  Modeling 

The  measurements  and  predictions  presented  in  this  section 
are  those  of  the  first  order  (linear)  transfer  function  and  the 
third-order  nonlinear  transfer  function  of  the  IF  amplifier. 

No  second-order  data  are  presented,  as  the  receiver  selectivity 
preceding  the  IF  amplifier  precludes  the  generation  of  signifi¬ 
cant  second-order  products  in  the  IF  amplifier. 

The  IF  amplifier  has  the  narrowest  bandwidth  and  highest 
impedanc  levels  and  gains  of  the  three  receiver  modules.  As 
such,  the  modeling  of  the  IF  amplifier  presented  some  problems 
which  were  not  present  in  the  tuner  or  IF  preamplifier.  The 
two  tuned  interstage  networks  were  modeled  by  means  of  insertion 
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loss  measurements  in  a  50  ohm  system,  followed  by  transmission 
measurements  in  the  IF  amplifier.  'Sifts  rationale  for  this  two- 
step  modeling  is  as  follows.  The  networks  are  high  Q,  narrow- 
band  networks.  Both  interstage  networks  are  double-tuned  net¬ 
works,  with  the  two  tuned  circuits  coupled  by  small  capacitors. 
Each  of  the  interstages  has  a  capacitive  divider  on  its  output,  used 
for  impedance  transformation.  For  the  frequency  range  of  inter¬ 
est,  input  impedances  of  the  interstage  networks  are  high  compared 
to  50  ohms,  and  insertion  loss  measurements  in  a  50  ohm  system 
serve  primarily  to  model  the  transfer  characteristics  of  the 
coupling  capacitor  and  the  output  tuned  circuit.  If  the  network 
is  then  driven  by  a  known  transistor,  the  input  tuned  circuit 
can  be  readily  modeled.  This  procedure  was  followed  for  the  two 
interstage  networks.  Figure  7.20  shows  the  model  for  the  first 
interstage  network. 

A  comparison  of  Figure  7.20  with  the  IF  amplifier  schema¬ 
tic  shows  that  the  schematic  diagram  alone  does  not  sufficiently 
model  the  tuned  interstage.  It  was  necessary  to  shunt  the  induc¬ 
tors  with  resistors  in  order  to  have  the  correct  resonant  impe¬ 
dance?  this  is  simply  control  of  che  circuit  Q.  It  was  also 
necessary  to  modal  an  interesting  parasitic  effect.  Consider 
Fig.  7.21,  the  photograph  of  the  IF  amplifier  circuit  board. 

Two  arrows  are  shewn  on  the  figure,  one  pointing  to  the  input 
of  the  first  tuned  interstage  notwork,  and  the  other  to  the  out¬ 
put  o£  the  first  tuned  interstage  network.  It  is  seen  that  the 
input  and  output  are  quite  close  together,  and  are  thus  effective¬ 
ly  coupled  together  by  a  small  capacitive  impedance.  Figure  7,20 
shows  that  this  capacitor  is  modeled  as  being  0.22  pf. 

Figure  7.22  shows  the  measured  Insertion  loss  of  this  network. 


530 


<r> 

ID 


oc  c n 

•p>  Q 

i D< 

X  ^ 


V) 

S 

X 

o 


y  8 

2  E 


2  2Z 


WWW 

flC  "-J  O 


£ 

g 

4J 

0) 

c 


0) 

tr> 

(0 

4-> 

m 

D 

0 

4-1 

C 

•H 


tn 

H 


O 


<U 

'D 

O 

B 


4-1 

•H 

p 

•H 

o 


o 

CN 


tP 

♦H 

fa 


a.  IF  Amplifier  Card  -  Component  Side 

Q_  Collector! 

I  Base 
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Fig.  7.21  IF  Amplifier  and  Detector  Card. 
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Fig.  7.22 


Insertion  gain  of  IF  interstage  network  l . 


Also  shown  on  Fig.  7.22  are  two  predicted  insertion  losses  for 
the  network,  one  based  on  the  circuit  diagram,  and  the  other  on 
the  circuit  model  of  Fig.  7.20,  which  includes  the  0*22  pf 
parasitic  capacitor  and  the  shunt  resistors.  The  effect  of  the 
capacitor  is  striking  -  without  it  the  high  frequency  loss  in¬ 
creases  rapidly  with  frequency,  while  with  the  capacitor  the  high 
frequency  loss  decreases  rapidly  with  frequency.  Effects  such 
as  this  can  be  readily  observed  and  modeled  when  working  on  the 
circuit  level. 

In  modeling  high-Q,  narrow-band  tuned  circuits,  it  was  also 
found  that  simply  matching  transmission  gains,  while  adequate 
for  modeling  of  the  first-order  response,  might  prove  inadequate 
for  nonlinear  response.  This  occurs  when  nonlinearities  in  the 
collector  circuit  enter  into  the  distortion  generation.  In 
this  case  it  is  also  necessary  to  match  the  linear  response 
at  internal  points  in  the  amplifier  circuitry,  as  well  as  just 
at  the  input-output  terminals.  This  matching  can  be  conveniently 
done  by  means  of  a  linear  circuit  analysis  program. 

7 . 5 . 1  First-Order  Transfer  Function  Measurement 
and  Prediction 

The  measured  and  predicted  insertion  gains  of  the  IF  ampli¬ 
fier  are  shown  in  Fig.  7.23.  The  IF  amplifier  appears  to  be 
critically  tuned,  with  a  21.4  MHz  center  frequency,  midband-gain 
of  16  dB,  and  500  kHz  bandwidth.  The  frequency  range  of  Fig. 

7.23  is  20.5  to  22  MHz  and  the  insertion  gain  varies  over  a 
40  dB  range.  The  IF  amplifier  is  tuned  to  its  21.4  MHz  center 
frequency,  and  the  bandwidth  is  the  desired  500  kHz.  The  agree¬ 
ment  between  prediction  and  measurement  is  considered  acceptable 
over  the  entire  range.  It  should  be  noted  that  the  prediction 
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is  across  a  50  ohm  load  at  the  first  .limiter  (Q6-Q7)  input.  The 
input  to  the  AM  detector  would  be  approximately  39  dB  higher 
than  shown  in  Fig.  7.23,  as  the  50  ohm  load  in  series  with  R27 
causes  a  15  dB  loss,  vfoile  the  C18-C19  capacitive  divider  causes 
a  24  dB  loss.  It  should  also  be  noted  that  the  AM  detector  diode 
was  disconnected  when  these  measurements  were  made.  The  AM  de¬ 
tector  input  is  a  high  impedance  point  and  does  not  provide  a 
convenient  monitoring  point  for  the  laboratory  measurements. 

The  input  to  Q6,  however,  is  a  lower  impedance  point.  Therefore, 
measurements  of  the  overall  IF  transfer  functions  were  made  with 
the  input  at  the  R1-R2  junction,  and  the  output  at  the  R27-R30- 
R3  junction  with  Q6  disconnected.  The  effect  of  the  diode  will 
be  considered  in  detail  in  Section  7.7. 

7.5.2  Third-Order  Nonlinear  Transfer  Function 

A  spot  check  of  the  2f^-f2  transfer  function  was  made  at 
three  different  values  of  f^,  with  2f^-f2  held  constant  at  21.4 
MHz.  Table  7.2  shows  the  measured  and  predicted  values  of  the 


TABLE  7.2 

IF  Amplifier  Third-Order  Nonlinear 
Transfer  Functions 


f1  (MHz)  f2  (MHz) 


H3  {fl'  fl  '”f2)  '  (dB) 
Measured  Predicted 


21.3 

21.2 

84.4 

78.9 

21.5 

21.6 

70.4 

65.9 

22.5 

23.6 

6.4 

6.4 
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third-order  nonlinear  transfer  function  for  the  three  points. 

The  first  point,  f^  =  21.3  MHz  and  f^  -  21.2  MHz#  is  a  case 
of  in-band  interference.  The  measured  third-order  nonlinear 
transfer  function  is  84.4  dB;  its  large  magnitude  is  due  to  the 
fact  that  the  distortion  is  produced  in  the  Q3-Q4  pair,  and  has 
the  full  gain  of  Q1-Q2  and  the  first  tuned  interstage  network. 

The  second  point,  f^  =  21.5  MHz  and  f 2  =  21.6  MHz#  is  on  the  edge 
of  the  first  interstage's  passband.  While  the  distortion  is 
still  primarily  in  Q3-Q4  its  amplitude  is  down  14  dB  from  that 
of  the  first  point.  The  final  point#  ^  =  22.5  MHz,  f =  23.6  MHz, 
is  out-of-band  with  respect  to  the  IF  tuned  circuits,  and  the 
distortion  is  produced  in  the  Q1-Q2  pair.  The  third-order  nonlinear 
transfer  functions  are  considered  to  be  in  sufficiently  good  agree¬ 
ment  with  the  measured  data  to  confirm  the  modeling  of  both  the 
transistors  and  the  passive  networks. 

7.6  Detector  and  AGC  Effects 

In  this  section  we  present  experimentally  determined  detector 
and  AGC  characteristics.  The  predictions  and  measurements  of  the 
previous  four  sections  were  all  made  with  the  AGC  circuit  grounded, 
and  the  AM  detector  diode  disconnected.  In  actual  operation,  of 
course,  the  detector  diode  would  be  connected  and  the  AGC  would 
be  operative.  Since  the  SIGNCAP  transistor  model  has,  as  input 
parameters,  the  operating  points  of  the  transistors,  the  effect 
of  varying  input  levels  of  signal  and  interference  can  be  taken 
into  account  by  an  iterative  analysis  which  determines  a  consistent 
solution  to  the  closed  loop  system  of  the  nonlinear  receiver  and 
its  AGC  and  detector  characteristics. 


7.6.1  The  AM  Detector 


The  IF  amplifier  has  been  analyzed  so  far  with  the  output 
taken  at  the  FM  limiter  input,  and  CRl,  the  AM  diode  detector, 
disconnected.  In  actual  operation,  of  course,  the  diode  is  in 
place,  and  will  load  the  second  tu..ied  interstage  network.  In 
order  to  determine  the  extent  of  V,tis  loading,  the  diode  was 
reconnected  and  the  IF  amplifier  measurements  repeated.  In  the 
course  of  the  measurements  it  became  evident  that  the  insertion 
gain  of  the  IF  amplifier  was  not  a  unique,  repeatable  quantity 
for  a  given  frequency.  Further  investigation  showed  that  the 
insertion  gain  was,  in  fact,  a  function  of  the  amplitude  of  the 
signal  being  detected,  with  the  gain  decreasing  with  smaller 
signals . 

Figure  7.24  shows  the  measured  insertion  gain  under  three 
conditions,  namely  (1)  the  AM  detector  diode  disconnected,  (2) 
the  AM  detector  diode  connected  and  the  signal  across  a  50  ohm 
load  at  the  Q8  input  set  at  -30  dBm,  and  (3)  the  diode  connected 
and  the  signal  set  at  -50  dBm.  It  is  seen  that  as  the  signal 
level  decreases  the  peak  insertion  gain  decreases  both  in  amplitude 
and  the  frequency  at  which  it  occurs. 

Tn  order  to  find  a  physical  explanation  for  this,  we  return 
to  the  circuit  diagram.  Fig.  7.6.  The  AM  detector  diode,  CRl, 
goes  between  a  high  impedance  point  (the  junction  of  L4  and  C18) , 
and  its  filter  and  buffer  amplifier,  R24,  C20,  and  05.  If  the 
input  impedance  of  CRl  were  level  dependent,  then  the  variable 
insertion  gain  would  be  understood.  Table  7.3  shows  the  DC 
voltage  measured  at  the  cathode  of  CRl,  and  the  peak  AC  voltage 
computed  at  the  anode  of  CRl  for  several  power  levels  defined 
at  the  limiter  input.  The  AC  voltage  was  computed,  not  measured, 
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TABLE  7 . 3 


CRl  DETECTOR  VOLTAGES  AT  21.4  MHz 


Power  in 
50  ohms  at 
Q6  Input 


Peak  Anode 
Voltage,  CRl 
(Computed) 


DC  Cathode 
voltage,  CRl 
(Measured) 


None 

0.000 

-50  dBm 

0.086 

-40  dBm 

0.272 

-30  dBm 

0.860 

V  -0.0964  V 

V  -0.0890  V 

V  0.000  V 

V  +0.4052  V 


as  the  act  of  measuring  would,  in  itself,  change  the  voltage 
being  measured.  The  computation  was  based  on  the  predicted 
voltage  transfer  function  between  the  limiter  input  and  the  AM 
detector  input.  The  table  shows  that  at  -30  dBm  there  is  a  peak 
forward  voltage  across  the  diode  of  about  0.46  volts.  During 
most  of  the  cycle  the  voltage  is  less  than  this;  indeed,  the 
diode  is  reverse  biased  for  approximately  67%  of  the  cycle. 

For  a  -50  dBm  level,  however,  the  diode  is  never  reverse  biased, 
and  has  a  peak  forward  bias  of  0.175  volts.  It  is  thus  reasonable 
to  expect  the  detector  to  present  a  signal  level  dependent  impe¬ 
dance  to  the  interstage  network. 
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With  this  insight  into  the  AM  detector  operating  points# 
we  now  seek  reasonable  models  for  the  input  terminal  behavior 
of  the  detector.  Figure  7.25  shows  the  experimental  data  of 
Fig.  7.23#  along  with  two  predicted  curves.  In  one  set  of 
predictions#  the  detector  circuitry  is  replaced  by  a  parallel 
combination  of  1.25  pF  and  10  K  ohms  to  ground;  this  is  seen 
to  model  reasonably  well  the  detector  behavior  at  -30  dBm.  The 
second  set  of  predictions  are  for  the  detector  circuitry  replaced 
by  a  parallel  combination  of  2.0  pF  and  3.0  K  ohms;  this  is  seen 
to  model  the  -50  dBm  results. 

The  linearity  of  the  AM  detector  was  measured  by  the  follow¬ 
ing  exp  riment.  The  IF  amplifier  was  tested  as  an  isolated  unit, 
with  an  AM  signal  used  as  its  input.  The  modulation  frequency 
was  kept  at  4  KHz,  and  the  input  carrier  level  was  kept  at  -42 
dBm;  This  produces  an  output  carrier  level  of  -30  dBm  at  the  limiter 
input  monitor  point.  The  modulation  index  was  varied  over  a  wide 
range,  and  the  AM  detector  output  voltage  was  measured  with  an 
audio  vdltmeter,  which  was  calibrated  in  dBm  relative  to  a 
600  ohm  load.  Figure  7.26  shows  the  measured  transfer  function. 

It  is  seen  that  the  detector  has  at  least  a  30  dB  linear  range, 
corresponding  to  a  modulation  index  of  slightly  greater  than 
30%.  In  a  second  test,  the  modulation  index  was  kept  constant 
at  30%,  and  the  modulation  frequency  varied  from  100  Hz  to 
60  KHz,  The  detector  output  was  essentially  flat  up  to  20  KHz# 
and  down  3  dB  at  60  KHz. 

7.6.2  FM  Detector 

The  FM  detector  consists  of  two  stages  of  bandpass  limiting 
in  transistors  Q6-Q7,  and  Q8-Q9,  followed  by  a  diode  discrimina¬ 
tor.  The  discriminator  output  is  buffered  by  CIO,  an  emitter 
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Pig.  7.26.  AM  detector  transfer  function. 
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follower.  The  measured  discriminator  response  is  shown  in 
Fig.  7.27.  In  taking  the  data,  the  input  was  a  tone,  kept 

at  a  constant  amplitude  of  -30  dBm  at  the  input  to  Q6.  The 
linear  range  of  the  discriminator  is  seen  to  be  21.1  to 
21.7  MHz,  and  the  sensitivity  is  11.6  voits/MHz,  or,  equiv¬ 
alently,  11.6  mv/KHz. 

7.6.3  AGC 

The  input  to  the  AGC  amplifier  is  the  AM  detector  output 
of  the  IF  amplifier.  The  output  of  the  AGC  amplifier  is  the 
delayed  AGC  to  the  RF  tuner,  and  the  normal  AGC  to  the  pre-IF 
amplifier.  Figure  7.28  shows  the  measured  relevant  AGC 
characteristics  of  the  receiver.  The  abcissa  is  available  input 
power,  in  dBm,  to  the  RF  tuner.  The  left-hand  ordinate  are  the 
AGC  voltages,  and  the  right-hand  ordinate  is  the  power  measured 
in  50  ohms  at  the  FM  limiter  input,  our  conventional  monitoring 
point.  The  measurements  were  made  with  an  input  which  was  a 
45.5  MHz  tone. 

The  AGC  is  inoperative  for  inputs  below  approximately  -94 
dBm.  For  input  levels  lower  than  -94  dBm,  the  receiver  output 
power  increases  approximately  as  the  1.5  power  of  the  input 
power.  This  is  due  to  the  previously  noted  level-dependent  in¬ 
put  impedance  of  the  AM  detector  diode.  For  inputs  between 
-94  dBm  to  about  -90  dBm,  the  receiver  is  in  a  transition  state, 
with  the  AGC  beginning  to  operate.  For  inputs  greater  than 
-90  dan  the  output  is  about  -23  dBm.  The  output  cannot  be 
exactly  constant,  of  course,  or  there  would  not  be  an  error 
signal  to  feed  back  to  the  AGC  circuitry.  The  slope  of  the  out¬ 
put  curve  is  approximately  0.0225  dB  output/dB  input. 
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IF  AMPLIFIER  INPUT  FREQUENCY 
Fig.  7.27.  PM  discriminator  raaponsa. 


AGC  VOLTAGE  (  DLTS) 


DELIVERED  OUTPUT  POWER 


7.7  Complete  Predetection  Receiver 


The  complete  predetection  portion  of  the  VHP  receiver  was 
modeled  by  considering  the  RF  tuner,  pre-IP  amplifier,  and  IP 
amplifier  as  separate  segments  for  analysis  purposes.  These 
segments,  or  receiver  subsystems*  are  shown  in  Fig.  7.29.  Source 
and  load  impedances  as  well  as  interstage  output  and  input  im¬ 
pedances  are  noted  in  the  figure.  The  three  segments  were  ana¬ 
lyzed  to  determine  the  overall  nonlinear  transfer  functions  by 
utilizing  the  cascading  theory  with  linear  interaction  correc¬ 
tions  as  discussed  in  Chapter  2,  Section  2.3.  This  approach  con¬ 
serves  computer  effort  within  the  limitation  of  SIGNCAP.  Hie 
cascade  calculation  can  be  either  accomplished  manually  or  by 
using  the  cascading  options  in  SIGNCAP.  Division  of  the  receiver 
at  the  interfaces  described  is  natural  and  can  be  expected  to  be 
quite  successful  since  the  tuner,  pre-IF,  and  IF  amplifier  inter¬ 
faces  all  have  source  and  load  Impedances  that  are  essentially 
resistive  and  broadband  over  the  frequency  regions  of  concern. 

In  the  following  sections  we  shall  outline  the  theoretical 
approach  to  determining  the  equivalent  first,  second,  and  third- 
order  nonlinear  transfer  functions.  Predictions  will  be  compared 
with  ovt.ra.ll  measured  responses.  Vie  shall  also  write  out  expli¬ 
cit  relationships  relating  the  predetection  receiver  output  to 
multitone  input  signal?  illustrate  the  detailed  use  of  trans¬ 
fer  functions  and  their  cascades.  Table  7.4  summarizes  the  no¬ 
tation  used  for  the  individual  nonlinear  transfer  functions. 
Observe  that  wc  have  used  the  equivalent  amplifier  concept  (See 
Chapter  1)  in  describing  the  RF  tuner  since  it  contains  the  in¬ 
put  signal  down-conversion  process.  The  local  oscillator  has 
been  assumed  sinusoidal  with  complex  amplitude  A. 
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Table  7.4. 


Nonlinear  Transfer  Functions  for  the 
Predetection  VHF  Receiver  Segments 


RF 

Tuner 

Pre-IF 

Amplifier 

IF 

Amplifier 

Fi.st-Order 

(T>=  AH<T) 

„(p) 

H1 

H1 

Second-Order 

He,(T)_|AH(T) 

HfP> 

Third-Order 

(t)—  2  AHm 

H<IP> 

7.7.1  Equivalent  First-Order  Nonlinear  Transfer  Function 

The  predicted  and  measured  equivalent  nonlinear  transfer 
functions  for  the  desired  and  image  responses  are  shown  in  Figs. 
7.30  and  7.3i#  respectively.  The  modeling  of  both  the  desired 
and  image  responses  are  good  in  both  amplitude  and  frequency. 
Note  that  the  peak  values  of  the  desired  and  image  responses 
differ  by  about  65  dB  in  both  measurement  and  prediction. 

The  prediction  is  based  upon  the  first-order  equivalent 
transfer  function  given  by 
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Where  the  impedance  ratios  account  for  the  linear  interaction 
(See  Chapter  2,  Section  23.)  between  the  tuner  and  the  pre-am¬ 
plifier  and  also  between  the  pre-amplifier  and  the  IF  amplifier. 
It  follows  that  the  desired  signal  at  the  IF  amplifier  output  is 
given  by  the  real  part  of 


VOUTe 


j  2  TT  (  f  f  )  t 


=  V(f)H®q(-f;fL0)e 


j2rr(fL0-f)t 


(7.5) 


where  V(f)  is  the  amplitude  of  the  input  signal.  The  actual 
prediction  is  shown  in  Fig.  7.30  and  was  made  using  tSIGNCAP. 

The  image  response  shown  in  Fig.  7.31  is  predicted  by  evaluating 
H^H(f j-f^)  since  the  input  frequency  f  is  higher  than  the  local 
oscillator  frequency  f^. 

7.7.2  Equivalent  Second-Order  Nonlinear  Transfer  Function 

The  predicted  and  measurad  equivalent  second-order  nonlinear 
transfer  function  for  the  complete  receiver  is  shown  in  Fig.  7.32., 
As  mentioned  in  previous  sections,  the  response  is  measured  in  a 
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two-tone  test,  with  |f^-f2|  being  set  equal  to  the  tuned  fre¬ 
quency  of  the  receiver.  The  predicted  and  measured  nonlinear 
transfer  functions  are,  again,  in  reasonably  good  agreement. 
Again  SIGNCAP  was  used  to  obtain  the  theoretical  prediction  by 
using  its  cascading  capability. 

7.7.3  Equivalent  Third-Order  Nonlinear  Transfer  Function 

The  predicted  and  measured  equivalent  third-order  nonlinaar 
transfer  function  for  the  complete  receiver  is  shown  in  Fig. 7. 33. 
Although  the  equivalent  first  and  second-order  nonlinear  trans¬ 
fer  functions  were  predicted  using  the  SIGNCAP  cascade  capabil¬ 
ity,  the  equivalent  third-order  nonlinear  transfer  function  was 
predicted  by  a  manual  cascade  calculation.  The  reason  for  not 
using  SIGNCAP  I  in  its  existing  form  to  perform  the  equivalent 
third-order  prediction  is  that  a  complete  sixth-order  analysis 
would  have  been  required.  It  was  recognized  that  the  required 
time  to  compute  all  products  to  sixth-order  would  not  be  justi¬ 
fied  since  a  manual  calculation  of  th?  dominant  terms  should  be 
more  than  adequate. 

The  equivalent  third-order  nonlinear  transfer  function  for 
the  complete  predetection  receiver  relates  the  receiver  IF  am¬ 
plifier  output  at  fLQ-(2f^-f2)  to  the  RF  tuner  inputs  at  f^  and 
f2.  In  particular,  the  output  is  given  by  the  real  part  of 


”  4*1  ^fl^A2^f2;H3q^"fl/“fl,f2?fLO^e 


j2n[fL0-(2frf2)]t 


(7.6) 
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where  is  to  be  determined  in  terms  of  the  nonlinear  transfer 
functions  (Table  7.4)  of  the  individual  cascaded  subsystems  ap¬ 
propriately  corrected  for  linear  interaction  as  described  in 
Chapter  2,  Section  2.3.  The  amplitudes  of  the  input  tones  at 
f ^  and  are,  respectively,  given  by  A^ff.^)  and  Ai^2^* 

The  experimentally  determined  third-order  equivalent  non¬ 
linear  transfer  function  illustrated  in  Fig.  7.33  strongly  sug¬ 
gests  a  particularly  simple  approach  to  evaluating  the  cascaded 
third-order  intermodulation  term.  There  are  many  contributing 
terms  that  are  present  but  the  dominant  distortion  in  the  IF 
amplifier  passband  arises  from  the  following  three  principal  cas¬ 
cade  cases : 

1.  Equivalent  Third-Order  RF  Tuner  -  Linear  Pre-IF  Ampli¬ 
fier  -  Linear  IF  Amplifier. 

2.  Equivalent  First-Order  RF  Tuner  -  Third-Order  Pre-IF 
Amplifier  -  Linear  IF  Amplifier. 

3.  Equivalent  First-Order  RF  Tuner  -  Linear  Pre-IF 
Amplifier  -  Third-Order  IF  Amplifier. 

Case  i  requires  a  conventional  fourth-order  analysis  while 
Cases  2  and  3  are  specific  terms  in  a  sixth-order  analysis  of  the 
complete  receiver. 

Case  1:  RF  Tuner 

At  RF  tuner  output  frequencies  outside  the  pre-IF  and  IF 
amplifier  paasbands,  the  dominant  nonlinearity  in  the  RF  tuner 
is  excited  by  the  two  input  tones  at  frequencies  f^  and  f^.  The 
equivalent  third-order  intermodulation  distortion  output  at  f^  - 
(2f  -f  )  =>  f  is  then  simply  amplified  by  the  pre-IF  and  IF  am- 
plifiers.  For  this  situation  we  have 
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Where 


H 


eq(T) 


(-f^-f^f^f^)  -  2AH 


(T) 


("fl'“£l,f2'fLo) 


(7.8) 


If  we  recognize  that  the  interfacing  source  and  load  impedances 
between  the  subsystems  are  essentially  frequency  independent  and 
equal,  we  may  further  reduce  Eq.  (7.7)  to 


eq(T) 

■3 


2  H 


(IF) 


(7.9) 


Making  use  of  the  relationship  between  insertion  gain  and  the 
first-order  transfer  function  (See  Chapter  6,  Section  6.2.1)  we 
obtain 

20  log10  |H^|  -  20  log10  | 

+  G^P)<fIF)  +  °^IF)(£if).  (7.10) 

But,  the  raid-band  insertion  gain  of  the  pre-IP  amplifier  is  16  d£ 
While  the  value  for  the  IF  amplifier  is  28  dB.  Hence,  the 
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contributions  from  the  RF  tuner  to  the  output  equivalent  third- 
order  intermodulation  distortion  is 

20  log1Q  lH®q|  -  20  log1Q  (H®q(T)|  +  44  OB.,  (7.  U) 

This  result  has  been  plotted  in  Fig.  7.33  by  the  triangular 
points.  Observe  that  this  result  fits  the  measured  distortion 
quite  well  when  input  frequency  f^  is  outside  the  range  44-48  MHz. 

Case  2:  Pre-IF  Amplifier 

As  the  RF  tuner  output  frequency  moves  within  the  pre-IF 
amplifier  passband,  the  dominant  nonlinearity  passes  from  the 
RF  tuner  to  the  pre-IF  amplifier.  The  third-order  intermodula¬ 
tion  distortion  from  the  pre-IF  amplifier,  as  excited  by  the  two 
tones  at  f^-fj.  and  f  -f2#  now  dominates.  This  distortion  is 
then  simply  amplified  by  the  IF  amplifier.  The  receiver 'input 
tones  at  f^  and  f^  have  also  been  amplified  by  the  RF  tuner 
equivalent  amplifier  gain.  Using  the  third-order  cascade  results 
from  Chapter  2,  Section  2.3,  we  can  write 


Htq(-f^-frf2;fL0) 


‘3  '  *1 

f„(  T) 
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If  we  now  recognize  that  the  interfacing  impedances  are  broad¬ 
band  resistive  and  equal,  we  can  cimplify  further  to  obtain 


H 


eq  _ 


eq(T)V 


■  (2  «r'“j  2 «! 


eq(T) 


2  H<P>  h'18,1 


(7.13) 


Using  the  insertion  gain  relationships  for  linear  stages,  we 
can  now  write 


20  log1Q  |H®q|  =  2  (-fi^Lo) 


eq(T) 


+  G^(T>(-f2,fLo> 


4.  r<IP>  (*  \ 

+  °I  fIF 


+  20  log1Q  |H^P)1. 


(7.14) 


where  is  the  equivalent-amplifier  insertion  gain  (conver- 

sion  gain)  of  the  RF  tuner.  If  we  assume  the  two  input 

tones  at  and  f2  are  within  the  passband  of  the  RF  tuner.  Whose 
insertion  gain  is  nearly  flat  at  30  dB  over  the  region  of  interest. 


we  have 


20  log1Q  jH®q|  =  2  •  30  +  30  +  16  +  20  log1Q  |h<P)  | 


20  log1Q  |H^P* |  *  106  dB. 


(7.15) 
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This  result  has  also  been  shown  in  Pig.  7.33  by  the  data  points 
indicated  by  squares.  Observe  that  these  points  fit  the  measured 
data  well  in  the  region  indicated  as  pre-IP  distortion. 

Case  3s  IF  Amplifier 

As  the  pre-IF  amplifier  outputs  at  f^-f^,  and  f^-f,,  move 
within  the  IP  amplifier  passband,  the  dominant  nonlinearity  moves 
from  the  pre-IP  amplifier  to  the  IF  amplifier.  The  third-order 
intermodulation  distortion  from  the  IP  amplifier  now  will  domi¬ 
nate.  The  RF  tuner  and  pre-IP  amplifier  now  serve  only  to  lin¬ 
early  amplify  the  two  input  tones  at  f  f  ^  and  Usin9 

the  results  of  cascading  analysis  and  assuming  equal  resistive 
broadband  interfacing  impedances,  we  can  write,  by  analogy, 

20  log10|H^|  -  2  [f(TlM1;£I0)  +  0<P) 

+  [Gr(T,(-f2’fL0>  *  G<P) 

+  20  log10  |h<IF)|.  (7.16) 

Again  asstiming  f^-f ^  and  f^-fg  are  within  the  passband  of  the 
pre-IP  amplifier  Whose  insertion  gain  is  28  dB,  we  have 

20  log1Q  |H®q|  -  2[30  +  28]  +  [30  +  28]  +  20  log1()|H*IF)  | 

=  20  log1Q  |H^IF) |  +  174  dB.  (7.17) 

This  result  has  been  shown  as  the  data  points  plotted  as  diamonds 
in  Pig.  7.33.  These  data  points  fit  the  experimental  measure¬ 
ments  quite  well. 


560 


«sE9&ls,» 


We  note  that  the  initial  assumption  regarding  the  signifi¬ 
cant  contributions  to  the  third-order  equivalent  nonlinear  trans¬ 
fer  function  have  been  confirmed.  The  agreement  between  the 
predicted  and  measured  third-order  transfer  functions  are  based 
upon  a  simple  cascade  argument  with  linear  interaction  correc¬ 
tions  is  good.  The  result  confirms  that  there  is  little  non¬ 
linear  interaction  between  the  three  principal  subsystems  of  the 
predetection  receiver. 

We  have  also  shown  that,  although  the  receiver  is  analyzed 
as  an  equivalent  third-oider  system,  it  actually  contains  sig- 

i 

nificant  sixth-order  ternjis  when  the  pre-IF  amplifier  and  the  IF 
amplifier  distortion  is  (jiominant.  The  cascade  technique  used  in 
this  section  utilizes  th£  significant  sixth-order  components  in 

t 

deriving  the  equivalent  third-order  nonlinear  transfer  functions. 
7.8  Gain  Compress lon/Ex'pans ion  in  the  VHF  Receiver  if  Amplifier 

i 

In  a  linear  amplifier,  the  output  signal  at  the  input  signal 

> 

frequency  varies  linearly  with  the  input  signal  amplitude,  that 
is,  the  gain  of  the  amplifier  is  constant  with  respect  to  input 
amplitude.  Gain  compression  occurs  when  the  odd-order  distortion 
products  at  the  signal  jfrequency  subtract  from  the  desired  sig¬ 
nal,  thus  apparently  decreasing  the  gain.  In  broadband  circuits, 
H^(f)  and  Hg (f » f ,-f )  ar js  normally  out-of-phase,  causing  gain  com¬ 
pression.  It  is  less  fcjnown,  however,  that  in  frequency-selective 
circuits  the  relative  phases  of  H^Cf)  and  H3(f,f,-f)  may  be  highly 
frequency-dependent,  in  this  case,  the  odd-order  products  may 
add  to,  rather  than  subtract  from,  the  desired  signal,  thus  caus- 

i 

i 

ing  gain  expansion.  Experimentally  obtained  broadband  gain  com¬ 
pression  has  been  discussed  in  Section  6.4.5  of  Chapter  6.  In 
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this  section  we  illustrate#  both  theoretically  and  experimentally, 
the  transition  from  expansion  to  compression  as  a  function  of 
frequency  by  using  the  VHF  receiver  IP  amplifier  model  as  an  ex¬ 
ample. 

Figure  7.34  shows  the  measured  available  input-output  de¬ 
livered  power  characteristics  of  the  IF  amplifier  at  21.4  MHz. 

It  is  seen  that  expansion  occurs  for  input  signal  levels  below 
approximately  -30  dBm.  At  higher  input  signal  levels „  the  ampli¬ 
fier  apparently  limits,  and  small-signal  analysis  is  no  longer 
valid.  One  concludes  that  in  this  case,  small-signal  nonlinear 
modeling  is  applicable  in  the  region  of  expansion,  but  not  of 
compression. 

Figure  7.35  shows  the  same  amplifier  input-output  measured 
power  for  20.0  MHz  operation.  In  this  case  it  is  seen  that  the 
system  exhibits  compression.  The  compression  is  gradual,  indi¬ 
cating  that  small-signal  nonlinear  effects  are  predominant,  and 
the  input  signal  level  can  be  even  higher  than  -10  dBm  without 
large-iignal  compression.  The  large  difference  in  the  linearity 
range  at  21.4  MHz  and  at  20  MHz  is  due  to  the  frequency  selec¬ 
tivity  of  the  amplifier. 

Figure  7.36  shows  computed  gain  dependence  based  on  the 
small-signal  nonlinear  circuit  model  of  the  IF  amplifier.  These 
curves  were  computed  using  Eq.  6.60  together  with  nonlinear  trans¬ 
fer  functions  derived  from  SIGNCAP.  Curves  are  shown  for  a  set 
of  frequencies  100  kHz  apart.  Note  that  for  the  lower  frequen¬ 
cies,  the  nonlinear  model  predicts  expansion,  but  for  the  higher 
frequencies,  compression  is  predicted.  This  is  due  to  the  fact 
that  the  angle  of  Hj(f,f,-f)  relative  to  H^Cf)  rotates  from  a 

^  i9ete.; 


562 


INPUT  LEVEL  (dBm) 


Measured  Input-Output  Characteristic  of  the 
VHF  Receiver  IF  Amplifier  at  21.4  MHz. 
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Fig.  7.36.  Calculated  Gain  Compress ion/Expansion  Curves 
for  the  VHF  Receiver  IF  Amplifier. 
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value  less  than  90°  to  a  value  more  than  90°.  At  21.3  MHz  this 
phase  is  almost  exactly  90°  so  that  the  output  component  due  to 
H3(f,f,-f)  does  not  significantly  modify  the  output  level.  Thus, 
at  this  frequency,  the  amplifier  input -output  characteristic 
appear  to  have  an  extended  linear  range.  The  theory  thus  pre¬ 
dicts  that  both  compression  and  expansion  may  be  observed  at  a 
single  frequency  as  the  input  level  is  varied.  Furthermore,  even 
if  the  measurement  indicates  that  the  receiver  appears  to  he 
linear  at  a  particular  frequency,  a  two-tone  intermodulation  dis¬ 
tortion  measurement  might  show  the  receiver  to  be  quite  nonlinear. 
This  behavior  suggests  that  intermodulation  measurements  rather 
than  compression  measurements  should  be  used  in  experimentally 
determining  the  region  of  validity  of  the  small-signal  nonlinear 
model . 
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7.9  Crr  ssmodulation  in  the  VHF  Receiver  IF  Amplifier 


The  modeling  of  the  VHF  receiver  IF  amplifier  has  been  pre¬ 
sented  earlier  ia  this  chapter.  Both  pre-  and  post-detection 
crossmodulation  experiments  have  been  performed  on  the  IF  ampli¬ 
fier#  and  the  measured  results  compared  with  predictions  based 
on  the  first  term  of  the  frequency  power  series  canonic  model 
developed  in  Chapter  3.  These  results  are  discussed  in  this 
section. 

We  first  consider  the  predetection  experiment.  In  this 
case#  the  desired  signal  was  an  unmodulated  tone  at  21.3  MHz, 
While  the  undesired  signal  was  a  sinusoidally  amplitude  modu¬ 
lated  signal,  with  0.3  modulation  index,  4  kHz  modulation  fre¬ 
quency,  and  10  MHz  carrier  frequency.  The  amplitude  of  the  de¬ 
sired  signal  was  set  to  give  -30  dBm  at  the  IF  amplifier  pre¬ 
detection  output#  thus  assuring  that  the  IF  amplifier  is  ope¬ 
rated  in  the  small-signal  region.  The  complex  envelopes  z^(t) 
and  z2(t)  of  tlie  des;*-re<*  anc*  undesired  signals  are  then 

z ^ (t)  a  (7 . 18) 

and 

z2(t)  =  A2  (1  +  a2  cos  2iTU2t) .  (7.19) 

Since  the  modulation  frequency*  .!*  small  compared  to  the  IF 
amplifier  bahdwidth*  the  derivative  terms  of  the  canonic  model 
can  be  neglected#  resulting  in  the  ratio  of  first  crossmodula¬ 
tion  sideband  amplitude  to  carrier  amplitude  given  in  Chapter  3 
by  Eq.  (3.99) ,  or 

f  ‘2  M2 


H3(V  V“V2} 


w 


(7.20) 
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Table  3.3  shows  that  in  addition  to  the  first  sideband,  located 
y  =4  kHz  away  from  the  desired  carrier,  there  will  be  a  second 
sideband  located  2|i2s=8  kHz  away  from  the  desired  carrier,  the 
amplitude  of  which  is  a2/4  times  that  of  the  first  sideband. 

Figure  7.37  shows  the  measured  delivered  output  power  in 
these  crossmodulations  sidebands,  and  the  predicted  delivared 
power  based  on  the  circuit  model  and  the  canonic  model.  The  in¬ 
put  is  the  available  carrier  power  in  the  undesired  signal.  It 
is  seen  that  the  measured  crossmodulation  power  has  the  second- 
order  slope  predicted  by  theory,  and  that  the  agreement  between 
predicted  and  measured  crossmodulation  power  is  excellent  for 
both  the  first  and  second  order  sidebands. 


Next,  we  consider  the  post-detection  experiment,  for  which 
both  the  desired  and  undesired  signals  were  sinusoidally  ampli¬ 
tude  modulated  tones,  of  complex  amplitudes 

z^t)  -  A.^1  +  cos  2-nU,t).  (7.21) 

and 


Z2(t) 


A2(X  +  tx,„  cos  2nn2t). 


(7.22) 


Tne  desired  signal 


and  ct^  was  0.2. 


~  ’  v-  'quency  was  21.3  MHz,  ^  was  1  kHz, 

undeRiriKi  signal  carrier  frequency  was 
varied  over  the  range  10  to  70  MHz,  n2  was  3  kHz,  and  was  0.2. 
The  desired  input  level  A  was  &&t  to  give  -30  dBm  at  the  IF 
amplifier  pre-detection  test  point,  while  A2  was  set  so  that  the 
available  power  from  the  undesired  signal  was  -10  dBm. 

The  post  detection  ratio  of  the  first  crossmodulation  side¬ 
band  to  the  desired  signal  sideband,  as  given  by  Eq.  (3.300),  is 
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Fig.  7.37,  Comparison  of  Measured  and  Predicted 
Crossmodulation  Sideband  Level. 
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Figure  7.38  shows  this  ratio,  in  dB,  as  a  function  of  the  car¬ 
rier  frequency  of  the  undesired  signal.  The  measurement  was 
made  with  an  audio  frequency  distortion  analyzer,  and  the  agree¬ 
ment  between  theory  and  measurement  is  good. 

7.10  Waveform  Distortion  Due  to  Crossmodulation,  VHF  Receiver 
IF  Amplifier 

The  frequency-power-series  model  can  be  used  to  predict 
crossmodulation  distortion  of  time  waveforms.  In  this  section 
we  present  two  such  examples.  In  both  cases  the  output  wave¬ 
form  is  calculated  and  compared  to  corresponding  measured  wave¬ 
forms.  The  nonlinear  circuit  is  the  VHF  receiver  IF  amplifier 
followed  by  the  AM  detector.  The  input  consists  of  two  tones. 

In  the  first  example  one  tone  is  modulated.  Both  are  modulated 
in  the  second  example. 

The  IF  amplifier  described  in  previous  sections  is  suffi¬ 
ciently  wideband  that  for  modulating  frequencies  in  the  audio 
range  the  first  and  third-order  responses  suffice  and  no  deriva¬ 
tive  terms  neea  be  included  in  the  canonic  model  to  obtain  ac¬ 
curate  predictions.  Therefore,  the  complex  envelope  of  the 
output  may  be  written 

q(t)  »  +  -|  H3(v1#  v2,-v2)z1(t)  U^tt)  |2.  (7.24) 

where  z^(t)  and  z2(t)  are  the  complex  envelopes  of  the  desired 
and  interfering  signals,  respectively.  As  before,  H^(v^)  and 
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H3  V2'“V2^  are  the  f*rst  third-order  transfer  functions 
evaluated  at  the  appropriate  frequencies. 

7.10.1  Unmodulated  Signal?  AM  Interference 

The  first  example  is  that  of  an  unmodulated  desired  signal 

and  an  inter ferer  amplitude  modulated  by  a  periodic  triangular 

waveform.  The  triangular  waveform  was  selected  to  easily  show 

2 

that  distortion  of  the  envelope  z^(t)  depends  on  |z2(t)|  as 
indicated  by  Eq.  (7.24). 


The  complex  envelope  of  the  inter ferer  is 
z2(t)  =  A2  [1  +  a2m(t)]. 


(7.25) 


The  triangular  waveform  m(t)  is  shown  in  Fig.  7.39.  Since  the 
modulation  waveform  is  periodic  and  possesses  odd  symmetry,  it 
is  sufficient  to  consider  m(t)  only  over  its  half-period  inter¬ 
val  (-T/4,  T/4) : 


m(t)  = 


-  T/4  <  t  <  T/4. 


(7.26) 


Substituting  Eqs.  (7.25)  and  (7.26)  into  Eq.  (7.24)  yields 

3  2  (  8  out  16cut^  \ 

q(t)  -  +  i  All*2l  VVV'V  (l  +  —  +  -~r-  j , 


-  T/4  <  t  <  T/4. 


(7.27) 


The  first  term  contributes  a  DC  term  to  the  AM  detector  output. 
This  is  not  of  interest.  The  AM  detectoroutput,  assuming  the 
second  term  is  small  relative  to  the  first  term,  is,  except  for 
a  scale  factor,  given  by 
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ilated  Waveforms:  i 
Top,  Modulation  on  Interferes  I 
Middle,  Crossraodulafcicn  (a2  =  0.385); 

Bottom,  Crossmodulation  (a2  *  1.000). 
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1  +  T  +  - 2  '  “  T/4  -  -  T/4* 

T* 


(7.28) 


1  2 

Removing  the  DC  component  in  Eq.  (7.28),  (which  is  1  +  —  a^) ,  we 
find  that  the  crossmodulation  time  waveform  at  the  AM  detector 
output  as  predicted  by  Eq.  (7.24)  is 


m0(t) 


2  „  .  , -  2.2 

Oj  8a2t  16®^ 

T  +  T  +  2  • 


(7.29) 


This  result  is  plotted  in  Fig.  7.39  for  two  values  of  the 
modulation  index,  a.,.  =  0.385  and  1.00.  It  can  also  be  seen  from 
Eq.  (7.29)  that  fot  =  1.00,  the  waveform  has  a  zero  deriva¬ 
tive  at  t  “  “T/4  > 

An  experiment  was  conducted  in  which  the  actual  crossmodu¬ 
lation  waveform  was  observed  for  the  values  of  the  modulation 
index  used  in  calculating  Fig.  7.39.  Photographs  of  the  de¬ 
tector  output  voltage  are  shown  in  Figs.  7.40  and  7.41.  For 
this  experiment  the  desired  carrier  was  at  21.3  MHz  with  output 
power  level  at  -30  dBm?  the  inter ferer  was  at  26.0  MHz  and  an 
input  power  level  of  -10  dBm.  The  repetition  rate  of  the  tri¬ 
angular  waveform  was  1000  Hz. 

Comparing  Figs.  7.39,  7.40,  and  7.41  the  observed  wave¬ 
forms  are  found  to  be  in  good  agreement  with  the  calculated 
waveforms.  For  =  1.0,  the  case  of  100#  modulation  on  the 
inter ferer,  the  zero  slope  at  t  -  T/4  predicted  by  the  theory 
is,  in  fact,  clearly  visible  in  Fig.  7.41. 


; 
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Pig.  7.40.  Observed  Waveforms 

Top:  Modulation  on  Inter ferer; 

Bottom:  Crossmodulation  (a„  =  0.385) 
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Pig.  7.41.  Observed  Waveforms 

Tops  Modulation  on  Interferer 
Bottoms  Crossmodulation  (a2  =  1.00) 
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7.10.2  AM  Desired  Signal  -  AM  Interference 

The  second  example  of  a  distorted  output  waveform  to  be 
examined  is  the  case  of  a  signal  at  y^^tth.  square-wave  AM  modu¬ 


lation  and  an  inter ferer  at  v2  with  AM  sinusoidal  modulation 


frequency  d2*  For  moderate  distortion  levels,  the  resulting  de¬ 
tector  output' will  be  the  desired  square-wave  modulation  with  a 
superimposed  crossmodulation  distortion  which  is  roughly  a  sinu¬ 
soidal  waveform.  The  purpose  of  using  a  square-wave  modulation 
is  to  allow  the  eye  to  readily  distinguish  the  effects  of  cross- 
modulation  when  the  output  deviates  from  a  square-wave.  If  we 
let  s(t)  be  the  square  wave  (with  amplitudes  +  1)  then  the  com¬ 
plex  envelopes  of  desired  and  inter ftfiRiflgr  signals  are 


z1(t)  «  CL  +  a^sft)] 


(7.30) 


z2(t)  =>  A2  Cl  +  a2  cos  2un2(t)3 


(7.31) 


Substitution  in  Eq.  (7.24)  gives  the  complex  envelope  of  the 
output 


q(t)  =  A1H1(v1)Cl  +•  a1s(t)  ]  +  |  Ai/A2^2h3(V1#V2,"V2) 

2  a2 

[1  +  a1s(t)]^(1  +  +  2a2cos  2^2t+  “f"  008  4TT 


(7.32) 
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Equation  (7.32)  can  be  rewritten  as 


W**Wfc 


q(t)  =  AIH1(v1)[l  +  o^s  (t)  3  ji  +  f 

•  [(1  +  t)  + 


ia  |2  V.WV 
1  jl  W 


a„ 


2^  cos  2rrn2t  +  —  cos  4nn2t  >.  (7.33) 


J.», 


Assuming  that  the  distortion  given  by  the  second  term  in  Eq. 
(7.33)  is  small,  the  envelope  detector  output,  |q(t)|,  is  ap¬ 
proximately  given  by 


|q(t)  |  -  AjH^v^  [1  +  ct^s  (t)  1 


{■ 


3 1 «  .2_  H3(V1#V2>“V2) 


1  +  2 ^A2 I ~Re 


H1 ( vl> 


a. 


+  —  cos  4rr|i2t 

V 


} 


a 

(l  +  "y)  +  202COS  2TTti2t 


lBl(Vi{t  f1  +  tM2  Re(~H~Iv')V2))  l1  +  T)] 


[l  ♦  f|A2i2  Re{V^^V  j(i  +  3t)]  ,<t) 


+  2|A2|2  {  Re{~3  VV  J}  {/  003  2nU2t  +  ^C0S  4ml2^ 


w 

!m 


M 


/•iff 


I 


rf 


it 


<V 


•  Cl  +  a^s  (t )  3 


’}• 


(7.34) 
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'll  ax  lA2^  R1  H1(V1)  J 


a2  N  r- 

(2  cos  2nu2t  +  cos  4rtu2tJ>^) 


1  +  a^sft)^. 


(7.35) 


I 


The  first  term  on  the  right-hand  side  of  Eq.  (7.34)  is  an  un¬ 
interesting  DC  term  Which  can  be  ignored.  Similarly,  the  factor 
alAlHl  *S  common  to  terins  an(3  will  drop  out  in  a  cross¬ 
modulation  ratio  calculation.  Thus,  tihe.  output  of  an  envelope 
detector  would  be  proportional  to 

2, 


8AM(t)  ■  l1  +  I  hi  ReL‘ 


vw-y 


W 


](l  +t)}  s(t) 


i 


The  first  term  of  Eq.  (7.35)  is  the  desired  modulation  (square 
wave)  at  the  output  as  affected  by  desensitization  while  the 
second  is  the  distortion  due  to  sinusoidal  crossmodulation. 


It  is  convenient  to  examine  tho  peak  value  and  various  up¬ 
per  and  lower  levels  of  the  envelope  of  the  detector  output. 
Assume  that  the  period  of  the  distorting  sinusoidal  modulation 
at  u2  is  smaller  than  the  period  of  the  square  wave  modulation 
on  the  desired  signal.  From  Eq.  (7.35)  it  can  be  seen  that  the 
interferer  modulation  and  its  second  harmonic  generate  a  sinu¬ 
soidal  perturbation  on  the  top  and  bottom  of  the  square  wave  en¬ 
velope  s(t).  The  four  amplitude  levels  (A,  B,  C,  and  D)  of  the 
detector  output  waveform  are  defined  in  Fig.  7.42.  From  Eq. 
(7.35)  it  is  seen  that  these  quantities  are  given  by 
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A+B 

2 


C+D 

2 


o  a,  ,J 

1  +  I  (1  +  -f)|A2rRe[_- 


2_  fH3(Vl,V2#~V2) 


H1(V1) 


] 


(7.36) 


a. 


cl 


A-B  = 


2  r^3  ^1*  ^2*  ~'^2^  “* 


-  3  -f  (1  +  a  ){2  +  2  J I A2  »  Fe  “hTv 
ai  1  21  2  iNfe  Hl(  1 


) 


(7.37) 


C-D  =  3 


a?  S  a  rH  (V  ,  V  ,-V  ) 


(7.38) 


Thus,  it  is  possible  to  find  a  ratio  of  amplitude  differences 


A-B  1  +  0.  * 


This  ratio  is  independent  of  both  the  interferer  level  and  the  non¬ 
linear  transfer  function  H3  (v^#  v2»“v2^  •  I't  depends  only  on  the 
modulation  index  c^.  This  ratio  can  be  readily  measured. 

Experimental  results  were  obtained  with  the  VHP  receiver  IP 
amplifier  using  the  same  carrier  frequencies  and  power  levels  as 
in  the  example  of  Section  7.10.1.  Photographs  of  the  results  are 
shown  in  Fig.  7.43.  The  repetition  rate  of  the  square  wave  modu¬ 
lation  on  the  desired  signal  was  5  kH»  and  the  modulation  index  cl 

.  ,  •■~38g**a=  1 

was  1/3.  The  sinewave  modulation  on  the  undesired  signal  was  at 
10  kHz  with  a  modulation  index  a2«l/3.  For  the  value  of  a^,  the 
predicted  ratio  (C-D) /(A-B)  is  1/2  which  was  also  observed  experi¬ 
mentally. 

The  accuracy  of  calculated  values  of  H3  (vj/  V2'”V2^  be 
checked  by  comparing  calculated  and  measured  values  of  the  ratio 
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Fig.  7.43.  Output  Waveforms  Showing 

Crossraodulation  Distortion 
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k^eCH^v^,  V2#“V2^H1^V1^  ^ _ 

1  +  k2Re[H3(v1,v2#-v2)/H1(v“)] 


(7.40) 


Where  k^  and  K 2  are  constants  independent  of  frequency.  The 
calculated  value  of  this  ratio  for  the  IP  amplifier  was  0.192. 
The  value  observed  was  0.18. 

7.11  Predetection  Tapped  Delay  Line  Canonic  Modeling , 

VHP  Receiver  RF  Tuner 


2 
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j 
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In  this  section  we  present  two  examples  of  the  application 
of  the  tapped  delay  line  canonic  model  in  computing  crossmodula¬ 
tion  distortion.  r.he  first  example  is  a  hypothetical  case,  for 
which  the  crossmodulation  distortion  can  be  computed  exactly 
using  the  frequency  power  series  canonic  model.  The  results 
are  compared  with  those  predicted  using  the  tapped  delay  line 
model,  thus  bringing  out  seme  of  the  practical  limitations  of 
the  latter  canonic  model.  The  second  example  compares  predicted 
and  measured  crossmodulation  in  the  RP  tuner  of  the  VHP  receiver, 
for  an  unmodulated  desired  signal  and  a  frequency  modulated  un¬ 
desired  signal. 

7.11.1  A  Known  Test  Case 

The  frequency  power  series  canonic  model  is  useful  when 
the  Taylor  series  expansion  of  the  nonlinear  transfer  function 
over  the  signal  bandwidths  of  interest  is  rapidly  convergent. 

A  specific  cc.se  occurs  when  the  nonlinear  transfer  function  can 
be  exactly  represented  by  a  two-term  expansion*  in  this  case, 
an  exact  computation  can  be  made  for  the  nonlinear  effects  of 
the  circuit.  In  particular,  consider  a  circuit  with  the  third- 
order  nonlinear  transfer  function. 
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(7.41) 


WVV  =  K1  +  (VV2)K2  +  (f3+V2)K3 

This  transfer  function  is  simple  enough  so  that  it  is  possible 
to  compute  analytically  an  exact  prediction  of  crossmodulation. 
Observe  that  this  transfer  function  is  independent  of  f^  and 
depends  only  in  a  linear  fashion  on  f2"v2  an<*  ^3+V2*  T*lus  the 
derivatives  of  the  nonlinear  transfer  function  are 


dH3 

3fi 

=  0, 

(7.42) 

9H 

o 

9£2 

■  V 

(7.43) 

3H- 

J 

3£3 

■  V 

(7.44) 

From  Equations  (3.54)  and  (3.42),  the  complex  envelope  of  the 
third-order  output  component  referred  to  v  ■  (vi'V2'“v2^  t11ie 
expansion 

q3(t;V)  a  [llltiai  ( v)  Zl(t)jz2(t)|2 

1  raH3(^  * 

+  iliT-  *i (t)  z2  (t>  z2 (t) 

9H  U)  , 

+  -J~  ISjlt)  52(t)  z2.M 

&H, ( v)  „ 

+  zl(t)  z2(t)  i2(t)}] 

+  higher  derivative  terms.  (7.45) 
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Substituting  Squat Iona  (7.42)  -  (7.44)  into  Equation  (7.45) , 
and  evaluating  tho  multinomial  coefficient  results  in 


ijltiat  “f  [Vx<t,l*a<t,l: 


+  2^J  {R2  Vfc>  V«  V*1 


+  K3  Vt!  *a (t>  <*>}]■ 


(7.46) 


Next*  consider  that  the  desired  signal  is  an  unmodulated 
tone  at  v,  and  the  undos i red  signal  is  a  sim/soi dally  frequency 
modulated  tone  centered  at  'j_ .  Therefore. 

C, 


Zx(t)  »  A1 


j  —  cos  2^^^ 


z2  (t)  "  A2  e 


(7.47) 


(7.48) 


Substituting  Equations  (7.47)  and  (7.48)  into  Equation  (7.46), 
and  evaluating  the  derivative  of  Equation  (f.48)  results  in 


q3(tf^)  -  f  A1[K1A2  +  A2  <12(K3"K2)  sin  (7#49) 


The  real  third-order  signal  is  therefore  given  by 


r  •*2rTVl*S  3  2 

5|q3(try)  e  J  “  I  A1  A2  K1  cos  2uvit 


+  4  a2A2  Ai  ^K3~K2^[COS  2tt  ( t  +  cos  2Tr(v1-vi2)tJ< 
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The  first  term  on  the  right-hand  side  of  Equation  (7.50)  is 
a  desensitization  term,  while  the  second  term  contains  the 
upper  and  lower  crossmodulation  sidebands  at  frequencies  v^±p2 . 
No  other  crossmodulation  sidebands  will  be  present.  In  passing, 
we  note  again  that  the  predicted  FM  crossmodulation  arises  from 
the  derivative  terms  of  the  frequency  power  series  canonic  model. 
There  is  no  contribution  from  the  leading  term  in  the  series. 

As  a  numerical  example,  consider  the  parameters 


K±  =  (5.0  +  j  0.0), 


(7.51) 


K2  =  (2.5  +  j  2.5)/W, 


(7.52) 


K3  »  (2.5  -  j  2.5)/W, 


(7.53) 


where  W  =  2.8  MHz.  From  Equation  (7.41)  this  results  in 


WW  =  5.0  +  2.5(f2+f3)/W  +  j  2.5(f2-£3-2v2)/W 

(7.54) 

H3  (f^,  f2 .  fj)  was  evaluated  numerically  for  f^=vi=45  MHz, 
v2  °  50  MHz,  and  T^1US  t^ie  crossmodulation  is  centered 

or  v^.  Numerical  values  were  computed  for  H3  at  100  VHz  inter¬ 
vals  of  f2  and  f3#  centered  on  v2  and  resulting  in  a  fre¬ 
quency  domain  grid  of  33  x  33  samples  of  H3.  This  computed  H3 
was  then  weighted  along  both  frequency  axes  by  a  simple  window 
function  of  the  form 


1/4,  3/4,  1,  ....  1,  3/4,  1/4, 


(7.55) 


_ 
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and  the  end  elements  averaged  together  to  form  a  collapsed 


32  x  32  sampled  array  of  Hjfv^/f^fg)  that  had  been  band- 


limited  in  the  f2  and  f3  coordinates.  Next  a  two-dimensional 


Fourier  transformation  was  used  to  generate  samples  of  the 
third-order  nonlinear  impulse  response. 


A  tapped- delay- line  canonic  model  of  the  system  was  then 
programmed  on  a  digital  computer ,  using  as  weights  the  third- 
order  nonlinear  impulse  response  samples.  Two  computations  were 


run,  one  for  the  peak  frequency  deviation  a2  being  100  kHz,  and 


one  for  a2  being  300  kHz.  In  both  cases  the  modulation  frequency 
^2  was  5  kHz.  Since  o.^/\x^»1,  the  bandwidth  of  the  frequency 
modulated  signal  is  2a2«  or  200  kHz  and  600  kHz,  respectively. 
The  sideband  level  given  by  the  tapped-delay-line  canonic  model 


for  these  two  cases  is  shown  as  a  function  of  the  total  number 


of  of  delay-line  taps  in  the  model  in  Figures  7.44  and  7.45. 
Also  shewn  on  the  figure  is  the  level  of  the  first  and  only 
crossmodulation  sideband  level,  as  given  by  Equation  (7.50). 
With  the  100  kHz  frequency  deviation,  the  tapped  delay  line 
canonic  model  accurately  computes  the  intermodulation  sidebands 
at  v^db^,  (the  first  sideband  in  Fig.  7.44)  provided  seventeen 
or  more  taps  were  used  in  the  model.  Equation  (7. 50)  shows  that 
these  sidebands  should  be  the  only  ones  present.  However,  the 
results  generated  by  the  computer  indicate  the  appearance  of 
higher  order  sidebands  that  are  labeled  the  second  and  third- 
order  sidebands  in  the  figure.  The  levels  of  these  sidebands 
provide  a  measure  of  the  modol  error.  Tfte^econd-order  side¬ 
band  is  significant  even  at  the  largest  number  of  taps  examined. 
Thus,  the  model  can  be  considered  poor  when  ou^lOO  kHz. 


tr 


Fig.  7.44,  Accuracy  of  Crossmodulation  Sideband  Levels 

computed  from  a  Truncated  Tapped  Delay  Line  Model. 
Peak  Deviation  *=  100  kHz. 
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It  can  bo  seen,  however,  that  the  accuracy  improves  slowly 
with  the  number  of  taps.  In  the  case  of  the  300  kHz  peak 
frequency  deviation,  the  higher  sidebands  decrease  much  more 
rapidly.  With  thirteen  taps  the  higher-order  sidebands  pre¬ 
dicted  by  the  tapped-de lay- line  model  are  20  dB  down  from  the 
true  sideband,  and  are  decreasing  rapidly  as  more  taps  are 
added. 


7 . 11 . 2  Wideband  Crossmodulation  in  the  VHF  Receiver  Tuner 

We  now  consider  the  case  of  wideband  crossmodulation  in 
the  tuner  section  of  the  VHF  receiver.  Companion  laboratory 
measurements  have  been  made  and  compared  with  the  predictions 
computed  from  a  tapped  delay  canonic  model.  We  first  describe 
the  predictions  and  proceed  to  the  measurement.  The  interfering 
signal  chosen  in  this  example  is  a  50  MHz  carrier,  frequency 
modulated  at  5  kHz  rate  with  peak  deviation  of  1  MHz.  The 
desired  signal  is  at  45  MHz,  the  nominal  frequency  at  which  the 
tuner  has  been  modeled. 

In  calculating  crossmodulation  effects  we  will  be  inter¬ 
ested  in  the  third-order  response  q^  (t?  v2,-v2^ *  giv®1*  by 

Equation  (4.71)  as 


V^W'V  -f  BjBj  t  ?3^)z1(t-r1T1)z2(t-t2T2)zk2lt-r312) 


(7.58) 


til 

where  is  the  sampling  interval  of  the  1  signal.  For  the 
application  this  will  be  further  specialized  to  the  case  of  a 
sinusoidally-modulated  interferer,  and  an  unmodulated  desired 
carrier,  so  that 
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z^(t)  ■  A1# 


(7.57) 


z2(t)  ■  A2  e 


j  ~  COS  2TTp2t 


(7.58) 


The  interfering  signal  will  be  expanded  in  the  familiar  Bessel 
function  expansion: 


z2(t)  “  A2  j  C°S  2lT^t< 


(7.59) 


where 


1  ,  l~0 


(7.60) 


2  ,  */Q. 


With  these  substitutions  Eq.  (7.56)  becomes 


A,  I I 


q,<t,vv-Vj)  =-ti7“ 


!„  V4^,«t*Wi,*(5)J»(5)  008  2^2(t-r2T2>C°3  2^2  «=-r3T2)  • 


1-0  m=0 


(7.61) 


This  equation  is  not  in  a  form  suitable  for  analyzing  the  spectral 
structure  of  the  interference.  To  achieve  this  it  will  be  neces¬ 


sary  to  expand  the  product  of  trigonometric  functions  appearing 
in  Eq.  (7.61)  and  collect  terms  apprtljpi^Jyi&eiy.  To  simplify  the 
presentation  of  the  result  we  maXe  the  following  definition: 


wTCHWwgrrmgr  1  HI?  i.i.eimw  w 1 i 111  ■- 1 1 1  ***Wfti *ivm m 


4>«,r^MMi^?HrN1*v^«w.-SSwvVs^. 


..-•I Hi  *^*\I»  »-»•<- ■•««fa-PS»‘M<pavVSRV 


q3 (tj^.Vj.-Vj)  -  X0  +  3y„  +  I  (*„„  +  jye„)  oo.  Sno^t 

n**l 


.  ■ ;  .-*,'{|i. 


+  (*an  +  jygn)  sin  irtn^t.  (7.62) 


After  making  the  necessary  substitutions  and  performing  consider¬ 
able  algebra*  Eq.  (7.61)  gives  the  following  spectral  decompo¬ 
sition  for  n  >  1 
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(7.67) 
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Basically*  this  is  the  result  which  will  be  used  for  calcula¬ 
tions.  However i  it  ia  possible  to  significsntly  reduce  the 


necessary  computation  by  replacing  'f,  (£x)  with  an  equivalent 


two-dimensional  transform. 


We  have  assumed  an  unmodulated  desired  signal*  occupying 
aero  spectral  width.  Therefore  the  variation  of  0^(f^*f2»f3) 
for  changes  in  will  not  affect  the  result.  In  fact  we  may 
represent  this  function  by  its  value  at  t^m0, 


Wvv 


Beot  (s^V^'V 


(7.65) 


where  the  bandwidth  B^  is  arbitrary  but  non- aero.  Transforming 
this  gives 


93v(  V  V  V 


sin  ttB,  t,  * 


(7.66) 


where  the  function  ?3^^2»t3)  is  defined  as  the  two-dimensional 

transform  of  G,vi(0#f  #f  ).  now  if  we  allow  B.  to  becomo  infinite- 

23  ■  1 

ly  large  in  Eq.  (7.66)  we  have 


t^'VvV 


g  (t2.t3;  Tx*ao 


(7.67) 


T^O. 


When  this  is  substituted  into  Eqs.  (7.63)  and  (7.64)  the  triple 


summations  reduce  to  double  summations: 


mm 
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c  ^(SS)  coa  aTHj^*aU(»a-r3)  -  nr3]},  (7.68) 
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The  amplitude  of  the  sideband  at  Vj+  ng^  is  given  by 


a  */<xcn  +  ysn)2  +  (xsn  “  W* 


(7.70) 


while 
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The  croasmodulation  components  in  the  tuner  arise  from 
the  fourth-order  nonlinear  response,  which  we  consider  as  an 
equivalent  third-order  response,  in  order  to  apply  the  tapped- 
delay-line  canonia  model,  we  again  begin  with  the  nonlinear 
transfer  function,  with 


*  45  MHz,  -v 

50  MHz  +  k, f  f  k,  integer, 
x  m  x 

50  MHz  +  k,.f  i  k.  integer, 

2  Itt  2 


fLQ  -  45  MHz  + 


CIF* 


(7.72) 
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-  5  kHz, 
a2  “  1  MHz. 


The  crossraodulation  products  to  be  examined  occur  at  the  fre¬ 
quencies 


fIF  +  klfm  "  k2fm 


(7.73) 


with  the  first  pair  of  sidebands  at  f  ±  5  kHz.  The  nonlinear 

if 

transfer  function  of  interest  in  this  case  is  the  fourth-order 
transfer  function 

H4(-VWfL0>  <7-74) 
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'i 
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It  is  this  transfer  function  Which  predicts  the  crossraodulation 
components  at  fIF  ±  k^  5  kHz  (k^  “  1#2 #...).  Using  SXGNCAP# 
the  fourth-order  transfer  £unct'248&'  of  the  tuner  was  evaluated 
at  64  points  over  a  two-dimensional  frequency  region  extending 
1.4  MHz  to  either  side  of  the  interfering  frequency#  and  then 
interpolated  to  a  32  x  32  windowed  grid.  The  magnitude  of  the 
transfer  function  over  this  region  before  windowing  is  plotted 
in  Figure  7.46.  This  data  was  processed#  and  the  first  four 
crossmodulation  sideband  levels  (k^  =  1, 2,3,4)  calculated.  The 
results  corresponding  to  0  dBm  desired  and  interfering  signals 
are  shown  in  Fig.  7.47. 

:t m  - 

Laboratory  measurements  of  the  first  two  sidebands  were 
made  for  a  range  of  interferer  input  levels,  with  the  desired 
signal  now  held  constant  at  -50  dBm.  These  are  plotted  in 
Figs.  7.48  and  7.49.  Third  and  higher  sidebands  were  not  at  a 
level  great  enough  to  permit  accurate  measurement.  In  each 
case  the  predicted  values  have  also  been  plotted.  Fig.  7.48 
shows  the  data  for  the  first  set  of  sidebands#  and  Fig.  7.49 
the  second  set.  Both  figures  show  similar  results.  For  inter¬ 
ferer  available  power  lower  than  ’-45  dBm#  the  measured  side¬ 
bands  have  a  second-order  slope#  which  is  the  correct  slope  for 
crossmodulation.  For  input  signals  greater  than  -45  dBm  r  the 
behavior  of  all  sidebands  becomes  anomolous#  the  slopes  change# 
large  separations  open  between  upper  and  lower  sidebands#  etc. 
The  significance  of  -45  dBm  input  power  can  be  explained  by 
referring  to  the  desensitization  values  shown  with  the  curves 
in  Fig.  7.48  and  7.49.  At  -45  dBm#  -40  dBm#  and  -35  dBm#  the 
measured  desensitization  of  the  desired  45  MHz  signal  by  the 
50  MHz  interference  is  0.1  dB#  0.3  dB#  and  0.8  dB#  respectively. 


'“-•'fW'Vi-'T  V-'. *r->  VVufc' 
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Fig*  7.46.  Magnitude  of  the  Nonlinear  Transfer  Function 
H4(-45,  f2,  f3,  f^). 
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Fig.  7,47.  Calculated  Croasmodulation  Sideband  I«evels. 

Interferes  *  0  dBm,  50  MHz  FM,  £  -  5  kHz, 
Peak  Deviation  ■*  1  MHz. 
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NOTE:  Desired  Signal  Level 
6m  at  output 


x-LSB  Measured 
o-USB  Measured 


DESIRED  SIGNAL 
DESENSITiZATION 


/ 

0.1  dB 

0.3dB 

0.3  dB 

J _ \ 

-  _ 1 

■50  “45  "40  "35  '30 

AVAILABLE  INTERFERER  POW&lAdBm) 


Predicted  and  Measured  Levels  for  First  Cross 
modulation  Sidebands. 


SIDEBAND  LEVEL  N3WER  (dBm) 


. .  ..  ...  . . IP*  .*#$$$$ 
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Fig.  7.49.  Predicted  and  Measured  Levels  for  Second  Cross¬ 
modulation  Sidebands. 
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Thus,  the  anomolous  crossmodulation  is  OCMTXblated  with  the 
onset  of  desensitization  and  can  be  attributed  to  large  signal 
effects* 

.. 

i* 

It  is  seen  that  the  tapped  delay  line  model  provides  a 
reasonable  prediction  of  crossmodulation  in  the  small  signal 
region#  but  is  not  accurate  in  the  large  signal  region.  It 
should  be  noted  that  at  45  MHz  the  insertion  gain  is  30  dB#  and 
the  -50  dBm  input  signal  causes  a  -20  dBm  output  signal.  At 
the  0.1  dB  compression  point#  the  crosa^^^-^tion  sideband  power 
is  about  -85  dBm*  65  dB  lower  than  the  desired  carrier.  Thus 
the  crossmodulation  in  this  case  can  only  be  predicted  accurately 
by  the  third-orafer  model  when  it  causes  a  small  interference 
effect.  Similar  effects  have  been  found  on  deoensitization 
experiments#  which  result  from  the  same  form  of  the  nonlinear 
transfer  function. 

7.12  Nominal  Receiver  Modeling 

It  may  be  necessary,  in  certain  pra^V-^1  applications,  to 
model  a  communication  receiver  without  having  a  receiver  phy¬ 
sically  available  for  experimental  purposes.  In  this  case#  it 
is  necessary  to  use  available  material  such  as  is  found  in  a 
manufacturer's  manual  or  a  military  technical  order  to  paramete¬ 
rize  the  circuitry.  A  receiver  Which  is  modeled  in  this  fashion 
is  known  as  a  nominal  receiver.  In  this  section  we  apply  the 
nominal  receiver  concept  to  the  VHF  tuner  described  in  Sectior 
7.3.  The  data  in  this  section  come  from  Spina  et.  al.,  (1972. 

7.12.1  Paramaterlzlnq  of  the  Nominal  Tuner-"" 

Two  sources  of  data  were  used  to  find  uhe  circuit  param¬ 
eters  for  the  nominal  tuner.  The  first  source  was  the  manufac¬ 
turer's  instruction  manual#  Which  contained  schematic  diagrams 

601 


of  the  tuner  circuitry#  operating  point  information  and  detailed 
alignment  procedures  for  the  ban ah  testing  of  the  tuner*  She 
second  source  was  measurements  performed  on  samples  of  the  same 
type  of  transistors  as  were  in  the  tuner.  The  parameters  found 
in  this  manner  could  be  expected  to  bo  representative  of  the 
type  tuner#  but  not  to  represent  any  specific  serial  numbered 
tuner . 

The  alignment  procedure  specified  in  tine  instruction  manual 
called  for  an  input  frequency  of  100  MHz#  corresponding  to  a 
local-oscillator  frequency  of  121.4  MHz .  Inductors  through 
l2d  are  used  for  variable  tuning  in  tlve  receiver  >  while  capacitors 
C3#  Cg,  Cig#  c22  are  fine-tuning  components  used  to  obtain 
symmetry  in  the  tuner  response.  Inductors  and  tune  the 
mixer  collector  circuit  to  the  21.4  MHz  intermediate  frequency. 

The  alignment  procedure  was  simulated  on  the  computer,  using 
SIGNCAP  to  predict  the  desired  second-order  response.  Accord¬ 
ing  to  the  manual#  the  tuner  should  have  a  nominal  3  dB  band¬ 
width  of  5  MHz#  but  this  may  vary  from  3  to  7  MHz#  depending 
on  the  frequency.  The  nominal  receiver  had  a  bandwidth  of  6 
MHz  after  alignment.  Figure  7.50  shtm^^^Ae  resulting  predicted 
equivalent  (first-order)  insertion  gain  of  the  nominal  tuner  at 
100  MHz. 


7.12.2  Nominal  Tuner  Results 


Once  the  tuner  was  aligned  at  100  MHz#  inductors  I#2A 
through  L2D  were  retuned  together  to  an  input  frequency  of  45 
MHz#  and  the  local  oscillator  was  changed  to  a  frequency  of 
66.4  MHz.  The  retuning  was  accomplished  by  varying  L2A  through 
L  together  for  a  maximum  21.4  MHz  reapOffse  at  the  IF  output 
port  iT2 .  This  did  not,  in  fact#  guarantee  a  symmetric  response 
at  21.4  MHz.  SIGNCAP  was  then  run  to  predict  the  second  through 
fourth  nonlinear  transfer  functions#  and  the  predictions  were 
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compered  with  the  measured  nonlinear  transfer  functions.  Figures 
7. SI  through  7. S3  show  the  nomine ted  and  actual  measured 
equivalent  nonlinear  transfer  functions. 

The  equivalent  insertion  gain*  Which  is  due  to  the  second 
order  nonlinear  transfer  function*  is  shown  in  Fig.  7.51.  The 
prediction  is  quite  good  in  terms  of  the  skirts  and  the  image 
response*  hut  the  predicted  peak  gain  is  about  4  dB  too  high* 
and  the  predicted  pass-band  response  does  not  have  the  flat 

w-n-' 

response  found  in  the  measured  data.  This  is  probably  due  to 
the  fact  that  when  the  tuner  was  "re^vm^d"  to  45  MHz,  it  was  tuned 
for  a  peak  at  45  MHz*  instead  of  a  flat  response  in  the  45  MHz 
region. 

The  equivalent  second-order  nonlinear  transfer  function* 
caused  by  the  tuner's  third-order  nonlinearities*  is  shown  in 
Fig.  7.52.  The  nominal  predicted  response  is  about  10  dB  high* 
and  at  a  slightly  lower  frequency  than  the  measured  transfer 
function. 


The  equivalent  third-order  nonlinear  transfer  function, 
caused  by  the  tuner's  fourth-order  nonlinearities*  is  shown  in 
Fig.  7.53.  The  nominal  predicted  response  is  about  20  dB  too 
high,  and*  as  with  the  first  and  second  order  transfer  functions* 
occur  at  a  slightly  lower  frequency  than  the  measured  equivalent 
third-order  nonlinear  transfer  function. 

To  summarize  the  comparisons  between  the  nominal  predictions 
and  the  measured  responses*  one  could  expect*  based  on  this  case* 
that  a  meaningful  nominal  model  could  be  formed  from  limited 
design  data .  The  quality  of  the  model  would  depend  in  some 
degree  on  the  experience  which  the  analyst  has  with  the  actual 
receiver • 
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PREDICTED 


7.12.3 


As  part  of  the  nominal  receisw  study,  systematic  changss 
wars  mads  in  various  linear  and  nonlinear  parameters  of  the 
Umar,  and  thoir  affects  on  the  several  nonlinear  transfer  func* 
tione  noted.  Table  7.5  oummariees  the  results  of  this  study. 
The  amount  of  data  in  the  table  is  limited,  but  it  indicates 
that  the  excessive  accuracy  in  parameter  values,  i.e.,  196  know¬ 
ledge  of  the  parameter,  is  not  necessary  for  reasonable  predic¬ 
tion  purposes;  a  596  accuracy  would  seem  to  give  acceptable  re¬ 
sults.  This  ia  encouraging,  as  °  scatter  is  to  be  expected  in 
the  parameter  of  various  receivers  of  the  same  type. 

Table  7.5. 

VHP  Tuner  Parameter  Variation 


Parameter 

Varied 

B-E  Resistive 
Nonlinearity 


Nonlinear 

Transfer 

Function 


Changes  in  Nonlinear 
Transfer  Function  for  ai 


196 

Variation 

0'»V2*'A& 
0.2  dB 


596  1096 

Variation  Variation 

1.0  dB  — 

2.0  dB 


B-E  Capacity *e 
Nonlinearity 


1.0  dB 
2.0  dB 


1.5  dB 
4.0  dB 


Nonlinearityl  H2 


2.0  dB 
0.4  d£ 


0.4  dB 
1.0  dB 


All  Resistor 


©0.2  dB 


v  -  V:.' 
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7,13  HF  Receiver  Modeling  w. 

7.13,1  Introduction 

The  remainder  of  this  chapter  is  concerned  with  the  modeling  of 
the  RF  Translator,  a  part  of  the  front-end  of  a  vacuum-tube  type 
HF  receiver.  Thit,  translator  consists  of  several  amplification 
and  mixing  stages  including  both  pentodes  and  triodea.  Additionally, 
six  high-Q  linear  interstage  networks  interconnect  the  vacuum  tubes. 

The  modeling  of  the  linear  passive  interstages  follows  the 
procedures  used  for  the  solid-state  ^i^i^er.  The  modeling  of 
the  vacuum  tube  amplifier  stuges  is  based  on  the  small-signal 
time-invariant  Volterra  series  using  the  3/2  power-law  models. 
However,  the  vacuum  tube  mixers  of  this  receiver  operate  in  re¬ 
gions  where  the  small-signal  theory  is  not  valid.  Thus,  the  mixers 
require  a  large-signal  approach?  they  were  characterized  by  fre¬ 
quency-invariant  power  series  coefficients  measured  with  the  tubes 
operating  with  broadband  resistive  loads.  The  overall  response  of 


the  translator  was  predicted  by  usii^^xcNCAP  to  predict  the  non¬ 
linear  transfer  functions  of  the  RF  stages,  and  non-interacting 
a&ecade  theory  to  predict  the  response  of  the  mixer  stages.  The 
predicted  and  measured  nonlinear  transfer  functions  of  the  complete 
translator  are  shown  to  be  in  good  agreement. 
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f1 

7.  15  MHz  bandpass  filter  FL1  is  the  load  of  V6.  It 
v  is  centered  at  15  MHz  and  has  a  1  MHz  bandwidth. 

Its  output  is  connected  to  the  grid  of  V4. 

8.  Receive  15  MHz  mixer  V4  is  a  6AH6  pentode.  The  input 

signal  is  applied  to  the  grid#  and  the  local  oscillator 
to  the  cathode.  Its  output  frequency  lies  between 
2.001  MHz  and  3.000  MHz. 

'HpfiH'*. 

9.  2-3  MHz  variable  IF  is  the  load  of  V4.  It  is  tuned 

to  the  output  frequency  of  V4.  Its  output  is  connected 

to  the  grid  of  VI. 

10.  Receive  LF  mixer  VI  is  a  6AH6  pentode.  The  input 

signal  is  applied  to  the  grid,  and  the  local  oscillator 
to  the  cathode.  Its  output  frequency  is  500  kHz,  which 
is  the  input  to  the  IF  module. 

The  nominal  characteristics  of  ^-he  translator  are  listed  in 
Table  7.6. 

7.13.2  Circuit  Model  of  the  Translator 

The  modeling  of  the  translator  was  divided  into  two  parts, 
namely: 

(a)  Modeling  of  vacuum  tubes. 

(b)  Modeling  of  the  linear  passive  interstages. 

The  vacuum  tubes  were  removed  from  unit  and  their  character¬ 
istics  measured.  These  data  are  summarized  in  Chapter  5  and  Sec¬ 
tion  6.6.  The  major  portion  of  this  section  covers  the  results  of 
modeling  the  linear  interstages.  The  operating  point  measurements 
and  local  oscillator  waveforms  are  presented  in  this  section.  All 
tests  and  modeling  reported  in  this  chapter  are  for  the  translator 
tuned  to  a  received  frequency  of  5.000  MHz. 
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Tabls  7.6 

RP  Translator  Characteristics 


Frequency  range 
Number  rAannels 
Channel  spacing 

Frequency  control 


Passband  response 
Sensitivity 


Image  xeB&vnse 


Spurious  response 
Intermodulation  distortion 


2.000  to  29.999  megacycles 

28,000  r.^ 

One  kilocycle  apart  on  integral 
kilocycles 

Phase  locked  to  frequency  standard. 
Standard  may  be  either  internal  or 
100-kc  external. 

Within  1.0  dB  for  +6  kc  from  selec¬ 
ted  frequency  in  transmit  and  receive. 

AM:  2.5mV  for  not  less  than  10  dB 
s+n/n  ratio. 

(Receive)  Not  less  than  80  dB  below 
response  to  selected  frequency  be¬ 
low  20.0  me;  60  dB,  below  20.0  me. 

(Receive)  Not  less  than  60  dB  below 
response  to  in-oand  signals. 

(SSB  Receive)  All  intermodulation 
products  at  IF  output  not  less  than 
45  dB  down  from  one  of  two  equal 
test  signals  applied  to  antenna 
term|^l  at  100-|iV  level. 
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The  interstage  network  meaaurements  were  mad©  with  all  vacuum 
tubes  removed ,  To  model  an  interstage,  two  sets  of  measurements 
were  made.  First,  the  input  impedances  of  the  networks  were  mea¬ 
sured.  Next,  each  network  was  excited  by  a  SO  ohm  generator,  and 
the  open-circuit  output  voltages  of  the  networks  were  measured. 

Based  on  these  measurements  and  the  data  available  in  the  instruc¬ 
tion  manual,  the  networks  were  modeled  using  a  linear  circuit 
analysis  program,  and  the  input  impedances  and  voltage  transfer 
ratios  compared  with  the  measurements.  It  is  to  be  noted  that  the 
interstage  network  modeling  procedures  differed  between  the  VHF 
solid-state  receiver,  and  the  HF  vacuum-tube  receiver.  The  VHF 
reaeiver  interstages  were  modeled  by  only  measuring  their  insertion 
losses,  While,  for  the  HF  receiver  interstages,  both  input  impedance 
and  voltage  trams fer  ratio  were  measured.  The  reason  for  the  extra 
measurements  in  the  case  of  the  HF  receiver  is  the  higher  Q  associ¬ 
ated  with  vacuum  tube  circuitry;  in  order  to  properly  characterize 
the  networks  near  resonance,  their  impedance  levels  must  be  estab¬ 
lished.  The  impedance  measurement  is  of  greater  importance  for 
networks  which  couple  high- impedance  devices,  such  as  vacuum  tubes 
and  FETs,  than  for  low-impedance  devices,  such  as  bipolar  junction 
transistors. 

Following  the  network  measurements,  operating  point  measure¬ 
ments  were  made  on  all  signal  processing  vacuum  tubes,  and  the 
amplitudes  and  spectra  of  all  local-oscillator  outputs  were  measured 
under  both  unloaded  and  loaded  conditions.  One  and  two-tone  mea¬ 
surements  were  made  to  find  the  first-  second-  and  third-order 
transfer  functions  of  individual  stages  and  then  of  the  complete 
translator. 
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7.13.2.1  Linear  Passive  Interstages 

There  are  six  passive  interstages  to  be  modeled  from  the  an¬ 
tenna  to  the  receiver  IP  amplifier.  With  reference  to  Fig.  7.54, 
these  interstages  are: 

Interstage  Is  antenna  input  to  grid  of  V7/V8  parallel 
pentode  amplifier. 

Interstage  2:  V7/V8  to  V9/V10  parallel  pentode  amplifier. 

Interstage  3:  V9/V10  to  V6  triode  first  mixer. 

Interstage  4:  V6  to  V4  pentode  second  mixer. 

Interstage  5:  VI  to  VI  pentode  third  mixer. 

Interstage  6:  VI  to  receiver  IF. 

The  results  of  modeling  each  interstage,  following  the  two 
step  procedure  described  above,  are  presented  next. 

The  first  network  to  be  analyzed  connects  the  antenna  input 
to  the  grid  of  V7.  It  couples  to  the  antenna  via  an  a utotrans former, 
and  has  a  low  source  impedance.  Therefore,  in  modeling  it,  only  the 
voltage  transfer  ratio  was  measured. 

The  measured  and  predicted  transmission  characteristic  for 
this  interstage  is  shown  in  Fig.  7.55.  The  interstage  is  seen  to 
be  sharply  tuned,  peaking  at  5.2  MHz  to  a  peak  transmission  5  dB 
higher  than  at  5.0  MHz.  The  predicted  transmission  is  in  good 
agreement  with  the  measurements  except  for  the  region  below  1.5  = 

MHz.  Here,  the  prediction  is  monotonic  with  frequency,  while  the  s 
measurement  is  oscillatory.  It  is  interesting  to  note  that  the 
predictions  are  in  good  agreement  with  the  minima  of  the  transmis¬ 
sion  ripple.  i 

The  second  interstage  network  connects  V7/V8  with  V9/V10.  The 
input  impedance  of  the  network  is  shown  in  Fig.  7.56.  The  impedance  f 
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Input  Impedance  (OHMS) 
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Fig.  7.56.  Interstage  Network  #2:  Input  Impedance 
(V7  to  V9) 
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peaks  at  4. OS  MHz,  and  daoreazas  monotonioally  on  both  aidaa.  It 
should  be  particularly  noted  that  the  input  impedance  is  quite  low 
at  4  NH«,  and,  indeed,  is  still  decreasing?  this  is  duo  to  an  input 
circuit  series  resonance  which  occurs  at  about  3*3  KHe.  The  voltage 
transfer  characteristic  of  the  network  is  shown  in  Fig*  7.57.  Here 
the  input  resonance  is  quite  evident,  with  a  sharp  null  appearing  at 
3.3  MHz.  The  circuit  has  a  broad  transmission  maximum  around  5  MHz, 
and  then  another  null  near  230  MHz.  Both  figures  show  excellent 
agreement  between  prediction  and  measurement. 

The  third  interatage  network  connects  V9/V10  to  the  first 
mixer,  V6.  The  imput  impedance  is  shown  in  Fig.  7.58.  It  is  seen 
to  peak  at  about  5.3  MHz.  The  transmission  characteristic  is  shown 
in  Fig.  7.59.  The  transmission  is  seen  to  be  broad,  nearly  flat 
from  4  to  6  MHz.  There  is  a  sharp  null  at  about  35  MHz,  caused 

N 

by  a  series  resonance  to  ground  of  capacitor  and  a  parasitic  in¬ 
ductor  in  series  with  it.  The  predicted  and  measured  input  imped¬ 
ances  are  seen  to  be  in  good  agreement.  The  predicted  transmission 
is  in  good  agreement  with  the  measured  above  about  1.5  MHz,  but 
somewhat  high  below  2.5  MHz. 


The  fourth  interstage  network  interconnects  the  first  and 
second  mixers,  V6  and  V4.  It  is  an  interesting  network,  in  that 
it  contains  two  transformers  and  therefore  provides  y  distinctly 
different  modeling  problem  than  the  other  interstages.  In  the 
model,  the  transformers  were  replaced  by  their  pi  equivalent  cir¬ 
cuits.  The  circuit  parameters  were  determined  through  impedance 
measurements  made  at  the  transformer  terminals,  as  well  as  by 
using  a  linear  circuit  analysis  program  to  match  input  impedance 
and  transfer  characteristics  of  the  entire  interstage. 
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Interstage  Network  #3 
(V9  to  V6)  i 


WMBnu'-Kv-jd,,, ..  (Wi^r 


Tne  Input  impedance  of  the  interstage  network  is  shown  in 
Fig.,  7.60*  Hie  single  maximum  in  fcl^.input  impedance  should  be 
noted.  Normally,  the  input  impedance  of  a  double-resonant  trans¬ 
former  has  a  double-hump;  in  this  filter,  the  lower  maximum  is 
suppressed  by  a  series  resonance  between  the  mutual  inductance  and 
a  coupling  capacitor. 

The  voltage  transfer  characteristic  of  the  interstage  network 
is  shown  in  Fig.  7.61.  it  has  a  1  MHz  bandwidth  and  a  15  MHZ  center 
frequency.  It  is  seen  that  the  network  is  overcoupled,  as  the  re¬ 
sponse  has  a  double-hump.  The  response  does  not  fall  off  rapidly 
at  higher  frequencies,  i.e„.  in  the  18  -  24  MHz  range.  This  is  due 
to  the  fact  that  the  measurements  were  made  with  V6  and  V4  removed 
from  the  receiver.  If  V4  were  in  the  receiver,  its  input  capacity 
would  cause  a  more  rapid  fall  off  in  the  high  frequency  character¬ 
istic,  as  well  as  slightly  increasing  the  peak  value  of  the  trans¬ 
fer  characteristic. 

Interstage  network  5  is  a  variable-tuned  network  Which  connects 
the  second  and  third  mixers,  V4  and  VI.  For  the  5  MHz  input  sig¬ 
nal,  the  network  is  tuned  to  3  MHz,  ihtf  has  a  bandwidth  of  about 
100  kHz.  The  input  impedance  of  the  network  is  shown  in  Fig.  7.62. 
The  network  is  seen  to  have  an  input  impedance  zero  at  about  1.5 
MHz,  and  a  peak  at  about  3  MHz.  Details  of  the  peak  impedance  are 
shown  in  more  detail  in  the  insert  on  the  figure. 

The  voltage  transmission  characteristic  is  shown  in  Figs. 

7.  63  and  7.64.  Figure  7.63  shows  the  transfer  characteristic 
over  the  range  1-10  MHz.  The  network  is  seon  to  have  an  extremely 
sharp  resonance,  the  details  of  whicft  Are  shown  in  Fig.  7.64. 

From  these  figures  it  is  seen  that  the  circuit  model  is  quite  good. 


Voltage  Transmission  V4-V1  Interstage 


The  final  interstage  network  connects  the  third  mixer  to  the 
receiver's  IP  amplifier.  The  interstage  is  fixed-tuned  as  the 
500  kHss  IP  is  constant,  independent  of  input  frequency.  It  is 
made  up  of  a  pair  of  capacitively  coupled  high-Q  tuned  network*'., 
with  a  capacitive  divider  on  the  output.  The  capacitive  divider 
allows  the  network  to  feed  a  50  ohm  load  with  no  further  impedance 
matching  required.  The  input  impedance  of  the  network  is  shown 
in  Fig.  7.65,  and  the  transfer  characteristic  is  shown  in  Fig.  7  66. 
Good  agreement  exists  between  measurement  and  prediction  in  this 
network . 

7.13.2.2  Operating  Point  Data 

The  purpose  of  this  section  is  to  collect,  in  one  place,  data 
pertaining  to  measured  operating  points  and  local-oscillator  sig¬ 
nals  which  have  been  measured  in  the  RF  translator.  These  data 
were  used  in  deriving  the  circuit  parameters  for  the  translator. 

The  vacuum  tube  parameters  have  been  given  previously. 

The  vacuum  tube  operating  points  are  given  in  Table  7.7. 

Mixer  operating  points  were  measured  with  the  mixer  tubes  being 
driven  by  their  local-oscillators.  Note  that  the  6AH6  mixers,  VI 
and  V4,  have  the  same  DC  bias  on  the  screen  as  on  the  plate. 

TABLE  7.7. 

VACUUM  TUBE  OPERATING  POINTS  (VOLTAGE) 


Voltage 

71 

V4 

V6A 

V6B 

V7 

V8 

V9 

V10 

Plate 

116.5 

118.3 

115.6 

115.6 

96.9 

96.9 

235.0 

235.2 

Screen 

116.5 

118.3 

- 

- 

99.1 

99.4 

223.0 

223.3 

Grid  #1 

-3.32 

•3.05 

-1.95 

-2.00 

-1.33 

-1.33 

-6.25 

-5.94 
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Interstage  #6 
(VI  to  IF) 


500  600 

Input  Frequency  (KHz) 


ig.  7.65.  Input  Impedance  Interstage  #6 
(VI  to  IF) 


628 


Interstage  #6 
(VI  to  IF) 
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Fig.  7.66.  Voltage  Transfer  Ratio  Interstage  #6  (VI  to  IF) 
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The  spectral  data  for  the  Jocal-oscillator  are  given  in 
Table  7.8.  These  data  were  measured  with  the  mixers  being  driven 
by  the  local-oscillators „  Voltages  were  measured  at  the  cathode 
of  the  mixers,  which  is  the  local-oscillator  injection  point,  and 
are  rms  voltages.  Spectral  data  were  taken  at  the  referenced  test 
points,  using  a  50  ohm  input  impedance  spectrum  analyzer  connected 
in  series  with  a  20K  resistor?  the  spectral  data  in  the  table  are 
therefore  52  dB  below  the  level  existing  at  the  test  points.  The 
local-oscillator  drives  to  V6,  the  HF  mixer,  and  V4,  the  15  MHz 
mixer,  are  both  relatively  clean,  with  second  harmonics  20  dB 
below  the  fundamental.  The  local-oscillator  for  VI,  the  LF  mixer, 
is  however,  not  as  good,  with  significant  harmonic  distortion. 


Table  7.8. 

LOCAL  OSCILLATOR  HARMONIC  POWER  IN  dBm 


Mixer 

Harmonic 

V6 

9.5  MHz 
0.79V  rms 

J5 

(dBm) 

V4 

17.5  MHz 

0.99V  rms 

J2 

(dBm) 

VI 

3.5  MHz 

1.40V  rms 

J1 

(dBm) 

1 

-39.5 

-36.5 

-34.0 

2 

-61.0 

-59.5 

-49.0 

3 

-70.5 

-70.0 

-57.0 

4 

-92.5 

-82.0 

-68.0 

5 

-94.0 

-88.0 

-70.0 

6 

-86.5 

-69.0 

7 

-82.0 

-74.0 

8 

-85.5 

-77.5 

9 

-91.0 

-83.0 

10 

—83 .0 

11* 

-86.5 
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7.13,3  Mixer  Performance 

The  nonlinear  performance  of  the  three  mixers  in  the  re¬ 
ceiver  were  measured  with  the  mixers  functioning  in  the  receiver 
and  the  receiver  tuned  to  5.000  MHz.  In  the  tests  the  mixer 
control  grids  were  excited  by  one  and  two-tone  inputs,  and  the 
outputs  were  measured  by  means  of  resistive  divider  networks 
connected  across  specified  points  in  the  mixer  plate  networks. 
The  three  mixers  are  operated  in  regions  Where  the  small-signal 
theory  is  not  valid,  and  therefore  the  SIGNCAP  3/2  power- law 
vacuum-tube  software  is  not  applicable.  There  is  thus  little 
likelihood  of  the  mixers  being  characterized  analytically,  by 
the  3/2  power  law  which  is  applicable  to  the  vacuum  tube  ampli¬ 
fiers. 
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However,  it  was  shown  through  measurements  that  the  current 
delivered  by  the  vacuum  tube  mixers  can  be  characterized  by 
means  of  a  zero-memory  power  series,  that  is,  one  can  write  the 
plate-current,  grid-voltage  by  the  series* 


i  -  a  eqe 

i  p  al  e 


eq  2  ,  eq  3 
+  a_  e  +  a_  e 
g  2  g  3  g 


(7.75) 


where 


i  =  incremental  plate  current 
P 

=  incremental  grid  voltage 

©Q 

a.  =  is  the  equivalent  i-th  order  mixer  power  series  coef¬ 
ficient  for  a  given  Local  Oscillator  (L.O.)  waveform 

eL0(t) 

The  equivalent  i-th  order  nonlinearity,  a^eq  is  actually  due 
to  the  (i+l)th  order  nonlinearity  a^+^  of  the  mixer  if  the  L.O.  is 
considered  as  external  to  the  mixer.  That  is,  if  the  mixer  tube 
is  truly  zero-memory,  then  for  a  sinusoidal  local  oscillator  for 
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small  enough  signal  and  local-oscillator  levels  will  be 

proportional  to  V  a , , . .  However*  her©  we  do  not  attempt  to 
present  a  relation  between  L.0«  wav<-  :orm  and  the  equiva¬ 

lent  nonlinear  coefficients  for  r- ;  given  L.O.  waveforms,  simply 
written  as  a^e<*  with  an  L.O.  waveform  implicit. 

In  Table  7.9  the  for  the  three  mixers  in  the  receiver 

are  given.  These  coefficients  were  determined  through  measurements 

of  intermodulation  output  power  for  sinusoidal  signal  inputs.  The 

GCT 

zero -memory  assumption  for  was  experimentally  shown  to  be 

valid  by  observing  little  variation  in  output  distortion  with  sig- 
nal  frequency.  The  determination  of  the  through  measurement 

is  a  departure  from  the  purely  theoretical  approach  used  with  the 
transistor  circuits  and  the  vacuum  tube  circuits  operating  in  the 
well-behaved  region.  It  is,  however,  a  legitimate  approach,  due 
to  both  the  wide  bandwidths  of  the  vacuum  tubes,  and  the  isolation 
between  stages  provided  by  the  vacuum  tubes. 

Table  7.9. 

Mixer  Equivalent  Power-Series  Coefficients 


Tube 

a^6^ (mho) 

a3eq  (iriho/v2) 

12AT7,  V6 

1.16  x  10“3 

5.5  x  10"5 

6AH6,  V4 

1.15  x  10“3 

2.4  x  lO"4 

6AH6,  VI 

3.96  x  1CT4 

4.16  x  10"5 
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7.13.4  RF  Amplifier  Performance 
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The  RF  amplifier  portion  of  the  translator  consists 
of  the  portion  of  the  translator  between  the  antenna  output  and 
the  grid  of  V6,  the  first  mixer.  The  circuitry  and  components 
which  make  up  the  RF  amplifier  consist  of  four  pentodes  and  the 
first  three  interstages.  One  and  two-tone  tests  were  performed  to 
measure  the  first  three  nonlinear  transfer  functions  of  the  RF 
amplifier,  and  predictions  of  these  transfer  functions  were  made 
using  the  3/2  power  law  SIGNCAP  model.  The  measurements  and 
predictions  are  presented  in  this  section.  The  measurements 
and  predictions  were  made  at  a  5K0  -  50fl  divider  on  the  grid 
of  V6 . 

The  predicted  and  measured  insertion  gain  of  the  RF  stages 
are  shown  in  Fig.  7.67.  The  agreement  is  quite  good  below  res¬ 
onance,  and  seen  to  be  somewhat  high  at  and  above  resonance. 

The  interpretation  which  should  be  given  to  this  data  is  that 
there  are  two  simultaneous  effects  being  observed.  First,  the 
overall  predicted  gain  is  several  dB  too  high.  Second,  above 
resonance  the  predicted  transmission  of  the  linear  networks, 
particularly  the  antenna  -V7  network,  is  some  5  dB  too  high. 

The  latter  is  confirmed  by  Fig.  7.  55. 

The  predicted  and  measured  third-order  nonlinear  transfer 
functions  are  shown  in  Fig.  7.68.  The  agreement  is  good  over 
the  range  4.8  MHz  -  5.4  MHz  for  f^  covering  an  80  dB  variation 
in  amplitude  and  being  off  only  10  dB  in  the  peak  value.  In  the 
4.0  -  4.8  MHz  range  the  prediction  i©  for  a  continually  decreas¬ 
ing  nonlinear  transfer  function,  while  the  measurement  shows 
much  less  variation.  This  is  attributed  to  the  modeling  of  the 
first  two  pentodes  in  the  RF  amplifier  which  are  the  6DC6's  shown 
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in  Section  6.6  to  predict  lower  than  measured  third-order  non¬ 
linear  transfer  functions.  If  the  frequency  range  below  4.8  MHz 
corresponds  to  the  range  in  which  the  primary  distortion  comes 
from  the  first-two  pentodes  (6DC6's),  while  the  range  above  4.8 
MHz  corresponds  to  the  primary  distortion  coming  from  the  second 
two  pentodes  (5763 ‘ s) ,  then  the  behavior  is  explainable  in  terms 
of  the  known  pentode  model  behavior. 

7.13.5  Complete  RF  Translator  Response 

With  the  modeling  of  all  of  the  parts  of  the  RF  translator 
completed,  we  now  present  the  measured  and  predicted  nonlinear 
transfer  functions  of  the  entire  RF  translator  section.  The  mea¬ 
surements  were  made  with  inputs  applied  to  the  antenna  input,  and 
outputs  measured  at  the  third  mixer  output  with  a  spectrum  ana¬ 
lyzer.  The  first  and  third-order  nonlinear  transfer  functions  were 
measured  by  means  of  one  and  two-tone  tests,  with  the  available 
power  per  tone  being  -40  dBm  in  all  cases.  The  second-order  non¬ 
linear  transfer  function  was  too  small  to  be  measured.  The  pre¬ 
dictions  presented  in  this  section  were  made  with  the  RF  section 
analyzed  by  means  of  SIGNCAP's  3/2  power  pentode  model,  and  the 
mixers  modeled  by  means  of  the  and  a®^  power  series  coeffi¬ 
cients  from  Table  7.9  and  the  interstage  network  models. 

7.13.5.1  Simplified  Power-Series  Modeling  of  Vacuum  Tube  Stages 

To  illustrate  the  use  of  equivalent  power-series  coefficients 
and  the  simplified  network  models  to  vacuum-tube  receiver  modeling 
consider  the  circuit  shown  in  Fig.  7.69.  This  is  a  typical  stage 
in  a  cascaded  vacuum  tube  receiver.  The  voltage  vQ  is  the  input 
voltage  across  a  very  high  input  impedance.  The  vacuum-tube 
electron  device  is  characterized  as  a  zero-memory  nonlinear  in¬ 
cremental  current  generator,  i  (v  )  which  drives  the  linear  inter- 

P  ® 

stage  network,  the  z  parameters  of  which  are  z^,  z^,  z., . ,  and 
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£ 22 *  T*1®3®  relationships  are  shown  in  Pig.  7.69b.  The  inter¬ 

stage  network  inpi 
±2  are  related  by 


stage  network  input  and  output  voltages  v^,  v^,  and  currents  i^. 


Z11  Z12 


Z21  Z22 


(7.76) 


The 


voltage  v_  is  the  input  voltage  to  the  next  vacuum  tube. 

*  j 


Since  vacuum  tube  input  impedances  are  assumed  infinite,  i2»0, 
and 


v2  =  Z21  il* 


(7.77) 


The  interstage  network  input  current  i^  is  given  in  terms 


of  a®q  and  a^'4  by  the  power  series  for  the  vacuums  tube  as 


.®<Z 


lr  _iP 


eq  eq  3 

-  a,  v  -  a  *  v  , 
1  O  3  0 


(7.78) 


where  it  has  been  assumed  that  the  vacuum  tube  is  adequately 
modeled  as  a  nonlinear  current  source.  Thus,  v2,  the  output 
voltage  at  the  infinite  impedance  load  (i2=0)  is  given  by 

v2  ”  “  “aiS  ’  *  921 

since  there  is  no  drop  in  z22. 
on  a  stage-by-stage  basis,  using  the  correct  power  series  coef¬ 
ficients  for  each  stage.  The  transfer  impedance  z21  must  be 
evaluated  at  the  frequency  combinations  of  interest. 


eq  ,  eq  3 
a,  v  +  a„  v  , 
l  o  3o 


(7.79) 


Equation  (7.79)  can  be  applied 
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a.  Typical  Vacuum-Tube  Network  Interstage 


il  Z„ 


Z22 


i  2  =0 


b.  Incremental  Nonlinear  Equivalent  Interstage 

■*-  ie  B0 

«“(3  f-  .in  . . 

"Z21  ip  Cl  ^2 


♦ 

Vo 


c,  Effective  Nonlinear  incremental  Model 


Pig.  7.69. 


Simplified  Nonlinear  Incremental  Model  for  a 
Vacuum  Tube  Stage. 


:  '•  ''viVPyV'iiiVclpcs^l  >j0£rt.4,*i2?!« 


The  complete  nonlinear  analysis  of  the  mixers  in  the  HF 
receiver  tr ana lator  was  computed  by  a  systematic  application  of 
Eq.  (7.79)*  Only  the  equivalent  first  and  third-order  responses 
were  calculated,  as  the  equivalent  second-order  responses  were 
found  experimentally  to  be  so  small  as  to  be  unmeasurable. 

7.13.5.2  Translator  Nonlinear  Transfer  Functions 


The  desired  RF  translator  output  is  centered  around  the 
500  kHz  intermediate  frequency.  Since  the  receiver  is  a  triple 
conversion  system,  the  response  is  actually  a  third-order  re¬ 
sponse  at  the  frequency  fg  +  fLQ1  -  f^j  -  f^^,  where  fQ  is  the 
signal  frequency  and  the  remaining  frequencies  are  the  three 
local  oscillator  frequencies.  However,  consistant  with  our  use 
of  equivalent  power-series  coefficients,  (a®q  and  a^) ,  the  de¬ 
sired  response  is  interpreted  as  an  equivalent  first-order  re¬ 
sponse.  Thus,  we  can  also  refer  to  the  equivalent  insertion 
gain  of  the  complete  translator  as  the  difference  between  the 
output  delivered  and  available  input  powers  at  the  output  and 
input  frequencies.  The  predicted  and  measured  equivalent  inser¬ 
tion  of  the  RF  translator  are  shown  on  Fig.  7.70.  The  figure 
covers  the  frequency  range  4.88-5.18  MHz,  and  shows  good  agree¬ 
ment  between  the  predictions  and  measurements.  The  insertion 
gain  varies  over  a  do  dB  range,  and  the  primary  difference  be¬ 
tween  the  prediction  and  measurement  is  a  slight  detuning  of 
the  peak  region  of  the  predicted  insertion  gain. 


The  predicted  and  measured  equivalent  third-order  nonlinear 
transfer  functions  of  the  translator,  H3^^fi*f^»"f2'fLOl,"fL02# 
“fL03^*  are  shown  ^  7.71.  Again  we  find  good  agreement 

with  the  primary  difference  being  a  detuning  effect.  The  param¬ 
eters  of  the  receiver  are  such  that,  over  the  frequency  range 
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shown,  the  source  of  the  third-order  intermodulation  distortion 
is  the  first  mixer,  V6  The  second  and  third  mixers  do  not 
cause  significant  intermodulation  distortion,  and  the  third- 
order  distortion  of  the  RF  stages  is  sufficiently  small  that 
it  also  does  not  contribute  significantly  to  the  RF  translator 
distortion  in  this  frequency  range. 
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APPENDIX  A 

SIGNCAP  I  -  NONLINEAR  CIRCUIT  ANALYSIS  COMPUTER  PROGRAM 

A.l  Introduction 

The  SIGNATRON  Nonlinear  ^Circuit  Analysis  Program,  known  as 
SIGNCAP  I,  allows  the  engineer  to  determine  the  nonlinear  transfer 
functions  of  an  electronic  circuit,  SIGNCAP  utilizes  a  set  of 
standard  electric  circuit  elements,  and  can  analyze  networks  made 
up  of  interconnections  of  these  elements, 

SIGNCAP  is  written  in  FORTRAN  IV,  and  has  been  implemented 
on  two  computers,  the  IBM  1130  with  8K  of  core  and  the  Honeywell 
635,  The  IBM  1130  version  can  directly  analyze  networks  contain¬ 
ing  up  to  30  nodes,  while  the  Honeywell  635  version  can  directly 
analyze  networks  containing  up  to  50  nodes.  Larger  networks  can 
be  analyzed  by  segmenting  the  network  into  subnetworks,  and  then 
utilizing  SIGNCAP* s  cascading  option. 

Structurally,  SIGNCAP  solves  the  nonlinear  network  problem 
by  forming  both  the  nodal  admittance  matrix  (Y  matrix)  for  the 
entire  network,  and  the  first-order  generator  (current-source) 
excitation  vector,  for  all  of  the  linear  sources  in  the  entire 
network.  The  generators  can  be  located  at  any  node  in  the  network, 
and  can  have  any  desired  frequency,  amplitude,  and  phase.  The 
usual  procedure  of  premultiplying  the  generator  vector  by  the  in¬ 
verse  Y  matrix  results  in  the  first-order  nodal  voltage  vect6r  for 
the  network,  the  elements  of  which  are  the  first-order  transfer 
functions  at  all  nodes  in  the  network  at  the  given  excitation  fre¬ 
quency.  In  the  event  that  there  is  more  than  one  generator  at  a 
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given  frequency,  the  first-order  transfer  function  will  be  the 
total  transfer  function  due  to  the  superposition  of  the  generators 
since  the  first-order  transfer  function  is  a  linear  function. 

The  higher-order  transfer  functions  are  solved  iteratively,  using 
the  analysis  techniques  described  in  Chapter  a. 

SIGNCAP  is  simple  to  employ.  The  user  enters  a  description 
of  the  circuit  to  be  analyzed,  as  well  as  the  frequencies  and  order 
of  the  analysis.  SIGNCAP  interprets  the  input  statements,  per¬ 
forms  the  nonlinear  analysis,  and  outputs  the  results  in  printed 
form.  There  are  five  types  of  inputs  which  are  needed  to  describe 
a  given  circuit.  The  input  statements  define  the  topology  of  the 
circuit,  the  circuit  element  values,  the  linear  and  nonlinear 
devices  used  in  the  circuit,  the  circuit  excitation  and  the  order 
of  the  analysis,  and  the  desired  output. 

This  appendix  is  designed  so  that  the  reader  will  be  able  to 
use  SIGNCAP  after  reading  it.  It  does  not  contain  an  in-depth 
discussion  of  the  various  subroutines  which  make  up  SIGNCAP,  nor 
does  it  contain  detailed  program  flow  charts  or  program  listings, 
as  they  are  not  necessary  for  an  understanding  of  SIGNCAP.  Section 
A. 2  provides  a  user-oriented  discussion  of  the  SIGNCAP  analysis 
techniques  and  program  interaction.  The  circuic  elements  and 
models  which  are  used  in  SIGNCAP  are  described  in  Section  A. 3.  and 
the  input  statement  structure  is  described  in  Section  A. 4.  Section 
A. 5  deals  with  the  use  of  SIGNCAP  in  typical  examples.  Examples 
are  also  given  in  the  other  sections  when  a  particular  point  is 
to  be  illustrated. 
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A .2  SIGNCAP  Analysis  Techniques 


sl 


A. 2.1  Nodal  Admit tanco  Analysis 

The  purpose  of  SIGNCAP  is  to  determine  the  nonlinear  transfer 
function  of  a  network.  We  use  the  convention  that  the  nonlinear 
transfer  functions  are  voltage  transfer  functions,  that  is,  they 
relata  an  output  response  voltage  to  one  or  more  input  excitation 
voltages.  It  is  thus  both  natural  and  convenient  to  perform  the 
nonlinear  circuit  analysis  on  a  nodal  basis,  where  the  independent 
variables  are  the  known  voltages  and  the  dependent  variables  are 
the  unknown  nodal  voltages.  As  a  simple  example,  consider  the 
linear  Pi  network  of  Pig.  A. la.  The  nodal  equations  for  this 
network  are: 


vi  4  i? 


-v 


2  Z, 


-  I, 


(A.  la) 


-V. 


1  Z, 


(A.  lb) 


which  can  be  written  in  matrix  form  ass 


"l  1  1 

-a 

m 

V. 

I 

Z1  +  Z2  '  Z2 

1 

1 

S3 

1  1  1 

v„ 

I„ 

Z„  *ZL 

2 

2 

2  2  3 

u-  _ 

— * 

M  mm 

Equation  (A. 2)  is  conventionally  wr.‘  ’  ten  as: 

[y]  [v]  »  [i  3. 
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(A. 2) 


^A .  3 ) 


i 


where : 


[Y]  =  nodal  admittance  matrix, 

[V]  =  nodal  voltage  vector, 

[i]  =  nodal  current  vector. 

The  nodal  admittance  matrix  is  a  property  of  the  network  itself, 
and  can  be  constructed  independently  of  external  source  and  load 
constraints.  It  is  a  square  matrix,  the  elements  of  which  are 
equal  to: 


=  negative  of  admittance  between  node  i  and  node  j 

i*j 


y, ,  =  sum  of  all  admittances  between  node  i  and  all 
ii 

other  nodes  including  ground  , 


If  the  passive  network  of  Fig.  A^la  is  embedded  in  a  larger 
network,  constraints  are  placed  on  the  terminal  voltages  and  cur¬ 
rents.  In  particular,  consider  the  embedding  of  Fig.  A. lb, 
where  node  1  is  driven  by  a  voltage  source  V  with  Thevenin  imped- 

b 

ance  Ze,  and  node  2  is  terminated  in  a  passive  impedance  Z_ . 

D  1 J 

The  terminal  constraints  are: 


(A,.  4a) 
(A. 4b) 


647 


'  •»*V* 


Substituting  (A. 4)  into  (A.l)  results  in: 


(A. 5a) 


+  V2(^  + 


0, 


(A,  5b) 


which  can  be  written  in  matrix  form  as: 


~1  1  1 

mm  * 

„  1 

V, 

v_ 

*1  Z2  ZS 

Z2 

1 

s  zs 

1 

111 

- 

V 

0 

Z2 

Z2  Z3  ZL . 

L  2  J 

mm  — • 

(A.  6) 


Equation  (A. 6),  the  current-voltage  matrix  equation  for  the 
embedded  pi  network,  is  seen  to  be  closely  related  to  Eq.(A.2), 
the  current-voltage  matrix  equation  for  the  isolated  pi  network. 
The  differences  are: 


1.  The  admittance  between  node  1  and  ground  has  been 

1 

increased  by  ”,  the  source  admittance. 

zs 

2.  The  admittance  between  node  2  and  ground  has  been 

l 

increased  by  ”,  the  load  admittance. 

I  has  been  replaced  by  the  Norton  current  source 
1  1 

V  *  ”,  and  I_  has  been  set  equal  to  zero. 

8  z„  & 


3 


Thus,  the  network  equations  are  now  in  the  form  of  a  known  voltage 
excitation,  Vg,  and  two  unknown  response  voltages,  and  V2« 

The  unknown  voltages  can  be  solved  for  by  matrix  inversions 


(A. 7) 


In  the  case  of  a  linear  network,  Eq.  (A. 7)  is  the  desired  result. 

It  shows  that  the  desired  nodal  response  can  be  found  in  terms  of 
the  known  current  source  vector  and  the  admittance  matrix  of  the  em¬ 
bedded  network.  In  fact,  if  Vg  =  1,  and  V 2  are  numerically 
equal  to  the  first-order  nonlinear  transfer  functions  at  nodes  1 
and  2,  respectively.  This  can  be  written  in  matrix  form  as: 

[H^  *  CY]_1[l]f  (A. 8) 

where  s 

[H  ]  =  first-order  nonlinear  transfer  function  vector; 

[Y'J  =  nodal  admittance  matrix  of  entire  network, 
including  source  and  load  impedances 

[l]  =  current  excitation  vector. 


If  the  voltage  excitation  can  be  written  as  the  sum  of  n 
sinusoids,  and  the  Y  matrix  is  frequency  selective  over  their 
frequencies,  Eq.  (A. 8)  must  be  solved  n  times  in  order  to  deter¬ 
mine  the  first-order  nonlinear  transfer  functions  at  all  n  fre¬ 
quencies. 

The  solution  of  the  linear  network  problem  is,  given  the  Y 
matrix,  seen  to  be  straightforward.  We  now  turn  our  attention  to 
the  nonlinear  network  problem.  We  have  shown  in  Chapter  2  that 
the  method  of  solution  of  the  small-signal  nonlinear  network  is 
centered  around  the  Taylor's  series  expansion  of  the  network's 
nonlinear  element* s  current-voltage  relation  around  their  operating 
points,  that  is: 

v2  +  a^v3.  (A.  9) 

For  a  linear  element,  a^  is  the  element's  admittance,  and  all 
the  a^  are  zero  for  i  greater  than  one.  The  incremental  voltage, 
v,  can  be  either  the  nonlinear  element's  terminal  voltage  for  an 
independent  nonlinearity,  or  the  voltage  across  some  other  point 
in  the  circuit,  for  a  dependent  nonlinearity.  The  solution  for 
the  first-order  nonlinear  uran3fer  function,  at  a  frequency  f^, 
is,  from  (A. 8),  given  by: 

[H^f.n  =  [Y(f.)]"1[i(fi)3.  (A .  10 ) 

In  Eq.  (a. 10)  we  have  explicitly  shown  the  frequency  dependence 
of  the  Y  matrix.  The  current  vector  I  is  made  up  of  all  indepen¬ 
dent  sources  of  frequency  f ^ ,  and  all  nonlinear  elements  in  the 
circuit  are  replaced  by  the  first  term  in  their  Taylor's  series  for 


1  =  alV  +  h 
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fl. 

the  first-order  analysis.  If  an  n  order  nonlinear  analysis  is 
to  be  performed,  and  the  input  given  by 

v  (t)  ®  E  A.  exp  (j2TTf.t).  (A. 11) 

S  <  -  1  1 

Equation  (A. 10)  must  be  evaluated  for  all  combinations  of  che  n 

input  frequencies,  taken  one  at  a  time,  or  (^)  times  to  find  the 

set  of  n  first-order  nonlinear  transfer  functions,  {H^ (f^) ,H^ (f2) 

**’  H.(f  )}. 

1  n 

Once  the  first-order  nonlinear  transfer  functions  have  been 
evaluated,  the  second-order  nonlinear  transfer  functions  can  be 
evaluated.  This  can  be  represented  in  matrix  form  as: 

CH2  <f±,  f^>  3  -  CY(fi+fj)r1[l2(H1{fi),H1(f;.))].  (A. 12) 

Equation  (A. 12;  says  that  the  second-order  nonlinear  transfer 

function  vector,  H  ,  evaluated  at  the  sum  frequency  f.+f is  the 

&  X  3 

product  of  a  second-order  current  vector  I2»  and  the  inverse  of  the 

Y_ matrix,  both  evaluated  at  f^+f^.  I2  is  a  function  of  H^(f^)  and 

H^ffj),  the  first-order  transfer  functions  evaluated  at  frequencies 

f.  and  f..  The  exact  functional  form  of  I_  is  determined  by  the 
x  3  * 

types  and  locations  of  the  nonlinearities,  as  described  in  Chapter  2. 
In  an  n  -order  analysis,  the  input  is  again  the  sum  of  n  expo¬ 
nentials  and  Eq.  (A. 12)  must  be  evaluated  for  all  combinations  of 

n  frequencies  taken  two  at  a  time,  or  (,)  times. 

*» 

The  third-order  nonlinear  transfer  function  can  be  represented 
in  terms  of  the  first  and  sucond-order  nonlinear  transfer  functions 
as: 

Ch3  {f±,  f  j)  3  =  CY(f.  +  fj+fk)r1[l3(H1(fi),H1(fj),H1(flc)) 

+  I23(H1(fi)H2(fj+fx)  ]  .  (A. 13) 
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Equation  (A. 13)  is  in  the  same  form  as  Eq.  (A. 12).  Specifically 
the  third-order  nonlinear  transfer  function  vector,  H3»  eval¬ 
uated  at  frequency  f.  +  f.+f.  ,  is  the  product  of  a  third-order  cur- 

*  j  ^ 

rent  vector,  /  and  the  inverse  of  the  Y  matrix,  both  eval¬ 

uated  at  frequency  f.  +  f.  +  f.  .  The  current  vector  is  made  up  of  twc 

1  ]  K 

types  of  terms,  namely  the  direct  third-order  currents  given  by 
and  the  third-order  currents  given  by  an  interaction  of  first-order 
and  second-order  terms,  l23*  T^e  exact  functional  form  of 
is  determined  by  the  types  and  locations  of  the  nonlinearities,  as 
described  in  Chapter  2.  In  an  .  n  -order  analysis,  Eq.  (A. 13) 
must  be  evaluated  for  all  combinations  of  the  n  input  frequencies 
taken  three  at  a  time,  or  (^)  times. 

The  solution  for  higher-order  nonlinear  transfer  functions 

follows  the  same  form  as  described  above.  In  general,  the  solu- 

tion  for  the  m  -order  nonlinear  transfer  function  in  an  nC  - 

order  analysis,  m  <  n,  requires  the  solution  of  (**)  equations  of 

til  *** 

the  form  of  Eq.  (A. 13).  Thus,  in  a  complete  n  -order  analysis,  the 
number  of  matrix  inversions  which  are  required  is: 

(?)  +  (?)•••+  0  “  2n-L.  (A.  14) 

12  n 

Equation  (A. 14)  provides  a  fundamental  insight  irto  the 

solution  time  of  SIGNCAP's  nonlinear  transfer  function  analysis. 

til 

As  a  general  rule,  an  n  -order  analysis  of  a  given  circuit  will 
require  2n-l  times  the  running  time  of  a  first-order  analysis  of 
the  circuit.  To  give  a  benchmark  speed,  the  analysis  of  a  27  node, 
4  transistor,  IP  amplifier  on  the  Honeywell  635  required  9.35 
seconds  per  output  frequency  term.  Thus  a  fourth -order  analysis 
of  this  circuit  would  take  approximately  140  seconds. 


652 


A. 2. 2  Segmentation  and  Cascade  Analysis 


As  is  shown  in  Eq.  (A . 3 ) ,  the  nodal  admittance  matrix  for  a 
2 

r  node  network  has  r  elements.  Since  these  are  in  general  com¬ 
plex  elements,  the  storage  of  the  matrix  in  the  computer  requires 
2 

2r  words,  e.g.,  200  words  for  a  ten  node  circuit  and  20,000  words 
for  a  hundred  node  circuit.  It  is  evident  that  for  any  size  com¬ 
puter  there  will  be  a  maximum  size  circuit  which  can  be  analyzed  as 
a  single  unit.  For  circuits  which  exceed  this  size,  it  is  conven¬ 
ient  to  break  the  circuit  up  into  smaller  circuits,  called  segments, 
analyze  each  segment  separately,  and  then  determine  the  nonlinear 
transfer  functions  of  the  complete  circuit  through  the  use  of  the 
cascade  equations  of  Chapter  2. 

The  procedure  of  segmentation  and  cascading  is  familiar  in 
linear  circuit  theory,  where  the  Thevenin  source  is  the  open- 
circuit  output  voltage  of  a  segment,  and  the  Thevenin  impedance  is 
the  output  impedance  of  a  segment.  In  the  case  of  nonlinear  trans¬ 
fer  function  analysis,  the  nonlinear  transfer  functions  of  each 
segment  are  computed  with  each  segment  driven  by  a  source  which  has 
the  same  impedance  as  the  Thevenin  impedance  of  th  j  previous  seg¬ 
ment,  and  loaded  by  an  impedance  equal  to  the  input  impedance  of 
the  succeeding  segment.  Both  the  input  and  output  impedance  are 
evaluated  at  the  frequency  combination  used  for  the  nonlinear  trans¬ 
fer  function  being  evaluated. 

SIGNCAP  allows  the  circuit  analyst  to  arbitrarily  divide  the 
circuit  into  segments,  and  then  performs  the  computation  of  the 
input  and  output  impedances  of  each  segment  for  all  frequency  com¬ 
binations.  The  analyst  must  make  sure  that  the  number  of  nodes  in 


\ 
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each  segment  is  no  greater  than  the  maximum  number  of  nodes  which 
the  particular  SIGNCAP  implementation  can  analyze.  It  is  best  to 
avoid  segmenting  at  a  point  where  significant  nonlinear  interaction 
is  present,  so  reasonable  common-sense  should  be  used  in  choosing 
the  segmentation  points. 

A  secondary  advantage  of  segmentation  and  cascading  is  there 
is  a  decrease  in  running  time  for  a  given  circuit.  The  matrix 
inversion  in  SIGNOAP  I  uses  the  standard  Gauss-Jordan  method  of  in¬ 
version,  which,  for  a  matrix  of  order  r  has  a  computation  time 

3 

proportional  to  r  .  Now,  consider  the  analysis  of  a  r  node  circuit 

which  has  been  segmented  into  S  segments,  each  containing  r/S 

nodes.  For  this  we  see  that  the  matrix  inversion  computation  time 

3 

per  segment  is  decreased  by  S  ,  and,  since  there  are  S  segments, 

the  matrix  inversion  computation  time  for  the  complete  circuit  is 

2  2 
decreased  by  S  .  While  the  full  decrease  of  S  will  not  be  real¬ 
ized  due  to  subsidiary  computations,  it  is  seen  that  segmentation 
should  be  computationally  efficient.  To  give  a  benchmark,  a  cas¬ 
caded  second-order  analysis  of  a  complete  communications  receiver 
containing  85  nodes  and  twelve  transistors  was  performed  on  the 
Honeywell  635.  The  receiver  was  segmented  into  three  segments. 

The  analysis  took  70  seconds  per  output  frequency.  Based  on  the  9.35 
seconds  per  frequency  benchmark  for  the  27  node  circuit,  the  analy¬ 
sis  of  a  single  85  node  network  would  take  280  seconds.  Thus  the 
segmenting  decreased  the  running  time  by  a  factor  of  4,  as  compared 
to  a  maximum  nossible  decrease  of  9.  This  shows  that  segmentation 
is,  indeed,  efficient  in  terms  of  running  time. 
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A. 2. 3  SIGNCAP  Processing 

SIGNCAP  contains  over  90  subroutines#  and  nothing  would  be 
gained  in  this  section  by  showing  their  interactions.  However,  the 
SIGNCAP  user  should  have  some  idea  of  the  concept  of  the  processing 
which  takes  place  in  SIGNCAP.  In  this  section  we  therefore  discuss 
the  processing  which  takes  place  in  SIGNCAP  independently  of  the 
actual  flow  of  subroutines. 

The  processing  flow  shown  in  Fig.  A. 2,  is  made  up  of  nine 
phases,  numbered  from  zero  to  eight.  The  first  phase,  phase  0,  is 
the  data  input  phase.  The  circuit  coding  is  read  into  the  computer, 
and  a  disk  data  file  is  set  up  which  contains  all  of  the  circuit 
elements  and  parameters.  At  the  end  of  the  data  input  phase,  con¬ 
trol  is  passed  to  phase  1,  in  which  the  order  of  the  analysis,  the 
2n-l  analysis  frequencies,  and  the  parameters  of  all  of  the  non¬ 
linear  elements  are  computed.  The  partial  Y  matrices,  which  are 
the  Y  matrices  less  the  input  and  output  impedances,  are  formed  in 
phase  2;  2n-l  partial  Y  matrices  are  formed  for  each  segment,  one 
for  each  of  the  analysis  frequencies,  and  they  are  all  stored  on 
disk.  The  input  and  output  impedances  of  each  segment  at  each  of 
the  2n-l  frequencies  are  computed  in  phase  3  and  stored  on  disk. 
These  impedances  are  added  to  the  partial  Y  matrices  in  phase  4, 
and  the  resulting  Y  matrices  are  inverted  and  stored  on  disk.  All 
of  the  Y  matrices  for  all  of  the  segments  are  inverted  at  this  time. 
The  computation  of  the  nonlinear  transfer  functions  takes  place  in 
phase  5.  Cascading  is  performed  in  phase  6  and  printout  in  phase  7. 
If  any  parameters  are  to  be  modified,  the  bookkeeping  for  the  modi¬ 
fication  is  computed  in  phase  8,  and  control  is  returned  to  phase  1. 
If  there  are  no  modifications,  the  program  exits  after  phase  8. 
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Data  File 

Phase  1 
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Phase  3 
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Phase  7 
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Fig.  A. 2,  SISNCAP  Processing 


It  should  be  noted  that  SXGNCAP  makes  use  of  disk  storage  for 
communication  between  phases,  as  well  as  for  data  storage.  Sufficient 
disk  space  must  be  allocated  by  the  user  to  store  the  2n-l  Y  matrices 
for  each  segment,  plus  the  requirements  for  storing  printout  and 
data  files.  The  latter  two  requirements  are  small  compared  to  the 
Y  matrix  storage  requirements;  for  example,  the  fourth-order  analy¬ 
sis  of  a  fifty  node  network  requires  seventy- five  thousand  words  of 
disk  to  store  the  fifteen  Y  matrices.  The  use  of  disk  stcug&ge  is 
dynamically^ eon t rolled  by  the  program,  and,  provided  the  user  has 
sufficient  disk  space  allocated,  the  program  handles  all  allocation 
problems . 

A . 2 . 4  SIGNCAP  Data  Preparation 

The  nonlinear  transfer  function  analysis  performed  by 
SIGNCAP  requires  the  user  to  specify  the  circuit  to  be  analyzed 
and  the  order  of  and  frequencies  at  which  the  nonlinear  analysis 
will  be  performed.  SIGNCAP  recognizes  the  following  circuity 
elements: 

•  Resistor 

•  Capacitor 

•  Inductor 

•  Y  Parameter  Passive  Networks 

•  Bipolar  Junction  Transistor 

•  Semiconductor  Diode 

•  Vacuum  Diode 

•  t&cuum  Triode 

•  Vacuum  Pentode 

•  Voltage  Sources 

SIGNCAP  can  analyze  any  circuit  made  up  of  interconnections  of  these 
basic  elements. 


As  has  been  noted  earlier,  the  SIGNCAP  analysis  is  performed 
on  a  nodal  basis.  The  input  data  structure  has  been  designed  with 
this  in  mind.  The  first  step  in  the  analysis  of  a  cirduit  is  the 
drawing  of  its  complete  circuit  model.  This  model  should  include 
all  of  the  parasitic  circuit  elements  which  can  be  identified. 

Next,  the  circuit  nodes  are  identified  and  numbered.  The  signal 
ground  is  defined  as  nwde  0,  and  the  numbering  of  the  remaining 
nodes  starts  with  1  and  continues  sequentially  until  the  last  node 
has  been  numbered.  There  is  no  requirement  that  adjacent  nodes  be 
assigned  sequential  node  numbers,  but  no  numbers  in  the  sequence 
can  be  skipped.  The  node  numbering  of  SIGNCAP  elements  which  have 
more  than  two  nodes,  namely  the  bipolar  junction  transistor,  vacuum 
triode,  and  vacuum  pentode,  is  done  according  to  a  specific  conven¬ 
tion  described  in  detail  in  Section  A. 3.  Once  the  node  numbers 
have  been  assigned,  the  circuit  elements  can  be  coded  for  entry 
into  SIGNCAP,  as  described  in  Section  A. 4. 

As  nonlinear  transfer  functions  are  defined  in  terms  of  volt¬ 
ages,  the  SIGNCAP  software  includes  independent  voltage  sources. 
Their  definitions  include  the  nodes  they  are  connected  to, 
their  impedances,  frequencies,  and  amplitudes  of  their  real  and 
imaginary  components.  Voltage  sources  can  be  connected  to  any 
node  in  the  circuit,  and  a  single  source  can  generate  an  arbitrary 
number  of  frequencies.  The  order  of  the  analysis  which  will  be 
performed  on  a  given  segment  is  equal  to  the  total  number  of  fre¬ 
quencies  generated  by  all  the  generators  in  the  segment.  The 
analysis  will  be  performed  at  all  of  the  2n-l  frequency  combinations 
of  the  n  input  frequencies.  For  example,  if  it  is  desired  to  per¬ 
form  a  third-order  analysis,  with  input  frequencies  f1#  f2»  f3> 
and  \aa k  amplitudes  E^,  E^,  SIGNCAP  will  analyze  and  printout 

the  seven  scaled  nonlinear  transfer  functions  given  bys 
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Scaled  Nonlinear  Transfer  Fu notion 


ElHl(fl) 

E2Hl(f2> 

E3H1 (f3! 

ElE2H2(£i'£2>  ' 

ElE3H2(£l,f3) 

E2E3H2<f2'f3> 

ElE2E3H3(fl'f2'f3> 


Frequency 

fi 

£2 
f 


3 
1H 
fl+f3 
^2+^3 

W£: 


fl+f2 


These  nonlinear  transfer  functions  are  called  "scaled"  because 
they  are  premultiplied  by  the  input  signal  amplitudes  or  products 
of  the  amplitudes.  If  the  input  amplitudes  are  all  set  to  unity, 
the  scale  factors  become  unity,  and  the  SIGNCAP  output  is  the  actual 
nonlinear  transfer  function.  Scaling  may  be  desired,  for  example, 
in  the  analysis  of  receivers  which  include  mixers.  The  local  oscillator 
amplitude  is  a  fixed  value  for  the  receiver,  and  can  be  automatically 
included  in  the  analysis  by  entering  it  as  the  amplitude  of  the 
local-oscillator  generator  in  the  circuit  model. 

SIGNCAP  also  has  a  modify  feature,  as  shown  by  phase  8  of 
Fig.  A. 2.  By  using  this  feature,  circuit  element  values  or  analy¬ 
sis  frequencies  can  be  changed,  and  the  same  circuit  re-analyzed 
without  re-inputting  the  entire  circuit  description.  As  many  mod¬ 
ifications  as  desired  can  be  made.  Thus,  for  example,  a  given  non¬ 
linear  circuit  can  be  analyzed  for  a  number  of  input  frequencies  in 
one  computer  run,  greatly  decreasing  the  amount  of  time  needed  to 
analyze  a  circuit. 

A . 3  Circuit  Elements  and  Models 

The  circuit  elements  which  SIGNCAP  recognizes  are  shown  in 
Table  A. 1#  along  with  either  their  defining  characteristics  or 
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Tub i e  A.  1 
SZQKCAP  Elemehts  Definitions 


Element 


Resistor 


Capacitor 


Symbol 


Current-Voltage  Relation 


i  ,  em-8n 
R 

l  *  jaic(em-en) 


Inductor 


Y- Parameter 
(bilateral) 


Bipolar  Junction 
Transistor 


See  Ch.  5 


Semiconductor 

Diode 


© - o - © 


See  Ch.  5  for  AC. 
Exponential  diode  for  DC- 


Vacuum  Diode 


Vacuum  Trlode 


Vacuum  Pentode 


l  =  Geb 
See  Ch.  5 


Generalized  3/2 power  law 
See  Ch.  5 


Generalized  3/2  power  law 
See  Ch.  5 


Voltage  Source 


(ERe^Elm)*12^ 


r  +  ]x|-Q 


Frequency  *  f  Hz 
Amplitude  •  Er«+)  Ejm 
Impedance  ■  R*  jX 


(m)  a  node  number 


references  to  the  chapter  in  which  they  are  fully  discussed.  All 
nodes  are  shown  on  the  chart  as (m) ,  where  m  is  the  node  number. 

The  first  three  elements  are  the  conventional  linear  resistor, 
inductor  and  capacitor.  A  linear  circuit  made  up  of  an  arbitrary 
interconnection  of  these  can  be  analyzed  with  SIGNCAP.  However, 
linear  circuit  theory  tells  us  that  from  an  input-output  point  of 
view,  a  complex  RLC  network,  containing  many  nodes  can  be  replaced 
by  a  pi  network.  SIGNCAP  accepts  the  Y  parameters  of  the  pi  net¬ 
work.  The  use  of  the  pi  network  can  thus  result  in  a  large  saving 
in  the  effective  nr  ?r  of  nodes  in  a  circuit,  as  an  interstage  pi 
network  goes  between  two  already  defined  active  device  nodes.  How- 

XT 

ever,  for  an  n  -order  analysis,  2  -1  sets  of  pi  parameters  must 
be  entered,  whereas  the  RLC  input  description  is  frequency  inde¬ 
pendent  and  need  be  entered  oniy  once.  The  input  and  output  nodes 
of  the  R,  L,  C,  and  pi  need  not  be  sequentially  numbered. 

The  nonlinear  devices  which  SIGNCAP  utilizes  are  the  next 
four  elements  of  Table  A.l.  The  bipolar  junction  transistor 
model  is  the  four-node  nonlinear  T  described  in  Chapter  5.  Three 
of  the  nodes  are  external,  and  the  fourth,  the  base-emitter  junc¬ 
tion,  is  internal.  The  convention  is  used  that  the  base,  collector, 
and  emitter  nodes  are  numbered  m,  m+2,  m+3,  respectively.  Thus 
only  the  base  node  number  need  be  given  when  specifying  the  loca¬ 
tion  of  a  transistor  in  a  circuit. 

The  semiconductor  diode  uses  the  model  described  in  Chapter  5. 
It  can  be  either  forward  biased,  in  which  case  it  is  represented 
by  a  nonlinear  resistor  in  parallel  with  a  diffusion  capacitance, 
or  back  biased,  in  which  case  it  is  represented  by  a  varactor  capac¬ 
itor  in  parallel  with  a  fixed  resistance.  The  two  nodes  need  not 
be  sequentially  numbered. 
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The  vacuum  diode,  triode,  and  pentode  models  use  the  gener¬ 
alized  3/2  power  law  vacuum  tube  models  of  Chapter  5.  They  are 
represented  as  two,  three  and  four  node  devices,  respectively. 

The  node  numbering  on  the  diode  need  not  be  sequential.  The  tri¬ 
ode  grid,  plate  and  cathode  nodes  are  numbered  m,  m+1,  m+2,  re¬ 
spectively.  The  pentode  signal  grid,  screen  grid,  plate,  and 
cathode  are  numbered  m,  m+1,  m+2,  m+3,  respectively.  The  pentode 
suppressor  grid  is  assumed  to  be  at  cathode  potential. 

The  last  circuit  element  which  SIGNCAP  uses  is  the  indepen¬ 
dent  voltage  generator.  It  is  defined  by  the  terminals  it  is  be¬ 
tween,  the  magnitude  of  its  in-phase  and  quadrature  Thevenin  volt¬ 
age  components,  output  impedance,  and  frequency  in  Hertz.  The 
frequency  can  be  set  equal  to  zero,  in  which  case  the  generator 
becomes  a  battery.  The  generator  impedance  is  specified  by  its 
real  and  imaginary  parts,  R  and  X. 

A. 4  SIGNCAP  Data  Input  Structure 

A. 4.1  The  SIGNCAP  Input 

The  user  communicates  with  SIGNCAP  through  the  SIGNCAP  data 
input  structure.  The  input  allows  the  circuit  configuration,  order 
of  and  frequencies  of  analysis,  and  output  format,  to  be  specified 
by  the  analyst.  There  are  six  categories  of  input  data.  These  are: 

1 .  Comment 

2 .  Command 

3.  Linear  Elements 

4.  Nonlinear  Elements 

5.  Solution  Control 

6 .  Output  Control 

The  input  data  are  punched  on  cards,  or  an  equivalent  time-sharing 
input,  according  to  a  specific,  easy  to  learn,  format.  lathis 
section  we  discuss  the  data  categories  and  describe  their  individ¬ 
ual  formats.  In  the  description,  all  formats  are  given  in  terms  of 
punched  card  inputs.  ^ 
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A. 4. 1.1  Comment 


The  comment  card  can  be  introduced  at  any  place  in  the 
data  input.  It  is  printed  on  the  computer  output  for  infor¬ 
mational  purposes,  but  is  not  processed  further  by  the  program. 
The  comment  card  has  an  asterisk  in  columns  land  2,  and  can 
have  any  desired  text  in  the  remaining  columns.  An  example 
of  the  comment  card  is: 

**  THIS  IS  A  COMMENT  CARD 

A. 4. 1.2  Command 

The  command  cards  control  the  segmenting  and  length  of 
the  circuit  being  analyzed.  All  control  cards  start  with 
an  asterisk  and  are  immediately  followed  by  one  or  more 
alphabetical  words.  There  is  no  space  between  the  asterisk 
and  the  start  of  the  first  word,  but  successive  words  on  a 
control  card  are  separated  by  blanks.  The  control  cards 
sixe  described  as  follows. 

♦START  SEGMENT 

This  card  is  a  delimiter  which  indicates  that  all  cards 
following  until  the  appearance  of  *END  SEGMENT  are  to  be  pro¬ 
cessed  as  one  segment  of  an  analysis. 

♦END  SEGMENT 

This  card  is  a  delimiter,  which  indicates  that  all  cards 
between  it  and  the  previous  * START  SEGMENT  card  are  to  be  pro¬ 
cessed  as  one  segment  of  an  analysis. 


♦CASCADE 


This  card  is  the  first  input  card  in  the  cascade  analysis 
of  a  circuit.  It  alerts  the  software  that  there  will  be  more 
than  one  data  segment  to  be  amilyzed,  and  that  after  all  their 
nonlinear  transfer  functions  are  found  separately,  they  should 
be  cascaded  to  determine  the  nonlinear  transfer  functions  of 
the  complete  circuit.  In  a  cascade  analysis  it  is  necessary 
to  indicate  the  input  and  output  nodes  of  each  segment.  This 
is  done  by  means  of  two  control  cards,  each  of  which  is  followed 
by  a  card  which  gives  the  number  of  the  input  or  output  node. 

The  two  cards  are: 

♦OUTPUT 

This  card  is  followed  by  a  NODE  card  which  gives  the  number 
of  the  node  which  is  to  be  the  output  node  of  the  segment.  The 
two  cards  may  appear  anywhere  in  the  segment..  The  aster isK  is 
in  column  1#  and  OUTPUT  starts  in  column  2.  The  node  card  Which 
follows  the  *OUTPUT  aard  has  NODE  in  aolumns  1  through  4,  and  the 
node  number  in  integer  format,  15,  right  justified  in  column  10. 

♦GENERATE.- 

This-  ‘  xi »■■■•■'  in  all  segments  except  the  first  to 
indicate  u.c  input  nod©  of  a  segment.  It  is  followed  by  a 
NODE  card  which  givue  the  number  of  the  node  Which  is  to  be 
the  input  node  of  the  segment.  Computations  will  be  made  at 
the  frequencies  associated  with  the  previous  segment,  with 
the  output  impedances  of  the  previous  stage  at  these  frequencies 

and  GENERATOR  starts  in  column  2,  The  NODE  card  Which  follows 
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the  *GENERATOR  card  has  NODE  in  columns  1  through  4,  and  the 
node  number  in  15  format,  right  justified  in  column  10. 

The  two  cards  may  appear  anywhere  in  the  segment. 

*END 

This  card  is  the  last  card  in  any  SIGNCAP  data  input. 

It  indicates  the  end  of  all  data,  and  switches  the  program 
from  Phase  0  to  Phase  1. 

A . 4 . 1 . 3  Linear  Elements 

SIGNCAP  recognizes  four  types  of  linear  elements,  the 
resistor,  capacitor,  inductor,  and  pi  network.  The  program 
recognizes  that  the  linear  elements  are  either  one  of  the 
first  three  or  a  pi  network  by  means  of  two  cards,  each  start 
ing  with  an  asterisk,  namely  *PASSIVE  COMPONENTS  and  *PI. 
These  cardb,  in  turn,  are  followed  by  cards  which  contain  the 
R,L,C  component  values,  or  the  pi  parameters.  The  details 
of  these  cards  ares 

♦PASSIVE  COMPONENTS 

This  card  indicates  that  all  cards  following  until  the 
next  card  starting  with  an  asterisk  denote  resistive,  induc¬ 
tive,  or  capacitive  linear  components.  The  asterisk  is  in 
column  1,  and  PASSIVE  starts  in  column  2. 

Following  the  *PASSIVE  COMPONENTS  card  are  cards  which 
describe  the  connection  of  a  particular  resistor,  inductor, 
or  capacitor  to  a  pair  of  circuit  nodes.  These  cards  all 
take  the  forms 
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R 


L  xx  yy  zz 
C 

where  R,  L,  or  C  denotes  a  resistor,  inductor/  or  capacitor, 
going  from  node  xx  to  yy,  and  of  value  zz  ohms,  henrys,  or 
farads.  If  yy  is  blank  it  is  interpreted  as  being  node  0, 
the  reference  or  ground  node;  xx  cannot  be  blank.  R,L,  or 
C  appears  in  column  1,  the  (integer)  node  numbers  are  right 
justified  in  columns  5  and  10,  and  the  component  value  is  in 
real  format,  E10.5,  in  columns  11  to  20. 

*PI 

This  card  indicates  that  ail  the  cards  following  until 
the  next  card  starting  with  an  asterisk  contain  the  Y  param¬ 
eters  of  a  pi  network.  The  asterisk  is  in  column  1,  and  PI 
starts  in  column  2.  Following  the  *PI  card  are  cards  which 
describe  the  nodes  to  which  the  pi  is  connected  and  give 
the  parameters  of  the  pi. 

The  card  used  to  define  the  nodes  to  which  a  pi  network 
is  connected  takes  the  forms 

NODE  xx  yy 

where  xx  and  yy,  the  two  nodes  which  define  the  pi  input  and 
output,  are  right  justified  integer  format  in  columns  10  and 
15.  This  card  follows  the  *PI  control  card.  The  common  node 
of  the  pi  is  assumed  to  go  to  AC  ground. 


The  Y:  parameter  cards  contain  the  values  of  Yll,  Y12, 
and  Y22  used  in  a  Y  parameter  analysis.  Since  the  Y  parameters 
are  in  general  frequency  dependent,  there  must  be  one  Y  param¬ 
eter  card  for  each  frequency  in  the  analysis.  As  has  been  shown, 

N 

for  N  frequencies.  2  -1  Y  parameter  cards  will  be  required. 

These  cards  follow  immediately  after  the  node  card  for  the 
particular  pi  network.  The  format  of  the  Y  parameter  cards  is: 

YP  xx  Yll  Y12  Y22 

where  YP  appear  in  columns  1  -  2,  xx  defines  the  frequency  combi 
nations  and  is  integer  format,  15,  right  justified  in  column  10, 
and  Yll,  Y12,  Y13  are  the  three  Y  parameters.  Yll,  Y12,  and  Y13 
are  in  polar  form  and  appear  in  columns  11  -  20,  21  -  30  for  Yll 
31  -  40,  41  -  50  for  Y12,  and  51  -  60,  61  -  70  for  Y22. 

A. 4. 1.4  Nonlinear  Elements 

SIGNCAP  recognises  five  types  of  nonlinear  elements,  the 
semiconductor  diode,  bipolar  junction  transistor,  vacuum  diode, 
ti'iode,  and  pGDto&e.  The  mathematical  models  for  these  elements 
are  those  described  in  Chapter  5.  These  models  are  built 
into  SIGNCAP.  The  data  input  structure  o£  SIGNCAP  calls  up 
the  desired  model  and  inputs  the  required  parameters.  The 
structure  of  these  data  inputs  are  all  similar.  The  appropriate 
model  is  called  up  by  a  card  starting  with  an  asterisk.  This 
is  then  followed  by  cards  which  contain  node  numbering  data 
and  model  parameter  data.  The  details  of  these  cards  follow. 
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A. 4. 1.4.1  Ssss^onductor  Diode 

The  semiconductor  diode  has  been  incorporated  into 
SIGNCAP  with  a  forward-biased  diode  being  represented  by  an 
exponential  resistive  non-linearity  in  parallel  with  a  dif¬ 
fusion  capacitance,  and  a  reverse  biased  diode  by  a  varactor, 
or  nonlinear  capacitor,  in  parallel  with  ■?  resistor.  Pour 
cards  are  required  to  define  a  semiconductor  diode,  the  first 
being  a  control  card,  the  second  .a  NODE  card,  and  the  remain¬ 
ing  two  being  diode  parameter  cards.  They  are,  respectively: 

■XSRi&aw  • 

♦SEMICONDUCTOR  DIODE 

NODE  XX  YY 


The  asterisk  is  in  column  1,  SEMICONDUCTOR  starts  in  column 
2,  and  there  is  a  single  space  between  SEMICONDUCTOR  and  DIODE. 
NODE  starts  in  column  1,  and  XX  and  YY  the  plate  and  cathode 
nodes  numbers,  in  15  format  right  justified  in  columns  10 
and  15.  The  third  and  fourth  cards  contain  the  diode  parameters. 
The  third  card  has  the  forward-biased  diode  parameters  —  the 
bias  current  IQ,  non- ideality  factor  N,  forward-biased  junc¬ 
tion  capacitance  extrapolated  to  zero  current  C ^ ,  and  derivative 
of  junction  bias  with  current  C^ .  If  the  diode  is  reverse 
biased,  the  third  card  is  blank.  The  fourth  card  has  the 
reverse  biased  diode  parameters.  The  varactor  capacitance  is 
defined  as 


C(V) 


l|TTT?.$7*i^ 


■*  SUB*  r.'Wl'i'urrja 


g: 

£ 


ft" 


t 


i, 
*'■ 
.ft . 


ta>rv  <r .- • . . . ..m v .■  a 


where  K  is  the  value  of  the  varactor  capacitor  at  1  volt 
reverse  bias.  K,  V,  and  p  are  the  first  three  entries  on 
the  fourth  card,  and  R,  the  parallel  reverse  biased  leakage 
resistance  of  the  diode,  is  the  fourth  entry.  If  the  diode 
is  forward  biased,  the  fourth  card  is  blank.  Both  the  third 
and  fourth  cards  are  in  real  format,  E10.5,  when  non-blank 

A. 4. 1.4. 2  Bipolar  Junction  Transistor 

The  bipolar  junction  transistor  is  modeled  as  a  nonlinear 
T.  Since  the  node  numbering  convention  is  built  into  the 
transistor  model,  the  location  of  the  transistor  in  the 
circuit  is  defined  by  giving  the  number  of  the  external  base 
terminal,  XX.  The  circuit  coding  must  be  such  that  each  of 
the  external  terminals,  i.e.,  XX,  XX+2,  XX+3,  is  con¬ 
nected  to  some  other  node  in  the  circuit.  The  transistor 
parameters  are  given  on  five  cards.  The  card  sequence  for 
defining  the  bipolar  junction  transistor  is: 

♦TRANSISTOR 

NODE  XX 

-5  Parameter  Cards  - 

The  *TRANS ISTOR  Card  indicates  that  the  six  cards  between 
it  and  the  next  card  starting  with  an  asterisk  describe  a 
bipolar  junction  transistor.  The  base  node,  is  number  xx 
in  the  card  NODE  xx,  and  the  five  following  cards,  excluding 
comment  cards,  give  transistor  linear  and  non-linear  parameters. 
The  NODE  card  is  standard,  with  NODE  appearing  in  columns  1-4, 
and  XX,  the  number  of  the  base  node,  in  integer  format,  15,  right 
justified  in  column  10.  The  data  on  the  five  cards  are  in  E10 
format,  structured  as  follows* 


669 


Card 

Column 

Parameter 

Usage 

1 

1 

- 

10 

r\ 

avalanche  exponent 

1 

11 

- 

20 

VCB 

collector-base  bias  voltage 

1 

21 

- 

30 

VCBO 

avalanche  voltage 

1 

31 

- 

40 

U 

collector  capacitance 
exponent 

2 

1 

- 

10 

I 

c 

Collector  bias  current 

2 

11 

- 

20 

I 

c 

max 

collector  current  at 
maximum  D.C.  current  gain 

2 

21 

- 

30 

a 

hpE  nonlinearity  coefficient 

2 

31 

- 

40 

hFE 

max 

maximum  D.C.  current  gain 

3 

1 

- 

ID 

k 

collector  capacitor  scale 
factor 

3 

11 

- 

20 

n 

diode  nonideality  factor 

3 

21 

- 

30 

Cje 

base-emitter  junction  space 
charge  capacitance 

3 

31 

— 

40 

C2 

derivative  of  base-emitter 
diffusion  capacitance 

4 

1 

- 

10 

rb 

base  resistance 

4 

11 

- 

20 

r 

c 

collector  resistance 

5 

1 

- 

10 

ci 

base-emitter  capacitance 

5 

21 

- 

30 

C3 

base-collector  and  overlap 
capacitance 

A. 4. 1.4. 3  Vacuum  Diode 

Three  cards  are  required  to  define  a  vacuum  diode.  The 
first  is  a  control  card,  the  second  a  NODE  card,  and  the  last 
is  a  tube  parameter  card.  They  are,  respectively, 

♦VACUUM  DIODE 
NODE  XX  YY 

G  »bo  °ph 
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The  asterisk  is  in  column  1,  VACUUM  starts  in  column  2,  and 
there  is  a  single  space  between  VACUUM  and  DIODE.  NODE  starts 
in  column  1,  and  XX  and  YY,  the  plate  and  cathode  node  numbers, 
are  in  15  format,  right  justified  in  columns  10  and  15.  On 
the  third  card,  the  perveance  G,  plate-cathode  bias  voltage 
Efao,  and  plate-cathode  capacitance  C^,  are  in  E10  format. 

A. 4. 1.4.4  VagjQBjj?  Triode 

The  coding  for  the  vacuum  triode  is  defined  by  the  five 
card  sequence? 


♦VACUUM  TRIODE 

NODE  XX 

G 

KD 

E 

o 

E 

CO 

cmax 

Cgk 

V 

1 

‘A 

t 

3 

■J 


■j 


SF“ 

£ 

f'r 


The  asterisk  is  in  column  1,  VACUUM  starts  in  column  2.  and 
there  is  a  single  space  between  VACUUM  and  TRIODE.  NODE 
starts  in  column  1,  and  XX,  the  grid  node  number,  is  in 
15  format,  right  justified  in  column  10.  The  parameters  on 
the  remaining  cards  are  in  E10  format. 

A .4. 1.4. 5  Vacuum  Pentode 

The  coding  the  vacuum  pentode  is  defined  by  the  six 
card  sequence: 
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♦VACUUM  PENTODE 


NODE  XX 

Go 

MU 

D  M 

Eco 

Ew 

ft 

E20 

^0 

V 

CP9 

C  . 
pk 

The  asterisk  is  in  column  1,  VACUUM  starts  in  column  2, 
and  there  is  a  single  space  between  VACUUM  and  PENTODE. 

NODE  starts  in  column  1,  and  XX,  the  signal  grid  (grid  number  1) 
node  number,  is  in  15  format,  right  justified  in  column  10. 

The  parameters  on  the  remaining  cards  are  in  E10  format. 

A .4.1.5  Solution  Control 

A. 4. 1.5.1  Frequency  Control 


In  order  to  determine  a  nonlinear  transfer  function  it 
is  necessary  to  define  the  parameters  of  the  input  signals1 “«*>•*»> 
and  the  frequencies  at  which  the  analysis  is  to  be  performed. 
The  input  signals  are  considered  to  be  generated  by  sinusoidal 
voltage  generators,  defined  by  their  impedance,  peak  amplitude 
phase,  and  frequency.  They  are  entered  on  2+n  cards,  for  an 


tt  • 

r  • 


W 


n 1 th  order  e^tysls,  as  follows? 

♦GENERATOR 

.<*»*■*' 

This  card  indicates  that  all  cards  between  it  and  the 
next  control  card  describe  a  Thevenin  voltage  generator  whicdlil# 
connected  between  a  specified  node  and  ground.  The  asterisk  is 
in  column  1,  and  GENERATOR  starts  in  column  2.  The  next  card  is 
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a  NODE  card,  telling  to  Which  node  the  generator  is  connected. 

The  nods  card  takes  the  forms 

NODE  xx 

The  word  NODE  appears  in  columns  1-4,  and  xx,  the  node  number, 
in  integer  format,  15,  right  justified  in  column  10. 

The  definition  of  a  generator  includes  the  specification  of 
the  generator's  frequency  and  amplitude.  These  are  provided  on 
frequency  cards.  There  must  be  one  frequency  card  for  each  fre¬ 
quency  which  a  generator  generates,  and  there  must  be  as  many  fre¬ 
quency  cards  as  there  are  total  defined  frequencies.  Each  defined  1 
frequency  is  assigned  an  identification  number.  Which  the  software  1 
uses  to  keep  tarack  of  frequency  combinations  in  the  processing. 

If  thore  are  N  frequencies*  the  identification  numbers  run  from  1 
through  N,  with  their  assignment  being  arbitrary.  The  frequency 
cards  follow  directly  after  the  node  card  for  a  given  generator. 

The  format  o%£&t  frequency  card  is:  ^ 

PR  xx  yy  REA  IMA 

Where  PR  appears  in  columns  1  -  2,  xx  is  the  identification  number, 
an  integer  right- justified  in  column  10,  yy  is  the  generator  fre¬ 
quency,  in  E  fdrfit&t  right  justified  in  columns  11  -  30,  and  REA  and 
IMA  are  the  (signed)  peak  amplitudes  of  the  in-phase  and  quadrature 
generator  voltages,  in  E  format  right  justified  in  columns  31  -  50 
and  51  -  70  respectively.  As  a  default,  if  REA  and  IMA  are  left 
blank,  a  one-'^^.  in-phase  generator  with  no  quadrature  component  is 
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assumed.  It  is  important  to  note  and  understand  that  the  order 
of  the  nonlinear  analysis  which  the  program  will  carry  out 
is  equal  to  N,  the  total  number  of  defined  frequencies  in 
the  circuit.  For  example,  if  there  are  three  defined  fre¬ 
quencies,  f 1,  £2  and  £3,  the  program  will  carry  out  the  follow- 
ing  anaiJa . 

first  order  fi'^2'^3 

second  order  fl+f2,  fl+f3,  f2+£3 

third  order  fl+f2+f3 

w 

In  general,  there  will  be  2  -1  frequencies  at  which  the 
nonlinear  transfer  functions  will  be  analyzed.  If  n'th  har¬ 
monic  analysis  is  desired,  there  must  be  n  frequency  cards, 
each  containing  the  fundamental  frequency,  and  each  define^^a 
a  diff  ersMil^llequency .  Thus,  for  example,  a  second  harmonic 
analysis  of  a  frequency  of  1  MHz  would  have  frequency  cards s 

FR  1  1.0E6 

FR  2  1.0E6 


while  for  a  third-order  intermodulation  analysis  of  two  tones 
at  1  MHz  and  1.5  MHz,  where  the  product  of  interest  is  twice 
the  first  frequency  minus  the  second  frequency  (0.5  MHz  » 

2  x  1.0  MHz  -  1.5  MHz),  the  frequency  cards  would  be s  rmmw 


FR  2 


1.0E6 

1.0E6 


FR  3  -1.5E6 


in  these  examples,  the  1  volt  default  values  have  been  used. 
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Two  more  points  must  be  made  concerning  the  f requencjia&cards . 

First,  in  certain  circumstances,  coherent  generators  may  appear 

at  different  nodes  of  the  network.  In  this  case,  the  frequency 

in  hertz  going  with  a  particular  identification  number  need  only 

be  defined  the  first  time  the  identification  number  appears. 

Thereafter,  only  the  identification  number  need  be  used. 

Secondly,  a  given  circuit  may  have  several  generators,  located 

at  different  nodes.  This  occurs,  for  example,  in  the  analysis 

of  multiple  conversion  receivers,  where  each  local  oscillator 

xt>  modeled  as  a  separate  generator  with  its  own  distinct 

frequency  or  frequencies.  If  there  are  I  separate  generators 

in  the  circuit,  each  generating  geparate  frequencies,  then 

the  order  of  the  analysis  will  be  £  N. . 

i=l  i 

The  final  specification  of  a  generator  is  its  Thevenin 
impedance.  This  is  provided  for  by  the  impedance  cards. 

Impedance  cards  follow  the  frequency  cards.  There  must  be 
one  impedance  card  for  each  frequency  at  which  the  circuit 
is  being  analyzed.  Thus,  for  N  generator  frequencies,  thereP^ 
must  be  2N”^‘wiwJpedance  cards.  The  format  of  the  impedance 
card  is  5 


IM  xx  yy  zz 

where  IM  is  in  columns  1-2, xx,  denoting  the  frequency  combina¬ 
tions  for  this  impedance,  is  an  integer  variable  right  justified 
in  column  10,  and  yy  and  zz  are  the  real  and  imaginary  parts 
of  the  generator  impedance  in  E  format  in  columns  11  -  20  and 
21  -  30  respectively.  The  integer  variable  defining  the  fre'^®^ 
quency  combinations  is  defined  quite  simply;  if  the  frequency 
is  made  up  of  the  combination  of  fm+fn+fp,  then  the  frequency 


il1 


& 


I 
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combination  is  mnp.  Thus,  for  example,  for  the  third-order 
frequency  fl+f2+f3,  the  quantity  xx  would  be  the  integer 
variable  123.  ^ 

As  a  default,  if  the  generator  impedance  is  constant  for 
all  frequencies,  only  one  impedance  card  need  be  used,  and 
the  parameter  xx  should  be  left  blank.  This  default  option 
finds  wide  use  in  the  case  where  a  standard  signal  generator 
is  the  signal  source.  In  this  case  the  impedance  is  the  signal 
generator's  impedance,  typically  50  ohms. 

A. 4. 1.5. 2  Solution  Modification 

In  most  nonlinear  modeling  applications  it  is  necessary 
to  analyze  a  basic  circuit  over  many  frequencies  or  frequency 
combinations.  It  is  also  often  desired  to  rerun  a  circuit 
analysis  with  certain  component  values  changed,  in  order 
to  determine  the  circuit  sensitivity  to  component  variation. 

In  SIGNCAP  solution  modification  is  performed  by  means  of  the 

♦MODIFY  cards  which  allows  a  set  of  data  to  be  changed,  and 

then  an  analysis  automatically  rerun  with  all  unmodified 

parameters  as  they  were  in  tfr^previous  run.  Both  component 

values  and  generator  frequencies  can  be  modified.  The  format  j 

card  is:  $ 

,L..  • 

♦MODIFY 

The  asterisk  is  in  column  1,  and  MODIFY  begins  in  column  2. 

The  ‘MODIFY  card  can  be  followed  by  R,L,C,PI,FR,  and  IM 
cards.  If  there  are  multiple  ‘MODIFY  cards  in  a  given  circuit 
analysis,  they  will  be  processed  sequentially,  that  is,  first 
all  the  modifications  associa#^  with  the  first  ‘MODIFY  will 
be  performed,  then  those  associated  with  the  second  ‘MODIFY, 
and  so  on. 
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Modification  is  destructive,  in  that  any  modified  param¬ 
eter  retains  its  last  modified  value,  and  does  not  return  to 
its  originally  defined  value  subsequent  to  the  modification. 
Furthermore,  in  order  to  modify  a  parameter,  the  parameter 
must  have  been  defined  in  the  original  circuit;  new  circuit 
elements  cannot  be  inserted  in  the  middle  of  an  analysis. 

A. 4. 1.6  Output  Control 

of  SIGNCAP,  printed  on  the  computer's  line 
printer,  contains  a  large  amount  of  information.  The  output 
structure  is  divided  into  three  main  groups,  namely: 

1.  Images  of  all  input  cards 

2.  All  circuit  parameters,  both  linear  and  nonlinear 

3.  All  scaled  nonlinear  transfer  functions 

of  all  frequencies  and  orders,  for  all  nodes.  The  scaled 
nonlinear  transfer  functions  are  printed,  one  node  to  a  line, 
in  two  ibrttia,  namely  cartesian,  and  log  polar.  The  Cartesian 
form  consists  of  the  real  and  imaginary  parts  of  the  scaled 
nonlinear  transfer  functions  while  the  log  polar  form  consists 
of  20  log1Q  of  the  magnitude  of  the  scaled  nonlinear  transfer 
function  and  its  angle  in  degrees. 

In  the  event  the  *M0DIF¥  option  is  used,  the  original 
printout  is  followed  by  a  listing  of  the  modified  parameters, 
and  all  scaled  nonlinear  transfer  functions  are  again  printed 
out,  onodg^e  to  a  line,  for  all  frequencies,  orders,  and 
nodes . 

In  the  event  the  ^CASCADE  option  is  used,  the  printout 
occurs  for  each  segment. 


-  . 

&4M  ■- 

It  is  evident  that  an  analysis  of  a  large  network  can 
generate  an  inordinately  large  amount  of  printout.  The 
PRINT  SELECT  control  cards  allow  the  analyst  to  specify  the 
nodes  and  orders  which  are  to  he  printed  out.  and  suppress 
the  remaining  ones.  The  card  structure  is  as  follows.  The 
control  card  is: 

#rJBSS<T«j* 

♦PRINT  SELECT 

with  the  asterisk  in  column  1.  PRINT  starting  in  column  2, 
and  a  space  between  PRINT  and  SELECT.  To  print  selected 
nodes,  the  *PRINT  SELECT  card  is  followed  by  a  multiple 
node  card: 

NODE  XX  YY  ZZ 

where  NODE  starts  in  column  1,  and  the  nodes  to  be  printed, 

XX,  YY,  ZZ,  etc.,  are  in  15  format,  right  justified  and 
etJMSfcfchg  in  field  11-15.  As  many  NODE  cards  as  desired  can 
be  used  sequentially,  but  the  first  blank  field  ends  the  node 
definition.  The  order  to  be  printed  use  the  same  format  as 
the  NODE  card,  but  the  first  ten  columns  are  blank,  i.e., 

NODE  is  omitted.  The  * PRINT  SELECT  control  cards  may  appear 
anywhere  in  a  segment.  If  *PRINT  SELECT  control  cards  do 
not  appear  in  a  segment,  but  do  appear  in  a  prior  segment, 

than  the  printing  will  be  controlled  by  the  cards  in  the 
pri^^^gment .  Absence  of  either  or  both  card(s)  in  all 
segments  will,  by  default,  cause  a  complete  printout  of  all 
nodes  and/or  non-linear  transfer  functions  of  all  orders. 
Regardless  of  what  *PRINT  SELECT  cards  are  used  in  the  seg¬ 
ments  of  a  cascade  analysis,  the  non-linear  transfer  functions 
of  all  orders  are  printed  for  the  output  node  of  the  cascade. 
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One  more,  output  control  option  is  available  to  the  analyst, 
namely  the  capability  of  suppressing  the  printout  of  all 
circuit  data  except  for  the  parameters  associated  with  the 
generators.  This  is  accomplished  by  inserting  the  following 
card : 

OFF 

where  OFF  starts  in  column  1,  directly  after  the  *PRINT 
SELECT  card.  The  use  of  the  OFF  card  does  not  affect  the 
selection  of  the  nodes  and  orders  it  is  desired  to  print  out. 

A. 5  Examples 

In  this  section  two  examples  of  SIGNCAP  coding  and  output 
are  presented.  The  first  example,  in  Section  A. 5.1,  Ls  similar 
to  t&u  single-stage  2N2950  transistor  amplifier  analyzed  in  Chap¬ 
ter  6.  In  this  example,  the  complete  input  and  output  are  shown. 
The  second  example  is  the  coding  of  the  complete  VHF  receiver  of 
Chapter  7.  This  coding  shows  the  use  of  multiple  generators, 
cascading,  and  printout  control. 

A. 5.1  Single-Stage  Transistor  Amplifier 

In  this  section  we  show  the  use  of  SIGNCAP  in  analyzing  a 
2N2950  transistor  amplifier  with  a  high  impedance  load..,  The  ex- 
amplesW&S  run  on  the  Honeywell  635  computer,  under  the  CARDIN  sys¬ 
tem.  Figure  A. 3  shows  the  circuit  model  used  in  the  analysis.  It 
is  similar  to  the  circuit  of  Fig.  6.7,  with  the  coupling  capacitors 
replaced  by  AC  short  circuits  and  a  5.1  kilohm  resistor  inserted 
between  the  collector  and  the  50  ohm  output.  The  node  numbering 
is  shown  on  the  figure,  and  the  transistor  parameters  are  given  in 
Chapter  5, 
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In  running  SIGHCAP,  all  output  was  put  into  a  file  named 
{ftjTPTO.  Table  A.  2  shows  the  first  66  lines  of  this  file*  which 
constitute  the  input  data  for  the  problem.  Line  4  is  a  comment 
line,  which  identifies  the  problem.  Line  6  is  the  *START  SEGMENT 
statement#  and  line  64  is  the  *END  SEGMENT  statement;  all  lines 
in  between  them  define  the  circuit  and  analysis  of  the  segment. 

As  only  one  segment  is  to  be  analysed#  line  64  is  followed  by 
line  66,  *END.  Returning  now  to  the  intermediate  coding#  lines 
0  and  9  show  that  only' the  output  at  Node  ,5  is  to  be  printed. 

Lines  11#  12,  and  16  show  that  there  is  a  50  ohm  generator  at 
node  1.  Lines  13,  14,  and  15  show  that  a  third-order  analysis  is 
to  be  performed  at  frequencies  f^  “  4.5  MHz,  f2  =  4.5  MHz,  and 
f3  «  -5,0  MHz,  resulting  ir.  an  intermodulation  product  at  4.0  MHz. 
This  set  of  frequencies  is  followed  by  six  *M0DIFY  statements, 
each  defining  a  new  set  of  frequencies;  these  statements  run 
from  lines  18  through  46.  Lines  48  through  54  define  the  passive 
components  of  the  circuit,  while  lines  56  through  62  define  the 
transistor  parameters;  node  1  is  given  as  the  base  node.  Lines 
53  and  54  are  of  interest.  Line  53,  a  0.001  ohm  resistor  between 
the  emitter  and  ground,  is  a  default  value.  No  node  of  either 
the  transistor  or  the  vacuum  tubes  can  be  grounded  directly,  so 
that  if  a  node  is  grounded  in  the  physical  circuit,  a  small  re¬ 
sistor  is  inserted  in  the  model.  Line  54  is  a  parasitic  collector- 
to-ground  capacitance  of  the  2N2950,  discussed  in  Chapter  5.  It 
is  coded  as  a  separate  element. 

Table  A.  3  shows  the;%£Xt  step  in  the  SXGNCAP  output,  which 
is  an  analysis  of  input  data  and  a  printout  of  parameter  data 
for  the  analysis  being  performed.  Line  68  indicates  that  the 
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Table  A. 2 

2N2950  Input  Coding 


SYSTEM'  7SCAN 
FILE7US0UTPTO 
F0RM7U 
C0DE? 

EDIT7Y 
?P  A 
#0001 
<*0002 
#0003 

**  HIGH  IMPEDANCE  2N2950  #0004 

#0005 

*STAKT  SEGMENT  #0000 
#0007 

♦PRINT  SELECT  #0008 
N0  5  #0009 

#0010 

♦GENERATOR  #0011 
NODE  1  #0012 

FK  1  4.SE6  #0013 

FR  2  4.5E6  #0014 

FR  3  -5.0E6  #0015 

IM  50.  #0016 

#0017 

♦M0  #0018 

FR  1  6.5E6  #0019 

F R  2  6.SE6  #0020 

FR  3  -7.0E6  #0021 

#0022 

*M0  #0023 

FR  1  9.5E6  #0024 

FK  2  9.5E6  #0025 

FR  3  -10.0E6  #0026 

#0027 

♦M0  #0028 

FR  1  19.5E6  #0029 

FR  2  19.SE6  #0030 

FR  3  -20.0E6  #0031 

#0032 

*M0  #0033 

FK  1  29.5E6  #0034 

FR  2  29.5E6  #0035  ^  * 

FR  3  -30.0E6  #0036 

#0037 

♦M0  #0038 

FR  1  39.5E6  #0039 

FR  2  39.5E6  #0040 

FR  3  -40.0E6  #0041 


-l^kV'p-T. 


La  A.  2  (Continued} 


#0042 

♦M0  #0043 

FR  1  49.5E6  #0044 

FR  2  49. 5E6  #0045 

FR  3  -50.0E6  #0046 

#0047 

♦PASSIVE  COMPONENTS  #0048 
R  1  0  20.2E3  #0049 

R  3  0  2.0E3  #0050 

R  3  5  5.1E3  #0051 

R  5  0  50.  #0052 

R  4  0  *001  #0053 

C  3  0  4.E-  12  #0054 

#0055 

♦TRANSISTOR  #0056 

NODE  1  #0057 

4.6  5.2  140.  .348  #0058 

.0024  .150  .125  8.2  #0059 

21.E-12  1.0  340.E-12  59.E-9  #0060 

10.1  635. E  3  #0061 

0.0  1.5E-12  #0062 

#0063 

♦END  SEGMENT  #0064 
#0065 

♦END  #0066 


I? 


. . 


Table  A. 3 

Interpretation  of  Input  Coding 


#0067 

SEGMENT  1  #0068 

#0069 

#0070 

#0071 

GENERATOR,  NODE  1  #0072 

#0073 

#0074 

FREQUENCY  AMPLITUDE  #0075 
#0076 

1  0.4500000E  07  0. 1000000E  01  0. 

2  0.4500000E  07  0. 1000000E  01  0* 

3  -0.5000000E  07  0. 1000000E  01  0. 
#0080 

FREQUENCY  ADMITTANCE  #0081 
0  0. 2000000E-0 1  0.  #0082 

#0083 
#0084 
#0085 
#0086 

COMPONENTS 


#0077 

#0078 

#0079 


#008  7 


NODE 

NODE 

NODE 

NODE 

NODE 

NODE 


1, 

3, 

3, 
5, 

4, 
3, 


R 

R 

H 

R 

R 

C 


#0094 
#0095 
#0096 

TRANSISTOR, 

#0098 

N  »  4.60  VCB  *  5.2  VCB$fc»  140.0  MU  ■  0.348  #0099 
IC  =  0.0024  ICMAX  *  0.1500  A  =  0.1250  HFEMAX  a  8.2  #0100 

K  =  0.2  100000E- 10  REF  =  1.00000  C<J>  =  0.3400E-09  C<PRIME)  =  0.59 
00E-07  #0101 

RB  =  10.10  RC  «  635000.0  SCC  *  0.  #0102 

Cl  *  0.  C2  a  0» 5058298 E- 09  C3  =  0.  1500000E- 1 1 
#0104 
#0105 

HMO  a  0* 1000000E  01  #0106 

HMl  a  0.233443 IE-06  ALPHA1 
MAI  »  0. 1183178E-10  #0107 

HM2  =  0.808 0729 E- 07  ALPHA2 
MA2  n-0.3959096E-12  #0108 

HM3  ®  0.  1346791E-07  ALPHA3 
MA3  =  0.3421065E-13  #0109 

#0110 

IC/HMO  a  0. 239 9999 E- 02  RE  1  a  0.9250449E  01  IE 
RBI  a  0.9900989E-01  RCI  =  0. 1574803E-05  #0112 

SC0  a  0.  C(2#0)  =  0.5058298E-09  C<2,  1)  =  0.5900000E-07 
#0114 


0.8715839E  00  K1 
0.2486754E  01  K2 
■0. 3828569E  03  K3 


#0103 

*  0.1081029E  00  GAM 
:  0.20789 0 IE  01  GAM 
:  0.2665258E  02  GAM 

>  0.28 10674E-02  #0111 

#01  13 


a  0. 2020000E  05 

#0088 

a  0. 2000000E  04 

#0089 

a  0. 5 100000E  04 

#0090 

- 

a  O.SOOOOOOE  02 

#0091 

;nji 

a  0. 1000000E-02 

#0092 

a  0.4000000E- 1 1 

#0093 

£ 

■  a 

N0DE  1  #0097 

I 


if  Jr-' 


i 

j 

# 
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data  are  associated  with  segment  1#  which  is  the  only  segment 
in  this  example.  Lines  72  through  82  define  the  generator  in 
the  analysis#  which  is  connected  to  node  1#  of  frequencies  4.5# 

4.5#  and  r-5.0  MHz#  amplitudes  1  +  jo  volts,  and  admittances  0.02 
mhos  for  all  frequencies.  The  components  and  their  node  con¬ 
nections  are  echoed  in  lines  87  through  93#  and  the  transistor 
and  its  input  parameters  echoed  in  lines  97  through  103.  Lines 
106  through  113  print  various  nonlinear  coefficients  derived  by 
the  program.  The  HMs  are  the  Taylor  series  coefficients  of  the 
avalanche  nonlinearity#  the  ALPHAS  of  the  HFE  nonlinearity,  the 
Ks  of  the  base-emitter  resistive  diode  nonlinearity#  the  GAMMAs  of 
the  collector  capacitance  nonlinearity,  and  the  C (2,0)  and  C(2#l) 
on  line  113#  the  emitter  capacitance.  The  remaining  parameters 
of  lines  111  and  112  are  the  collector  bias  current  divided  by 
the  zero-order  avalanche'  coefficient  IC/HMO#  the  linearized  emitter 
resistance  REI,  the  emitter  bias  current  IE#  and  the  reciprocals 
of  the  base  and  collector  resistances  RBI  and  RCI.  The  parameter 
SC0  of  line  113  is  not  used  in  the  present  transistor  model. 

Table  A. 4  shows  lines  115  through  163  of  the  output.  Lines 
116  through  155  give  the  seven  nonlinear  transfer  functions  of 
node  5#  namely  #  H^f^#  H^fj)#  H2  (f^#f2) '  H2*fl'f3^' 

H2^2#f3^  an<*  H3  f2' f3^  •  ’r*ie  f<3rinat  of  all  of  these  is  the 
same#  and  only  one  transits  function  will  be  discussed.  Lines 
134  through  137  pertain  to  H^f^fj),  at  a  frequency  of  9  MHz. 

This  is  shown  by  the  data  on  line  134.  Line  136  shows  the  meaning 
of  the  numerical  data  printed  on  line  137,  namely  that  they  are 
successively: 


(a)  node  number 

(b)  real  part  of  nonlinear  transfer  function 
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Sfonlinoftr  7ran»f*r  Function  Output 


#01  is 

ORDER  «  1  FREQUENCY  *  0» 45000 IE  0?  <1>  #0116 

#0117 

NODE  HEAL  IMAG.  MAG.  OB  ANGLE  #0118 

5  0  -0.5630833E-01  0.8400888E  00  -0.1816830E  08  0. 1032086E  03  #0119 

#0180 
#0181 

ORDER  a  1  FREQUENCY  *  0.450001E  07  (8)  #0182 

#0183 

NODE  MEAL  IMAG.  MAG.  DB  ANGLE  #0124 

5  0  -0* 5630833001  0t840O28lE  00  -0.121683OE  08  0.1038026E  03  #0lV9fe* 

#0126 

#0187 

ORDER  *  1  FREQUENCY  «  -0.S00001E  07  (3)  #0128 

#0129 

NODE  REAL  IMAG.  MAG.  DB  ANGLE  #0130 

5  0  -0.4086849E-01  -Q.88Q361SE  00  -0.1899043E  02  -0.10Q5Q6BK  03  #0131 

#0138 

#0133 

ORDER  «  2  FREQUENCY  «  0.90Q001E  07  CU8)  #0134 
#0135 

NODE  REAL  IMAG.  MAG.  DB  ANGLE  #0136 

S  0  0.  1039890E-01  0.7696153E-01  -0.2219595E  02  0.883049  IE  08  #0137 

#0130 

ORDER  »  8  FREQUENCY  s  -O.SOOOOIE  06  <1#3>  #0140  ^ 

*0141 

NODE  REAL  IMAG.  MAG.  DB  ANGLE  #0148 

5  0  -0. 697181 OE  00  -0.8104688E  00  -0.2754325E  01  -0. 1632028E  03  #0143 

#0144 

#0145 

ORDER  =  8  FREQUENCY  «  -O.SOOOOIE  06  <2#3>  #0146 

#0147 

NODE  REAL  IMAG.  MAG.  ‘ b  ANGLE  #0148 

S  0  - 0. 69  7 18 1  IE  00  -0*.  I04689E  00  -0.2754325E  01  -0.1632Q21E  03  #0149 

#0,150  /'  ’ 

#0151 

0RDER  a  3  FREQUENCY  a  0.400001E  07  <  l ,2,3^  #0152 
#0153 

NODE  REAL  IMAG.  MAG.  DB  ANGLE  #0154 

5  0  0.3448190E  00  -0.  1  161751E  01  0. 1667711E  01  -0.7349580E  08  #0155 

#0156 

SEGMENT  1  #0157 

#0158 
#0159 
#0160 

GENERATOR#  NODE  1  #0161 

#0162 
#0163 
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(a)  imaginary  part  of  nonlinear  transfer  function 
(d)  30  iog1(J  (magnitude  of  nonlihear  transfer  function) 

(a)  phase  of  nonlinear  transfer  function  in  dsgrees. 
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it  tha  * PRINT  SELECT  statement  had  not  baan  uaad«  tha  nonlinear 
transfer  function!  for  all  nodaa  would  Imvefcsan  printodj  by 
using  tha  statement,  only  hoda  5  was  print ad. 

Lina  157  baginning  of  tha  printout  for  tha  aaoond 

•at  of  frequencies.  Instead  of  repeating  all  of  tha  printout, 
tha  computer  was  interrupted  and  returned  to  tho  monitor  level 
after  line  163.  Table  A. 5  ahowa  tha  output  printed  by  using 
tho  edit  feature  of  tha  tiras-sharing  system  to  print  only  those 
lines  pertaining  to  node  5.  Tha  49  nonlinear  transfer  functions 
(seven  nonlinear  transfer  functions  par  frequency  sat,  for  seven 
frequency  sots)  are  printed  in  compact  form.  After  the  last 
transfsr  function  is  printed  on  line  503#  the  system  reaches  an 
end-ofi-file,  and  "the  printout  is  finished. 

A. 5. 2  VHP  Receiver 

Table  A. 6  shows  the  input  coding  used  to  analyte  a  complete 
VHP  receiver.  The  analysis  in  the  table  is  a  fourth-order  analysis, 
using  two  generators.  The  first  generator,  at  node  1,  has  three 
input  frequencies,  fj»f2**3o  MHz,  and  f3"  -15  $Oz,  The  second 
generator,  at  node  28,  is  the  local-oscillator  at  -66.4  MHz. 

The  fourth-order  intermodulation  product  is  at  -21.4  MHz,  which  is 
in  the  receiver  ’s  "IP  passband.  The  node  1  generator  has  a  50  ohm 
impedance,  while  the  local-oscillator,  which  was  known  to  have 
a  low  output  impedance,  was  given  a  default  value  of  0.1  ohm 
impedance. 
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TONE  '**• 

MV  STEM  TSUAiM 

FILETClUiPTO 

EflKMTU 

OUDST  3 

EDI  TTY 

YM  A 

3  o  -o.sftaosaaE-oi 

5  0  •Q.S630Q33E-01 
3  0  -Q.4086849E-01 
S  0  O* 1039890E-01 


-o.ssaosaaE-oi  o.JMOoeaaK  oo  -o.  leiaiaaoE  oe  o.toaaoeas  oa  #oii9 

•Q.563Q033E-Q1  0.840GQ(m  00  -Q.1C1683QE  OE  Q,l03a086E  03  #010$ 

-Q.4086849E-01  -0.82036108  00  -0.13990436  00  -Q.10Q306SS!  03  #0131 

0. 1039890E-01  0.7696153K-01  -O.00I9393E  08  0.083049  IE  08  #0137 

-O.fl^TIBlOE  00  -O.01Q4688E  00  -O.Sl?543a3K  01  -0.1638088K  03  #0143 

-0. 697 (8 1  IK  00  «0*8104689E  00  -0.87343Q3E  01  -Q.1632O01E  03  #0149 

0.8448 190K  00  -0.1 101 75 IK  01  0.16677 HE  01  -Q.734958QE  08  fOV^S 
-0.1837388E-01  0.1743S13E  00  -Q.161397TE  08  0.940S53SK  08  #0(77 

-0.  1837S89E-OI  0.  1745&I2E  00  -Q.1313977E  08  Q.9405536B  08  #0183 

«'Q» 6464934E- 00  -0.1626736E  00  -Q.157668QE  08  •0.9887SB4E  08  #0189 

-Q.3$2S895K»08  0, 83068841-01  -0.816Q342E  OQ  G.9243QQ7E  08  #0193 

•  0.49869406'  00  -0.  1398460K  00  -Q.&813333E  01  -Q.1641862E  03  #0801 

•0.4986940E  00  -0. 139S463E  00  -0.S813333E  01  -0.1641B62E  03  #0007 

0*88847 1 06!- 01  -0.5837046E  00  -Q.45W9518E  01  -Q.U192177E  08  #0813 

0.  1053746E-01  (».  1 198700E  00  -Q. 184356  IB  08  0.8495 10SE  08  #0833 
0.  105374SE-01  Q.  1 19870QE  00  -0.184336 IE  08  0.8495 10SE  08  #0841 
0.  1845689E-01  -0.  UB8490E  00  -0.  1889748E  08  -0,83701 18E  08  #0847 


0  -0. 1837589E-0I 
0  *0. 6464934E-08 
0  -0.338S895E-08 
0  •0.49869406!  00 
0  -0.4986940E  00 
0  0.88847 1861-01 
0  0. 1053746E-01 
0  0. 105374SE-01 
0  0. 12456B9E-01 


0. 7 169647E-08  0.7132268B-01  -0.8889 178E 


-Q.371Q643E  00  -0. 1009888E  00  -0.H301Q43E  01  -0.1647838E 
•0.37 10643E  00  -0.  1009889E  00  -0.8301042E  01  -0.16478386! 
•0.8000188E-08  -O.0984SS8E  00  -Q.I050222E  08  -0.9038397E 
0*880884 IE-01  0.49 14355E-0 1  -0.8637 19SE  oe  0.6S8Q347E  08 
0.8808840E-0V  Q.49 S4353E-Q1  -Q.8337195E  08  0.6580347E  08 
Q.88O4O44E-0P"0.473679QE«O1  -0.85639 17E  08  -0.6504728E 


0  0. 7 169647E-0& 
0  -0.3710643E  C 
0  -0.3710643E  € 
0  -0.8000188E-0 
0  0.88Q884 IE-01 
0  0.8808840E-01 
0  Q.28O4O44E-0li 
0  0.830488 7E-01 
0  -0.8439998E  0 
0  -0.8439998E  0 
Q  -0.3417670E-Q 
0  0, 1908637E-01 
0  0. 1908636E-01 
0  0. 1888833E-01 
0  0. 1 905 1S9E-0 1 


0,8 4859 68E 


#0853 
03  #0859 

03  #0865 

02  #0371 

#83$* 

08  #0305 


0.830488 7E-01  0.3044717E-01  -0.2836241E  08  0.5888108E  08  #0311 

-0.8439992E  OQ  -0. 6374658E-01  -0.1196543E  08  -0.1653883E  03  #0317 

•0. 8439998E  00  -0. 6374658E-0 1  -Q.U9634BE  08  -0.16S3S83E  03  #0383 

-0.34176706!- 01  -0.84Q39 1SE-QI  -Q.2QS4S67K  08  -0. 1181304E  03  #0389 

0.  1908637E-Q1  0.85U58SE-01  -0.30Q214BE  OE  0.5276694E  08  #035!' 

0. 1908636E-01  0.05 1 158SE-01  -0.3008148E  02  0.58766946!  08  #0357 
0.  1888833E-01  -0. 243SS09E-01  -O.3O204O8E  08  -0.5221383E  02  #0363 

0, 19051S9E-01  0,999 1 785E-QS  -Q.3334608E  08  0.2767519E  08  #0369 

S  0  -0.  1806439E  00  -0. 4644466E-0.1  -0.1458554E  08  -0.  1655818E  03  #0375 


145B554E 


-0. 1806439E  00  -0, 4M4466E-Q1  -Q.145B554E  08  -0.  1655818E 
-0. 1806439E  00  -0.4644466E-QI  -Q.1458554E  02  -0. 1655812E 
-0.85 16039E-Q1  -0. 309334 1E-Q 1  -Q.8790597E  02  -0.1891268E 
0, 1507226E-01  0.1409378E-01  -0.337Q786E  08  0, 4307853$  02 
0.1S07226E-01  0. 1409378E-01  -0.3370786E  02  0.4307854E  02 


03  #0361 

03  #0387 

#0409 

#6A,lfe*fa 


0.  !860604E-01nWV932773E-08  -0.3768751E  02  0.8716773$  01  # 

-0.1352901E  00  -0.3442339E-01  -0.1710225E  02  -0.1657245E  03 

-0. 13S2901E  00  -0.3442339E-01  -0.1710224E  02  -0.1657245E  03 

-0.  1519329E-01  -0.  1201329E-01  -0.3425789E  02  -0.1416667E  03 

0.1  174016E-01  0.84360S3E-02  -0.3679857E  02  0.3569965E  02  # 
0, 1174016E-01  0.8436052E-02  -0.3679857E  02  0,3569965$  02  # 
0.1 159589E-01  -O.8E34082E-O2  -0,369408.0$  02  -0.35378 ODE  02 
0, 79 18963E-08  -0. 754404  IE-03  -0.4198740E  02  -0.5441890E  01 
-0.  1Q27375E  00  -0. 259S229E-0 1  -0.  1949678E  02  -0.  1658232E  03 

•0.  1027375E  00  -Q.2595829E-01  -0.1949678E  02  -0.16S8232E  03 

•0.6838752E-02  -0.4944226E-02  -0.3988984E  02  -0.1507782E  03 
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The  receiver  analysis  uses  the  SXGNCAP  cascade  software. 

^5he  first  data  card  is  the  *CASCADE.  Cards  1  through  125  define 
he  first  segment#  126  through  225  the  second  segment#  and  226 
through  331  the  third  segment.  The  *BND  card#  332#  terminates 
the  data  input.  Each  segment  has  a  * PR I NT  SELECT#  which  selects 
the  output  node  as  the  only  one  to  be  printed#  and  an  *OUTPUT 
card  to  define  the  output  node.  These  are  coded  in  lines 
120-123#  220-223#  and  for  segments  1#  2#  and  3#  respect¬ 

ively.  Segments  2  and  3  have  their  inputs  defined  by  the 
♦GENERATOR  cards,  lines  129-130#  and  229-230#  respectively. 

The  remainder  of  the  coding  is  straightforward#  being 
divided  into  passive  components  and  transistors. 
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APPENDIX  B 


NONLINEAR  MODELING  PROM  TRANSISTOR 
SPECIFICATION  DATA 

Much  of  the  information  needed  to  parameterize  a  transistor 
model  is  available  in  the  specification  sheets  for  the  transistor. 
It  must  be  recognized  from  the  outset  that  the  quality  of  speci¬ 
fication  sheets  is  variable,  some  being  exhaustive  and  some  con¬ 
taining  virtually  no  useful  modeling  information.  It  must  also 
be  recognized  that  a  specification  sheet  represents  a  "typical" 
transistor  of  a  certain  family,  and  there  is  no  reason  to  assume 
that  a  given  transistor  of  this  type  will  conform  to  the  typical 
in  detail. 

In  addition  to  specification  sheets,  parameter  information 
is  available  in  specialized  handbooks.  One  such  source  is  the 
Transistor  and  Diode  Model  Handbook,  compiled  for  the  Air  Force 
Weapons  Laboratory  by  IBM  {Cordwell,  1969) . 

In  this  appendix  we  will  model  a  2N918  NPN  bipolar  transistor 
using  typical  specification  data.  Specification  data  is  shown 
in  Figs.  B.l  -  B.4.  These  data  are  an  example  of  specification 
data  containing  a  large  amount  of  useful  information.  From  the 
data  one  can  model  almost  the  complete  transistor.  The  model 
parameters  derived  from  the  specification  data  will  be  compared 
with  2N918  parameters  listed  in  the  Transistor  and  Diode  Handbook, 
where  parameters  are  not  available  from  the  specific  ^‘on  data 
but  are  available  in  the  handbook,  the  handbook  va.  .11  be 
used. 
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The  specification  date  does  not  give  the  baae-ewitter  diode 
current -voltage  curve,  so  the  diode  non-ideality  factor  cannot 
bo  derived.  As  a  default  value  it  cun  be  set  equal  to  unity. 

The  handbook  has  the  relationship 
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nKT  —  w ' *  *  v  ’  (8*1) 

Taking  the  temperature  T  to  be  25°C,  kT/q  ■  a 5. 9  mV  and 


n  «  1.02. 

The  default  value  of  unity  can  also  be  used, 
a. 2  hyB  Nonlinearity 


(B.2) 


Curvea  of  h^  va«  Xc  are  ahovm  for  temperatures  of  -55°c, 
2S°C»  and  100°C  on  Figure  B.3.  At  25°C  it  ia  aeon  that 
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The  value  of  hf(|  is  also  49  at  Xq^,,  ttruJ*  t't0'n  BQ[*  (5.55)#  49.3 
st  1  roA.  The  handbook  reference  (Cordwoll,  1969)  gives  a0“  0*9777, 
which  implies  an  hf(J  of  44.  Table  B.l  shows  the  values  of  hFE 
taken  from  Figure  U.3  end  computed  using  Eg.  (3.04).  The  match 
is  seen  to  be  good  over  the  range  0.1  mA  to  10  n\A.  ^WSfr- 


From  Eqe. (5.49)  through  (5.52)# 
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whore  VCE0  is  the  common-emitter  sustaining  voltage  and  VCB  is 

the  collector-to-base  voltage.  Assuming  V  to  be  equal  to  v„_, 

.  •  CB  CE 

Equation  (B.7)  can  be  rewritten  as 
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(B.8) 


The  data  needed  to  solve  Eq.  (B.8)  for  r\  are  found  on  the  common 
emitter  collector  curves  in  Figure  B.l.  The  sustaining  voltage  is 


seen  to  be  about  IB 


.  Furthermore,  at  16  volt  V__  the  ratio 

C£b 


of  the  collector  current  to  the  extrapolated  collector  current 
at  0  volt  VCB,  for  a  constant  base  current,  is  approximately 
2.72.  Therefore* 


rii\h 

Lie; 


«  2.72. 


=  3.88. 


(B.9) 


(B.10) 
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The  collector-base  capacitance  is  abeam  as  a  function  of 
collector  bias  on  Figura  B.3r  the  curve  narked  "guarded  measure¬ 
ment"  la  the  desired  junction  capacitance,  it  is  seen  to  have 
a  lew-voltage  value  of  1.3  pF,  a  0.3  volt  value  of  1.2  pp,  and 
a  30  volt  value  of  0.5  pP.  Uaing  Equation  (5.14) 


c  (vy  * 


[i-v/W*1 


results  in 


C{0)  *  1.3  pF. 


(Ml) 


(B.12) 


Furthermore,  it  can  be  seen  that  for  voltages  greater  than  1  Volt, 
the  slope  of  the  capacitance-voltage  curve  is  constant.  There¬ 
fore,  we  find: 


V~:.~ — -  * 

'Sp*" 


*  0.26, 


(B. 13) 


with  C(0)  and  n  known,  0  can  be  determined  by  using  the  0.3  volt 
capacitance  value,  or 


=  0.78  Volt. 


(B.14) 


Cordwell  (1969)  has  t*  “  0.2,  0  *  1.0  V,  and  C(0)  »  2.4  pF. 


. ....... 


B.5  Emitter  Capacitance  Non- Li  near  it~s 


Figure  B.2  has  contours  of  constant  f„#  plotted  as  a  func- 
tion  of  I  and  V  .  From  Equations  (5.81)  and  (5.42)# 

C  Co 


c  _  i  ,  e  a  _  6.14  x  ip  j 
C2  2TTfTre  fT  2t*t  fT  E  ' 


(B.15) 


where  IE  is  in  milliamperes.  C2  can  be  found  directly  from 
the  fT  data#  and  is  shown  as  a  function  of  Ic  for  VCE  *  10  volts 
on  Figure  B.5.  From  this  it  is  seen  that 


Cje  =  4  pF, 


(B.16) 


C  ‘  *  6.57  pF/mA. 
c 


(B.  17). 


For  currents  greater  than  16  mA  the  increase  of  C.  is  faster 
than  linear#  arid  higher- order  terms  would  have  to  be  added  to 
the  C2  Taylor  series  to  model  the  nonlinearity  in  this  region. 

B.6  Base  Resistance  r. 


The  base  resistance  can  be  found  from  the  y^fi  data  in 
Figure  B.4.  At  low  frequencies 


,ia  rb  +  hf. '. ' 


hf0  is  approximately  50 

M  m  - _ \\  M  trn 

*>  yu  '  **•  «c, 

■  395  ohms. 

Cor dwell  (1969)  has  rfc  *  280  ohms# 


(B.  18) 


From  Figure  B.4#  at  10.7  MHs  and  10  mA,  g^Q  is  1.9  Mho.  Since 


(B.  19) 


(B.20) 
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B.7  Collector  Resistance 

The  collector  resistance  can  be  found  from  the  common- 

emitter  collector  curves.  In  the  absence  of  avalanche  effects, 

the  slope  of  the  common  emitter  family  is  rc(l-ao)  ohms.  While 

r  is  assumed,  to  be  independent  of  the  operating  point,  it  actu- 
c 

ally  is  operating  point  dependent.  As  a  typical  value,  taking 

a  to  be  .98,  which  is  consistant  with  an  h_  of  50,  the  .02  mA 
o  fe 

base-current  common-emitter  curve  of  Figure  B.l  gives: 


r  =»  1.5  Megohms, 
c 


(B.  21) 


B.8  Capacitances  C^  and  C^ 

These  parasitic  capacitances  can  be  found  from  the  y-parameter 
data.  Using  the  500  MHz  data  and  Equations  (5.86)  and  (5.88) 


Cl+C3 


j-Im  (yi2e) 

2tt£  f=5xl08 

=  1.1  pF, 

.  Im(W 

2nf  f=5xlQ6" 


Therefore: 


3.82  pF. 


C1  -  2.72  pF. 


(B.22) 


(B.23) 


(B.24) 


(B.25) 


(B.26) 


B.9  Summary  of  2N918  Parameters 

A  summary  of  the  2N918  parameters  derived  in  this  Appendix 
is  shown  in  Table  B.2. 
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GLOSSARY  OF  PRINCIPAL  SYMBOLS  § 
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Following  is  a  list  of  the  principal  symbols  that  appear  f 

in  this  book,  along  with  identification  as  to  Where  the  cyrobol  | 

is  first  used.  Most  of  the  symbols  appear  throughout  the  book.  C 

Certain  symbols  which  are  used  only  in  the  development  of  more  - 

general  relations  in  one  section  are  not  included.  A  few  con-  r 

vent ions  followed  throughout  the  book  ares  f 

1.  £  indicates  summation  over  the  index  k 
k 

2.  II  indicates  multiplication  over  the  index  k 
k 

3.  *  indicates  a  complex  conjugate 

4.  ~  indicates  bandlimiting  of  a  function 

5.  an  underbar,- _ ,  indicates  a  vector  quantity. 

In  addition  to  this  glossary.  Table  3.7,  pp  201-204,  lists 
the  key  symbols  used  in  Chapter  3,  Canonic  Models  for  Nonlinear 
Systems. 


p 


W 


ArA2 


a(t) 


Va2 


GLOSSARY  OF  PRINCIPAL  SYMBOLS 
a  constant  matrix 

fj**** )  a  nonlinear  transfer  function  of 
order  n 

amplitudes  of  interfering  tones 

J%||p  Nonlinearity  parameter 

in-phase  component  of  a  complex 
signal 

power-series  coefficient 

equivalent  n  -order  power  series 
coefficient 

Fourier  expansion  amplitude  of  (t) 

diode  exponential  parameter 

integration  rule  coefficient 

transistor  small-signal  common-base 
linear  current  gain 

modulation  amplitudes 


(Eq.  4.84) 

(Eq.  2.29) 
(Eq.  1.3) 
(Eq.  5.54) * 

(Sec.  3.2) 
(Eq.  1.1) 

(Eq.  7.78) 
(Eq.  4.24) 
(Eq.  4.2) 
(Eq.  4.131) 


(Sec.  5.3.1) 
(Eq.  3.81) 


B  bandwidth  of  a  signal 

B  (£,  •  •£)  a  nonlinear  transfer  function  of 

n  1  2  n  order  n 

Bn(ffi)  nonlinear  product  coefficient 


b(t)  quadrature  component  of  a  complex 

signal 

0^  integration  rule  coefficient 


(Eq.  3.56) 
(Eq.  2.30) 

(Eq.  1.50) 

(Sec.  3.2) 
(Eq.  4.131) 


C  a  numerical  coefficient  (Eq.  2.3) 

transistor  base-emitter  header 

capacitance  (Sec.  5.3.1) 


iSixA."  -  • 

► 

^CTT..-* 

•  •  -V  /.vr-"  * 

C3 

transistor  fixed  collector-base 
capacitance 

(Sec*  5.3.1) 

Cc 

transistor  collector  capacitance 

(Sec.  5.3*Mp’ 

CD 

transistor  diffusion  capacitance 

(Sec.  5.3.1) 

Cd 

derivative  of  C_  with  re&yffct  to  I_ 

4  £ 

(Eq.  5.82) 

°jo 

transistor  space  charge  layer 
capacitance 

(Sec.  5.3.1) 

Vfl*V 

-v 

a  nonlinear  transfer  function  of 
order  n 

(Sec.  2.2.2) 

0°° 

n 

n  -order  transfer  function  of  a 
stage 

nth -order  transfer  function  of  P 
stage 

(Eq.  2.174) 

(Eq.  2.174) 

c.c. 

complex  conjugate 

(Eq.  2.6) 

0 

pentode  current  division  ratio 

(Eq.  5.116) 

6(  ) 

unit  impulse 

(Eq.  1.35) 

e 

plate-cathode  voltage 

(Eq.  5.95) 

E 

nnax 

a  perveance  cutoff  voltage 

^**1^ 

(Eq.  5.110) 

WV 

"V 

f*L 

n  -order  nonlinear  transfer  function 

(Eq.  2.154) 

11 

avalanche  coefficient 

(Eq.  5.4) 

V  ] 

regular  homogeneous  functional  of 
degree  n 

(Eq.  1.9) 

WV 

"fn> 

n^-order  nonlinear  transfer  function 

(Eq.  2.155) 

f 

frequency  in  hertz 

(Eq.  1.30) 
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I 


f 

—mn 


f  (X/U) 


f 


a 


two- input  frequency  vector  (Eq.  2.203) 

a  nonlinear  matrix  (Eq.  4.84) 

transistor  common-base  half-power 

frequency  (Sec.  5.3.1) 

general  output  frequency  (Eq.  1.47) 


transistor  common-emitter  half¬ 
power  frequency  (Sec.  5.3.11 


6 

ai 

Gnv‘— 

S(v2,.3) 

G[x(t) ] 


'm 


mn 


4 


'n 


run 


Jnv(t) 


n 


perveance 

(Eq.  5.95) 

insertion  gain 

(Eq.  6.7) 

narrowband  lowpass  nonlinear 
transfer  function 

(Eq.  3.28) 

zero-memory  voltage  dependent 
nonlinearity 

(Eq.  2.22) 

functional  series  axpansion 

(Eq.  1.10) 

transconductance 

(Eq.  5.107) 

zero-memory  voltage  dependent 
nonlinearity  coefficients 

(Eq.  2.22) 

n  -order  current  source 

(Eq.  2, 71) 

m  -order  interaction  current  source 

(Eq.  2.72) 

narrowband  lowpass  nonlinear  impulse 
response 

(Eq.  3.27) 

transducer  gain 

(Eq.  6.1) 

charge  power  series  coefficients 

(Eq.  2.84) 

H 


m+n 


1 


n 


H  (f.  #£»•  •  *f  ) 
n  l  i  n 


m+n  order  two-input  nonlinoar  trans¬ 
fer  function 
th  , 

n  -order  current  source 

nonlinear  transfer  function  of  order 
n 


(Eq.  2.201) 
(Eq.  2.81) 

(Eq.  1.30) 
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A 

n 

m 

trJi 

m  -order  interactive  currant  source 

<Eq. 

2.80) 

Hn(t  f£) 

n  -order  time-varying  nonlinear 
transfer  function 

(Eq. 

4.42) 

<*<*i**a”'V 

equivalent  n  -order  nonlinear 
transfer  function 

(Eq. 

1.59) 

h 

•  integration  step  size 

(Eq. 

4.131) 

Ne 

ratio  of  DC  collector-to-base 
current 

(Eq. 

5.44) 

h£e 

transistor  small-signal  linear 
common-emitter  current  gain 

(Sec 

.  5.3.1) 

hi'hr'hf'ko 

H  parameters 

(Eq. 

5.26) 

h 

xnn 

m+n^ -order  two-input  nonlinear 
impulse  response 

(Eq. 

2.200) 

h  (tj  t) 
n  — 

n  -order  time-varying  nonlinear 
impulse  response 

(Eq. 

4.39) 

WVV 

n  -order  nonlinear  impulse  response 

(Eq. 

1.12) 

I 

identity  matrix 

(Eq. 

4.162) 

Icmax 

collector  current  for  maximum  h,._ 

(Eq. 

5.54) 

I 

n 

th 

n  -order  intercept 

(Pig 

.  6.3) 

I 

a 

diode  saturation  current 

(Eq. 

4.2) 

Ij  (t),I2(t) 

interfering  signals 

(Eq. 

1.2) 

Tap 

2 

Norton  current  source 

(Eq. 

2.179) 

*0 

operating-point  current 

(Eq. 

4.9) 

Ar 

resistor  current 

(Eq. 

1.15) 

space  charge  current 

(Eq. 

5.95) 

i(t) 

perturbation  current. 

(Eq. 

4.9) 

j 

loop  current 

(Eq. 

4.1) 
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K 

n 


K 

n 

A 

K 

n 

zero-memory  voltage  nonlinearity 
coefficients 
th  , 

n  -order  current  source 

(Eq.  2.14) 

(Eq.  2.40) 

A 

K 

run 

‘til 

m  -order  interactive  current  source 

(Eq.  2.46) 

K{V) 

zero-memory  voltage  nonlinearity 

(Eq.  2.13) 

k 

Boltzman's  constant 

(Eq.  5.1) 

kn 

nonlinear  resistor  coefficients 

(Eq.  1.15) 

k(x,u) 

a  nonlinear  matrix 

(Eq.  4.85) 

VW'V 

n  -order  Volterra  kernel 

(Eq.  1.9) 

X 

Eigenvalue 

(Eq.  4.132) 

M 

avalanche  multiplication  factor 

(Eq.  5.4) 

m 

pentode  parameter 

(Eq.  5.116) 

m 

vector  of  index  variables 

(Eq.  1.49) 

mi 

index  variable 

(Eq.  1.48) 

m(t) 

amplitude  modulation 

(Eq.  1.5) 

M- 

semiconductor  capacitance  exponent 

(Eq.  5.2) 

H 

vacuum  tube  amplification  factor 

(Eq.  5*102) 

^2 

modulation  frequencies 

(Eq.  3.82) 

n 

diode  ideality  factor 

(Eq.  5.5) 

n 

order  of  a  nonlinearity 

(Eq.  1.1) 

(n^m^m^  •  -n^) 

multinomial  coefficient 

(Sec.  2.1.2) 

V 

a  center  frequency 

(Eq.  3.21) 

_V 

a  vector  of  center  frequencies 

(Sec.  3.2) 

\ 

center  frequency  of  a  narrowband 
signal 

(Sec.  3.2) 
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B: . 


I 


l 

l 

l 

'<• 


IS 

l 

?. 


.•yd 


wi 

radian  frequency 

(Eq. 

1.3) 

Pn 

nth-order  delivered  power,  dBm 

(Eq. 

6.5) 

P° 

n 

tli 

n  -order  output  power  for  0  dBm 
inputs 

(Eq. 

6.72) 

P(t;v) 

intermodulation  waveform 

(Eq. 

3.17) 

pa 

source  available  power 

■  (Eq. 

6.1) 

Pn 

til 

n  -order  delivered  power  (watts) 

(Eq. 

6.1) 

pr 

a  reference  power 

(Eq. 

6.3) 

(p*q) 

mixer  (p,q)  response  index 

(Sec 

.  1.9.2) 

$ 

flux 

(Eq. 

2.62) 

$  (t,  t) 

transition  matrix 

(Eq. 

4.159) 

0 

internal  diode  barrier  potential 

(Eq. 

5.2) 

0 

a  vacuum  tube  potential 

(Eq. 

5.101) 

*o 

phase 

(Sec 

.  3. 5. 2. 2) 

0 

n 

flux  power  series  coefficients 

(Eq. 

2.85) 

0 

pq 

Fourier  expansion  phase  of  a  (t) 

q 

(Eq. 

4.24) 

Qb 

charge  control  model  base  charge 

(Eq. 

5.90) 

Vf) 

spectrum  of  q  (t) 

(Eq. 

3.32) 

Q  (v) 

capacitance  charge 

(Eq. 

2.84) 

q 

electron  charge 

(Eq. 

5.1) 

q  (t) 

complex  envelope  of  y^(t) 

(Eq. 

3.24) 

q  (t) 
nv 

complex  envelope  of  y  (t) 

(Eq. 

3.25) 
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^anw-*  U  -1 


_ i*»I 


Re  {  } 

the  real-part  of  {  } 

(Eq.  2.2) 

R(I) 

zero-memory  current  nonlinearity 

(Eq.  2.16) 

R 

n 

zero-memory  current  nonlinearity 
coefficients 

(Eq.  2.18) 

rb 

transistor  base  spreading  resistance 

(Sec.  5.3.1) 

r 

c 

transistor  collector  resistance 

(Sec.  5.3.1) 

r 

e 

transistor  base-emitter  resistance 

(Sec.  5.3.1) 

r 

P 

plate  resistance 

(Eq.  5.107) 

S 

elastance 

(Eq.  5.3) 

si 

amplitude  of  desired  tone 

(Eq.  1.3) 

Sll'S12'S21,'l 
S22  J 

S  parameters 

(Eq.  5.35) 

»!<*> 

desired  signal 

(Eq.  1.2) 

0 

time-domain  variable 

(Eq.  1.22) 

T 

absolute  temperature 

(Eq.  5.1) 

T 

ap 

impedance  correction  factor 

(Eq.  .  (2.178) 

T 

time-domain  variable 

(Eq.  1.12) 

U 

n 

n  order  quadratic  functions 

(Eq.  2.97) 

U 

— n 

n  order  quadratic  function  vector 

(Eq.  2.98) 
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1 


u 

large-signal  source  voltage 

(Eq.  4.1) 

V 

voltage  across  a  diode 

(Eq.  4.1) 

w 

operating-point  diode  voltage 

(Eq.  4.10) 

VBD 

avalanche  breakdown  voltage 

(Eq.  5.4) 

VCBO 

sustaining  voltage 

(Eq.  5.45) 

V 

element  voltage 

(Eq.  1.15) 

Vd 

diode  perturbation  voltage 

(Eq.  4.10) 

Vg(fc) 

Thevenin  generator  voltage 

Aw- 

(Eq.  2.19) 

X(f) 

voltage  spectrum  of  x(t) 

(Eq.  1.32) 

VXck'Xsk 

spectral  amplitudes 

(Eq.  3.85) 

x(t) 

system  time-domain  input 

(Eq.  1,1) 

Y(f) 

voltage  spectrum  of  y(t) 

(Eq.  1.33) 

Y(p) 

admittance  operator 

(Eq.  2.25) 

[Y(p)J 

admittance  operator  matrix 

(Eq.  2.27) 

yi'Vyf'yo 

Y  parameters 

(Eq.  5.23) 

Vyck'ysk 

spectral  amplitudes 

(Eq.  3.85) 

y(t) 

system  time -domain  output 

(Eq.  1.1) 
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2(f) 

spectrum  of  z(t) 

(Eq» 

3.7) 

z^ 

i 

input  impedance  of  0  stage 

(Sec, 

>  2. 3. 3. 2) 

a 

Z 

o 

output  imper’.t  nee  of  a  stage 

(Eq. 

2.178) 

z(t) 

complex  eavtt'f-pe  of  x(t) 

(Eq. 

3.3) 
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